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OPTIMAL L? HARDY-RELLICH TYPE INEQUALITIES ON THE SPHERE

ABIMBOLA ABOLARINWA* AND KAMILU RAUF

(Communicated by M. Praljak)

Abstract. In this paper we study some L? -Hardy-Rellich type inequalities and the correspond-
ing optimal constant on the geodesic sphere. By the divergence theorem, properties of radial
Laplacian and geodesic distance, we obtain an improved version of Hardy-Rellich inequalities
holding in dimension N > 3. The result is new for N =3, 4. Moreover, we show that the
constant obtained is optimally sharp.

1. Introduction

This paper is concerned with the proof of an improved extension of Hardy-Rellich
inequalities for L? -functions on the N -sphere of constant sectional curvature. We apply
properties of geodesic distance on the unit sphere, radial Laplacian and the divergence
theorem to establish, for N >3 and f € LP(SN ,dvV),

/Mde Ldv>c/ "y )
sv ( S

sin 0)2-2p sv (sin §)2—2p N sinZ O

where B = B(N,p) and C = C(N, p) are some constants involving the best constant in
the classical Hardy inequality. We further show that the constant C(N, p) is the best
possible achieved in the sense that

fSN A /17 dV"’BfSN

C(N,p) = inf 5in6)>2 de
T rece(sM)\{0} Jsv d(l.;l;’)zdv |

where d(x,q) is the geodesic distance between points x and g on SV. The statement
of the above result is given in Theorem 1 and the its proof in Section 3. To the best of
our knowledge, this is the first time of having such inequalities extended to dimensions
N =3 and 4.

Let RV, N >3 be the N-dimensional Euclidean space, the classical Hardy in-
equality for f € C5(RY) and 1 < p < o is given as follows

[ wrpars (o2)" [ T, @

P |x[P
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where ((N —p)/p)P is the best constant and never achieved. The Hardy-Rellich [7, 6]
states that for p > 1, N > a+2, o € R, and for any smooth function f on Q C RV,
it holds that

/ AfIP ((N—a—Z)[(p—
‘x‘a+2 2p

p2

1)(N—2)+06]>1’ /17

NEGE X )

with sharp constant. Meanwhile, the classical case p =2 and o =2

N (N=4)* 1 |fP
AfPdx > 7/ —d 4
/RN\f| N e W )
. . N2(N —4)*
was first published by F. Rellich in 1955 for N > 5, and the constant 1 is

optimal but never achieved.

Owing to several areas of their applications, such as in elliptic operator theory,
spectral theory, harmonic analysis, mathematical physics, differential geometry to men-
tion but a few, numerous literatures have been devoted to obtaining improvement and
extension of Hardy-Rellich type inequalities. For examples, we find [3, 5, 6, 7, 11].
In paricular, see [8, 9, 13, 15] for the extension to complete manifolds. For more ex-
position see [1, 2] and the references therein. Recently, Xiao [14] studied [2 -Hardy
inequality on the unit sphere and as a consequence derived L?-Rellich type inequal-
ity with sharp constant. Motivated by [14], we obtained some L” Hardy-Rellich type
inequalities in [ 1] and showed that the constant is sharp in the sense that it cannot be im-
proved. In a similar spirit, the present paper is devoted to obtaining an improved version
of the optimal L” Hardy-Rellich inequalities that can be extended to lower dimensions.

The rest of the paper is planned as follows. In Section 2 we recall some basic facts
about the sphere and then present the main results of this paper. Section 3 is devoted to
the proof of improved Hardy-Rellich type inequalities and the sharpness of the constant.

2. Preliminaries and main theorem

2.1. Sphere

We deal with the unit N-sphere SV = {x € RV : |x| = 1} of sectional curvature
1, endowed with canonical Riemannian structure. Let (0], 65, ...,6y) be angular vari-
ables on SV, we set 8 = Oy, where Xn+1 = |x|cos Oy . The associated weight function
is given as ©(0,&) = (sin®)V~!, & € S¥~! and by polar coordinate transformation

T
— g \N-1 1N
/SNde — /SN*I/O F(sin0)¥"'d6ds, feL'(SV),
where dV and do denote the standard volume element on SV and unit (N — 1)-sphere

respectively. A function f = f(6) which depends only on 6 is called radial. In this
case using the radial part of the Laplace-Beltrami operator Agy we have

Asn f(8) = (sine)I*N%«Sine)Nﬂ%f)
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while the gradient of a function f on SV is Vv f(0)| = |45£(6)].

The geodesic distance between x and an arbitrary point ¢ € SV is denoted by
d(x,q). Note that the points on the sphere are all the same distance from the origin,
which is a fixed point and all geodesics of the sphere are closed curves. Consider two
points x and y on a sphere of radius r > 0 centered at the origin of R", the distance
between the two points is given by d(x,y) = rarccos((x-y)/r), while x-y = r?cos @,
where 0 is the angle between vectors x and y. Hence, the minimal geodesic joining
two points on the unit sphere can be taken to be 6. Throughout we denote A = Agy
and V = Vgy.

LEMMA 1. Let B € R. Then

BN-B—-1) BIN-B-2)

Asy(sin0) 7P = -
o (sin ) (sin@)P (sin@)B+2

(&)

Proof.
Agy(sin0) P = (sin (9)1_1\7i <(sin o)N! i(sin 6)_’3>
de do

:—ﬁ(sin@)I*Nﬁ((sine N-p- 2c0s9>

=—B(N—B—2)(sin@)"” B=2 cos? 9+[3(sm0)
=B(N—B—1)(sin8) P — B(N— B —2)(sing)~(F+?

by using the trigonometry identity cos? 6 + sin® @ = 1, which is formula (5). O
2.2. Main results
Our main theorem is the following Hardy-Rellich type inequalities

THEOREM 1. Let N > 3 and 1 < p < oo, then there exists a positive constant
A=A(N,w,p) such that for all f € C=(SN)

/ A" BN p) / v s cwvp) / v o
v (

sin 0)*~ 27 sy (sin@)%2p SV sin? 0
where
_ _ o2
B(N,p) = (W)p and C(N,p) = <W)p.

Moreover, the constant C(N, p) appearing in (6) is sharp.

REMARK 1. The family of inequalities in (6) is new and can be viewed as an
extension of [1] and [14] (p = 2) since it holds for N > 3. The case p = 2 reads

_ N N—-2)% [ . N-2 [f1P
2 2 2 2

0|Af|?dV + ———— 02dV > dv.
/SN sin” 6]/ * 16 /SN sin”0f ( 2 ) /SN sin® O
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3. Proof of the main Theorem

We start this section with a fundamental lemma that will be applied in the proof of
Theorem 1.

LEMMA 2. ([1, Theorem 2.1]) Let N >3, 0< a <N —p, and 1 < p < oo, then
there exists a constant A = A(N, o, p) > 0 such that for all f € C=(SV)

[Vn f17 / /17 N-p—« 1’/ /17
A = - )
/sN (sin 0)“dv+ sV (sin 6)0‘+P—2dv ( p ) sV (sin 9)a+pdv @

where

N—p—o\P N—p—o\pr-1
A(N,a,p):min{l,g}<L> +(L>
2 p p

The idea of the proof is similar to the ones in [1, 8, 12, 14]. It is however included here
for completeness sake.

REMARK 2. Consider the extreme case ¢ =0 and p =2 in Lemma 2, we have

2
[ Worsav s M2 [ gy s WEDE T Uy

N sin®

which is exactly the Hardy inequality with sharp constant in [14, Theorem 1].

Proof of Lemma 2

Recall from [10, 13] that for any u,v € RV, it holds that |u+v|P > |u|? + p|u|P~>(u,v).
Now letting y=—(N—p—a)/p>0, f=p¢, p =sin@ and f € C(S"), we have

Vv 1P = [yp? 'Vpo + p"Vo
> |Y|Pp"PP|Vp |P|9|P + py?~ p P TIP 9P (VP V).

Multiplying througn by p~% and applying divergence theorem, we have

Bty e [ or-ewppriglrav
s pe )
_L Apyp*p*a+2\¢|pdV
Yp—p—o+2 JsV '
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N-p—« p—2
Note that [Vp| =cos6), |y =~ == =<1, yp—p— o= N and by

Y—p—o+2

1 N—p—a\r-1
( P ) . Hence, (9) becomes
N-2 p

Ll > (5’ gy eoorav
g () [ e o)
- (N_i—ay/SN (SEEL)N (cos 0)PdV

by applying Lemma 1. Substituting the identity |cos@[” > 1 —min{1,5} sin? @ into
the last inequality yields

IVfIP N—p—oyr @’
S (£
/SN (sin G)O‘dv - ( p ) /SN (sin O)Ndv

. (mm{l,g}(W)u W)) [ v

N—p—a
By using the substitution ¢ =p~7f = (sin ) v [, we recover the desired inequality

7. 0O

Proof of Theorem 1
Let f € C*(SV). For € > 0, define f; := (|f|> +&2)?/> — &P € C*(SV) with the
same support as f. We have
Afe=p(fP+€) VP +p(p=2)(fP+€) 2LV
+p(IfP+e)5 rar
> p(p— V(ISP +&) 522V P+ p(f P +e)5 ar
4(p—
> M2 g1 220,

where he := (|f|>+€2)5 —e% € C(SV). Therefore

(SR e Ar @wﬁ _Af

Integrating the last inequality over SV and using compactness of the sphere yields

—p/ (IFR+ed) i fAfav > / |Vhe|*av. (10)
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Applying Lemma 2 (i.e. (7) with p =2 and o = 0) on the right hand side of (10), we
obtain

_ 2 281 (N=2(p—1) e |?
[P ety > SR [ Sz ay

N sin” @
2 SV € :

Sending € — 0, we have by Lebesgue dominated convergence theorem

(N=2)*(p—1) |fIP 1 N(N-2)(p—1)
/S dVg/SNW Ade+p—/SN|f|1’dV.

p? N sin® 2

By Holder’s inequality

Lo < ([ 4850) ™ ([ o)

Therefore

afr N @W-2Pp-n (e
(/SN (sin0)2‘2PdV> > p? (/SN sin? 0 )
NV-2)(p— 1) 7 v
- P’ (/SN (sin 0)22Pdv> '

N(N-2)(p— 1)>P’ we

p2

==

Denoting by B(N, p) = <w22(p—1)>1’ and C(N,p) = (

arrived at (6) which is the required inequality.
The next is to prove that the constant (W) is sharp. It then suffices to
show that

il
(sin@)2-2r

Jon 2Ny 4 B o av

(N_2)2(p_1) p> §1n62 2p
) 2 et 7
| Jov Fav

The proof is similar to [1] and we follow it closely, see also [14, 15].
Let ¢(7) € [0, 1] be the cut-off function such that @(¢) =1 for |f| < 1 and () =0
—N
for |r| > 2. Set H(t) = 1 — ¢(z). For sufficiently small €, define f¢(6) = H(g) A
for 0 < 8 < m and f¢(0) =0 for 6 =0. Without loss of generality, we assume 0 < € <
1/2 and f¢(0) is a smooth radial function on S¥. Let Vol(SV~!) denote the volume
of the unit (N — 1)-sphere, then we have

N

T
/ fe Leav > vol(s¥1) [ 0-¥(sin0)¥ a6
sy 0 2e
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and

P T
/ figdvgvf)l(sfv*)/ 027140,
SN ( £

sin0)2-2p

Since f¢(0) is radial we compute

Ay fe(0) = (% + (N — l)cot@%) (H(9>6%>
O(CUIC T

1 2(2 — —N-p 2-N 1 =N
—i——H/(Q) (Mez IZ = _|_(N_ I)OZPN cot@) + —H”(9>92PN.
p E E

€ €

Hence

|Afel”
e gy <1 i 11,
/SN (sin@)2-2p + i

where
et [ () () )

e/I\ p p
2-N
+(N—1 <—
(N—1) .

(507

+W—U€

) 0 7" cotd ’p(sin 0)V-32r40

T
< Vol(SV) /
€

N) cos 9|p02*N*1’(sin 0V 3240,

2¢e

II:= jLV()l(S’\’*l)gip/£ H’(S) )”‘@92?2

F(N-1)0F cote‘p(sin )V =324

,(t)>17 /828 2(2; N)

N— l)Gcose‘pO%N*”(sin 0N 321 q0

(may rr)” [ 22
(

sin @

N

S

ki
| —

=
8

[~}

[

Sy

e (V=18 IR AR

/(t)>p(2(2—N) —; (N— 1)p> /:8 02140,

=
o5
=
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2¢e
I := Vol (S~ 1)81 / ‘H”(%))pGZ_N(sine)N_3+2pd0

2¢e
SN 1 < aX H// > / 927N9N73+2pd9

— VoI(SV ) ( max x H'(1) / 02r-140.

Thus
AfP Afe fe
inf Js snll@lz Emep 4V B Jo sm@ 2 Zl’dV Jsv 51|n92‘ 7dV +B Jov 51:1‘9|2 »dV
fec=(sV) Jsv SK"G %4 s Jsv ‘%pdv
I + I + II B[X* 0146

< -
Vol (SV-1) [ 62 N-r(sin0)¥-1de  Joe 027N 7 (sin0)""1d6

<2_N> (M—_p> + (N - 1)(%) cose‘peﬁN*p(sin9)N73+2pd9

T
A
D Jo 02 N=r(sin@)N-1d0

r
Jre 62 N-r(sin@)N~1d6

P
SL,; (maxte[o 2]H "¢ )) f£2£ 0%r-1de Bf82£ 92r-140
TEOr N r(snO)V-1d6 | RO N-r(sin6)V1d6’

n glp <maxte[0’2] H/(t)>1’(w> fg2€ 02p—1d9

+

Passing to the limit as € — 07 yields

Lf1?

AFIP
inf fSN m‘leﬂ2 2PdV+BfS (sin)2— 2PdV
fecH(sh) Jov L av
sin” 6
O IE[(BE) () + v - 1) (32 cos0] 02 N v (sing)V - 2rap
S sllv%l+ J7e02-N=r(sin@)N-1d0
2e
—’ (%TN> (MT_”> +(N-1) (217N> coss’ (€)> NP (sing)N—3+2p
= 1.
et —(2€)>N=r(sin2ge)N-1
2-N)(p—1)\»
p? ’

since limg_o+ [5 027V P(sin @)V ~1d0 — +oo. Application of L'Hopital rule gives the
transition from last inequality sign to the next equality sign. The proof is complete. [J
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4. Conclusion

In this paper, we have considered optimal L?”-Hardy-Rellich type inequalities on

the N -Sphere of constant sectional curvature. We obtained improved inequalities in-
volving the best constants in the classical Hardy inequalities for dimension N > 3.
Our computation makes use of properties of geodesic distance, radial Laplacian and
divergence theorem. We show that the constant obtained is the best possible.
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