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ON THE AREAS OF MIDPOINT POLYGONS

CHAO WANG AND ZHONGZI WANG*

(Communicated by M. A. Herndndez Cifre)

Abstract. Forapolygon Vj...V, in the Euclidean plane, let Vl1 ...V} denote its midpoint polygon.
By induction, its m-th midpoint polygon V"...V;" is defined to be the midpoint polygon of
Vl'"’l‘..\/n’”’1 . In this paper, we will give different kinds of formulas of the area of V{"...V;"".
We will describe the limit behavior of the area as m goes to infinity, and we will determine the
infimum and the supremum of the area among all convex V;...V, with a fixed area. Some affine
invariants derived from the area will also be discussed.

1. Introduction

Polygon sequences generated by performing iterative processes on an initial poly-
gon have been studied widely, see [6], [4], [8], [3], [5] and the reference therein. A
most popular one of such sequences is given by the midpoint polygons. It is also called
Kasner polygon sequence, after the work [11] in 1903.

The midpoint polygon sequence and its limit (with suitable normalizations) often
provide interesting figures in dynamics, geometry, as well as in topology. For example,
in general case, the limit of a midpoint polygon sequence will be an affine regular
polygon, which has been proved in the literature many times, see [2], [4], [9] and [7].
It is observed recently that a midpoint polygon sequence and its limit can keep to be
knotted for some polygon in the 3-space [13].

An elementary problem about the ratio of the areas of a convex polygon and its
midpoint polygon was posted only in later 1990°s according to [14] and [1], and the
various answers are obtained more recently, see [1], [10] and [12].

In this paper, we will give different kinds of formulas of the area of m-th midpoint
polygons for all integers m > 0. We will describe the limit behavior of the area as
m goes to infinity, and we will determine the infimum and the supremum of the area
among all convex polygons with a fixed area. Some affine invariants derived from the
area will also be discussed.

We start from some definitions. For an integer n > 3, let V;...V,, be a polygon in
the Euclidean plane E?, where the vertices of V;...V, can be repeated, namely there
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may exist j # k such that V; = V. The m-th midpoint polygon V{"...V;" of V...V,
is defined by induction: Firstly for m = 0, let VJQ =V; for 1 < j < n. Suppose that

V{"...V" is defined, then let Vj’-’“rl be the midpoint of the segment VJ-”'V;’LI, where we
used the convention that V; = Vj,, and Vi* =V}, for all integers ;. '

DEFINITION 1.1. For a fixed right-hand coordinate system O — xy of E? and any
two points A = (aj,ay) and B = (by,b;), the operation “A” is defined by

1
ANB= E(albz—azbl).
It is linear in both A and B, and AAB+BAA=0.

DEFINITION 1.2. For an integer 7, the area function .« is defined by

n
g (V1..V,) = 2 ViANVi.
j=1

This definition of ¢ is independent of the choice of the origin O, and 27} (V;...V,)
equals the oriented area of V;...V,, if V;...V}, is simple (Lemma 2.1). Here we call a
polygon simple if it has no repeated vertices and its edges only intersect at vertices. For
any polygon V...V, in E?, we will use .2 (V}...V,)) to define its area.

A prime fact in the plane geometry is that </ (VIV)VY) = &4 (ViVaV3)/4 and
A (VIVIVIV]) = o (V1VaVsVy) /2. However, there is no such equality anymore when
n > 5. We call a simple polygon convex if its interior angles are all smaller than 7. For
convex polygons we have the following inequalities (see [12]):

1. A (ViV, V3V Vs) - §, . AV V) “1n>6

2 ) (ViVaV3VaVs) 4 2 " V..V,
Moreover, the inequalities are sharp, namely any ratio between the lower bound and the
upper bound can be realized by a convex polygon.

In this paper, we will describe the limit behavior of 7 (V/"...V)") as m goes to
infinity, and for each m we will determine the infimum and supremum of the ratio
o (V{"..V;") /<7 (Vi...V,) among all convex polygons. Our study is based on the fol-
lowing formulas of .o (V{"...V;/").

n

THEOREM 1.3. Let r be the largest integer such that r < n/2. For an integer k,
let CX, be the coefficient of x* in the expansion of (1+x)™. Then o (V{"...V") can be
given by any of the three formulas:

- 2
()Y cos? E =i V), =(Vi..V,) = nsin —~A, A By,
~ n n

n—1
s 2rs 2mst
T (m,t)(Vy...V,), T(m,t)=— coszm—sin—sin—,
(m0)e(eVa), Tomi) =+ 5, cos™ Tsin = sin =7

—~
\S)

~— _
M-~ T

N
I
—_

1
Cm,0)#(Vi..V,), C(m,t)= Y St o ),

2m
k=t

~—
(98]

w

M-~

N
Il
—_
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where k =t means that k =t (modn), and A and By are given by

n

i 27;:1sp By = Z sin 27tsq

Theorem 1.3(1) is an analogy of the following formula given in [13].

ms(m+2j)

. mws(m+2j)
ZV;—FECOS js, WﬁszcosﬁAx—i—smi

n

By,

where m > 0. Even though the polygon W{".. W/ is dependent on m, there are es-
sentially at most two such polygons, and they have the same area (see [13]). Actually,
a direct computation shows that

A (W W) = (Vi V), Ym0,

Analogous to the result of [13], we have the following theorem.

THEOREM 1.4. Let V"...V"* be the m-th midpoint polygon of Vy...V,,, then
lim &7 (V{"..V,") = 0.

m—soco
If A (V]"..V)") %0 for some m > 0, then there exists a smallest integer k such that
1 <k<n/2and 227 (Vy...V,) #0. Then

k
lim (cos?" %)’IM(VI’”...V;”) = (V1. Vo).

As a special case, if Vy...V,, is convex, then <7;°(V,...V,) #0.

Theorem 1.3(2) and Theorem 1.3(3) will be useful in estimation and concrete com-
putation. In fact, the trigonometric coefficient T (m,) and the combinatoric coefficient
C(m,t) are identical (Lemma 2.5). This coefficient is zero when m+ 1 < ¢ and is posi-
tive when m+1 >t (Lemma 2.6). If V;...V, is convex, then the area function <7 with
1 <t < n/2 satisfies the sharp inequality (Proposition 4.1)

A (V1..Vy)

0< 2 tmn)
A (Vi V)

< min{t,n—2t}.
With these results we have the following theorem.

THEOREM 1.5. If V...V, is a convex polygon with n > 5, then for m > 0,

a (V{"..V")
T(ml)<——-212 < T (m,t)min{s,n — 2t
(m, 1) AV 1<§2/2 ) min{ b
a (V{"..V)") )
Cim,l) <——"—+-< C(m,t)min{t,n—2t}.
(1) <y < % Clma)min{r.n—21)

1<t<n/2

Moreover, any ratio satisfying the inequalities can be realized by a convex polygon.
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Similarly, the “limit area” 7(V;...V,) can be presented as a linear combination
of % (V;...V,) with positive coefficients (Proposition 3.1), and we have the following
estimation of the ratio &7(V;...V,)) /<7 (V1...V,,) for convex polygons.

THEOREM 1.6. If V1...V, is a convex polygon with n > 5, then

4 2 o> (Vy..V, 4 2 27t

“sin? 2F < AW V) <=y sin—nsinlmin{t,n—Zt}.
n n n

1<t<n/2

n n A (V1..V,)

Moreover, any ratio satisfying the inequality can be realized by a convex polygon.

By Theorem 1.3(1), if n =3 or n =4, then & (V,...V,,)) = #(V;...V,), and the
ratio in Theorem 1.5is 1/4™ or 1/2™ respectively. In Theorem 1.5, the case when m =
1 gives the results in [12]. Note that all the above ratios of areas are affine invariants.
They confine the shape of the polygon and measure the distance between polygons in
certain degree. Actually, if we let 2" (V,...V,,)) = /1 (V{"...V;}") for m > 0, then we
have three kinds of functions defined on polygons, <7, <7, <7, and any ratio of two
of them will give us an affine invariant.

THEOREM 1.7. Let r be the largest integer such that r < n/2. Then for any given
integers k,m > 0, any /", </, < can be presented as a linear combination of the
functions in any of the following three sets:

{%k+17%k+2,...7%k+r},{£{1007%°°’.”7%%}7{%,%7”.7%}.

Moreover, the map from the set of polygons to the r-dimensional vector space R" de-
fined by the functions in the same set is surjective.

Let &, be the set of polygons V;...V,, where .7 (V]"...V"") # 0 for some m > 0.
Then by the above theorem, the functions in any of the three sets give us a function
from 22, onto the (r — 1)-dimensional real projective space RP"~!, which is an affine
invariant, and the three invariants differ by projective transformations.

REMARK 1.8. The midpoint polygon is also called the Kasner polygon. In [11],
Kasner considered the problem whether a polygon V...V, can be realized as a midpoint
polygon of another polygon. He showed that if n is odd, then there exists a unique
polygon Uj...U, such that Ull...U,,1 equals V...V, ; if n is even, then either there exists
no such Uj...U, or there exists infinitely many such Uj...U,; moreover, if n is even
and there exists such Uj...U,, then there exists a unique such Uj...U, such that U;...U,
can also be realized as a midpoint polygon.

By Theorem 1.7, all the possible Uj...U, have the same area. Hence any midpoint
polygon belongs to a unique two sided infinite sequence of midpoint polygons with the
areas determined by the given polygon (Theorem 5.1 and Corollary 5.3).

The structure of the paper is as follows.
In Section 2, we give some basic lemmas, mainly about the definition of the area
function and the properties of the binomial coefficients C .
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In Section 3, we give the proofs of Theorem 1.3 and Theorem 1.4.

In Section 4, we will consider the so called “weakly convex” polygons, and prove
a generalized version of Theorem 1.5 and Theorem 1.6 for them.

Finally, in Section 5, we will restate Theorem 1.3 in terms of matrices, and use
it to prove Theorem 1.7. Then we will give an example about the hexagons, which
illustrates our main results.

2. Some preliminary facts

LEMMA 2.1. The definition of < is independent of the choice of the origin O,
and <t (V1..Vy) = —<,(V,...V1), where V,...Vy is obtained by reversing the order of
the vertices of V1..Vy. If V1...V, is simple, then the absolute value of <#,(Vy...V,)
equals the area of V...V,

Proof. Let V be an arbitrary point in E?, then

M=

Vi=V)A(Vj = V)

~.
Il
-

I
S

ViNVig — X ViANV =V A Vi,
=1

J j=1

~.
I
—_

I
S

Vit\Vis.

~.
I
—_

Namely o7 is unchanged if we use V as the origin. For V;,...V|, we have

(V. V1) = D ViAVi == Y Vi AVi=—a (V1. V).
j=1

J J=1

Note that in Definition 1.1 the area of the triangle OAB is 7| (OAB) if OAB is
anticlockwise and is —«7 (OAB) if OAB is clockwise. If V;...V,, is a triangle, then we
can choose O to be V;, and the result holds. For general V;...V,,, we will divide it into
triangles by adding suitable vertices and edges.

If V1...V,, is convex, then we add edges V1V; for 2 < j <n, and we have

n—1
g (Vy..V,) = Z szfl(VlVij+1).
=

Otherwise, we can assume that the interior angle £V, V|V, > m. Then we can add a
vertex V and an edge V|V such that: V is in the interior of some edge V;V;, with
1 < j<n, ViV divides ZV,V|V, into two angles smaller than 7, and the interior of
V1V does notintersect V;...V,,. Thisedge V|V divides V...V, into two simple polygons
V]...VjV and VlVV,'+1...Vn, and

(V.. V,) = szl(Vl...VjV) + JZfl(Vlv...Vj_,_an).
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By induction, we can repeat this process until all the polygons are convex. Then we can
divide the polygons into triangles. Since in each step the function .7 is additive and
all the triangles will have the same orientation, anticlockwise or clockwise, we get the
result by the triangle case.

LEMMA 2.2. Ck =0if k<0 or k>m, and C5, = C* | +C\ when m > 0.

Proof. It can be obtained by comparing the coefficient of x* in the expansions of
the two sides of the equality (14x)" = (1+x)""1 +x(1 +x)"!.

LEMMA 2.3. Let € = cos 2& T+ isin 2& be the unit n-th root, then
”i‘lgsk _Jnon | k
= 0 ntk
LEMMA 2.4. For a given integer t,
n—1
2 2 1 4 g.v)mgfst’
5o
where k =t means that k =t (modn).

Proof. By Lemma 2.2, the summation on the left side is for the k such that k =¢
and 0 < k < m. By the definition of C¥,, we have

lni‘l(l +SS)m£—st nzj i Ck k —st _ i qurgﬁ's(k_t) _ ZC}];
o s=0k= Ly R — k=

For the last equality, we have used Lemma 2.3.
LEMMA 2.5. For m > 0 and any integer t, T (m,t) = C(m,t).
Proof. By Lemma 2.4,

1
C(m,1) =— Y (Cpn 1 — )

k=t
1 n—1 > ‘ l | l
=7 2(1 +£%) m(gfb(me’ ) _ g—s(m—t— ))

s=0

1 n—1 o ) | | |

4m (1 +cos — + isin ns)2mg‘\(t7m) (8*5 _ 8.\)

s=0 n

=

2m .8

s TS o
=— Y (2cos? T oisin ™ cos &2 )mest=m (g7 _ g9
: n n n
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R TS o . '
_ = 2 COSzm _8.\m8.\(t m) (8 s 8.\)
n.\':l n
n—1
s . 2ms . 2mst
==Y cos¥ = sin — sin =—— = T'(m,1).
n n n

n s=1

For the last equality, we have used the fact that C(m,) is a real number.

LEMMA 2.6. For m >0 and 1 <t <n/2, C(m,t) =0 when m+1 <t, and
C(m,t) >0 when m+1>1.

Proof. The term in the summation of C(m,t) is nonzero only if —m —1 <k <
m+1. When m+1 <t, we have —m—1> —t >r—n. Then k = (modn) does not
hold when —m — 1<k <m+ 1. Hence C(m,t) =0.

Similarly when m+1 =1, we have —m—1= —t >t —n. Then k =t (modn)
holds only if k=m+ 1. Hence C(m,t) =1/4™ > 0. Since n > 3, by Lemma 2.5, we
have C(m,1) =T (m,1) > 0. By Lemma 2.2, for m > 0 we have

Clm.) =g (€5, ~c, 7
=t
1
-
1
_4_mk5t

m—k+1 m—k m—k—1 m—k—2
(C2m—1 + C2m—l - C2m—l - C2m—l )
=t

—k+1 —k —k—2 —k—3
(ngn—Z + 2Cglm—2 - 2Cglm—2 - ngn—2 )

1 1
=5Cm =10+ ¥ (G5 -6, 57)
k=t

1 1 1
:EC(WZ— l,l) + ZC(WZ— l,l— 1) + ZC(I’)’Z— l7t+ l)
Let r be the largest integer such that r < n/2. By the above relation and induction, we
only need to show that C(m,r) >0 when m+ 1 > r. By the above relation,

1 1 1
C(m,r) = EC(m— Lr)—l—ZC(m— Lr— l)—l—ZC(m— Lr+1).

If nis odd, then n =2r+1 and T(m—1,r)+T(m—1,r+1)=0. If n is even,
then n=2r+2 and T(m—1,r+1) = 0. Hence by Lemma 2.5, C(m,r) is a linear
combination of C(m — 1,r) and C(m— 1,r — 1) with positive coefficients. Then we
have C(m,r) > 0 by induction.

3. The area formulas

By Lemma 2.5, we know that Theorem 1.3(2) and Theorem 1.3(3) are equiva-
lent. In what follows, we will first show that Theorem 1.3(1) and Theorem 1.3(2) are
equivalent. Then we will prove Theorem 1.3(1) and use it to prove Theorem 1.4.
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PROPOSITION 3.1. Let r be the largest integer such that r < n/2, then

4 " 2ns . 2mst
-3

A sm— n—%( V).

s
t=1

Proof. We represent As A By as a linear combination of <7 (V;...V,,), t =1,...,r,
as follows:

4 27‘csp 271:sq

M=
M=

A AB, =— VAV,

n p=1lg=1
2 & & 2rnsp . 2msq . 2@sp 21sq

== - V, AV,
e glqgl( 05 ——sin —= —sin——cos WAV,
2 & & 2rs(q —

=— Z ZsinMVpAVq
n* = n
2 & ¢ 27tsq

= 2, 2. sin Vo AVp+g-

S|
I
-

<
I
-

Then we divide the summation about ¢ into two parts.

2 & & . 2msq
A, A By = 21 21 sin Vi AVpig
g=1p=
2 r n
== 21 zls prat— Z Z sm My 2 AVpig
g=1p= q=n—rp=
2 G 2ms
=n—2228n pra T 2225“1 pq/\V
g=1p=1 q=1p=
4 L 27sq &
=2 2 2 VoA Vpig
g=1 p=1
By the definition of «7;°(V}...V,,), we have the result.

Proof of Theorem 1.3. By Proposition 3.1, the right side of the identity

s s . 27s
anos —sm—A ABs = = Zcos —sm—A A By

s=1

equals Theorem 1.3(2). The left side is Theorem 1.3(1). Hence, by Lemma 2.5, the
three formulas of Theorem 1.3 are identical. We only need to show that the above
quantity equals 7 (V{"...V)"").

We first show the following identity by induction.

l m
Vit= oY GV
’ 2" &
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It is clear when m = 0. Suppose that it is true for m. For m+ 1 we have

1
vyt = 2<vm+ )
1 m
_E 2,,, 2 /+k+ EC Viiisk)

1 m
:2m+1 V + z Vigk + 2 +1+k+C Vj+l+m>

l —
T omil (G Vi+ 2 CuViskt Z G Visk +C Vitt4m)
k=1 k=1
1 m+1

_ k .
=il kEO Coni1Vjtk:

For the last equality, we have used Lemma 2.2. Then we have

m I & ct ks ks
Vi = om CnVisk = _ZZC Jtk = _ZZC JH
k= t=0 k=t t=0 k=t
Let E/" denote the coefficient of V.. By Definition 1.2, we have
n
(V" ZV'“A i
n n—1 n—1
=Y (X ENViip) AN X ENVisi1q)
j=1 p= q=
n n—1 n—1
=S (S B VAT B )
j=1 p=0 q=
n—ln—1 n
= (X By B -0V AVy
p=0g=0 j=1

n 1 n n—1 ‘ ‘ n—1 ‘
2 IT—J' :In—j—l = m2 2 (1+85)mg*5(17*1) 2(14‘8[)”’87[@7]71)
j=1 4mp 55 P2
1 n—1ln—1 ; '
T a2 2(1+3'Y)m(1+81)m87‘v’771q+t28/(-\'“)
4mp =545 p>
1 n—1
:4T (1+SS)m(1_|_£7.\')m£7.yp+_\~qﬂ

=0

365
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T 2ns(g—p—1
IS o TS g 2Sla P = 1),

n =0 n n

For the third equality, we have used Lemma 2.3, and for the last equality, we have used
the fact that this coefficient is a real number. Finally we have

ln I1n—1n—1 7'5 o —p—1
(V" 2 2 Ecos S 7s(q P )Vp/\Vq
p 04g=0s= n
1) s & & 2ns(g—p—1
:—Zcosm—SE ZCOSMVP/\V,{
ns:O n p=1lg=1 n
1] s & & T 27
:—Zcoszm SE Zsm—ss MV NV
n = s P | n
21l T 2 27 Zn
=— Zcos —Ssm—s 2 2 SP i SqV AVy
r=lg=

n—1
s 2ns
:—Zcos —sm—A A Bg.
s=1

For the third and fourth equalities, we have used V, AV, = =V, A V).
Proof of Theorem 1.4. First note that
T 2r rT
1 >cos—>cos— >--->cos— >0,
n n n

where r is the largest integer such that r < n/2. Hence by Theorem 1.3(1), as m goes
to infinity, @7 (V{"...V;") converges to 0. If o7 (V{"...V,;") # 0 for some m > 0, then
by Theorem 1.3(1) the required integer k exists, and

lim (cos™ nk) L (vim..vm)

m-—oo

= lim 2 cos—/cos )2’”%‘”( V)

=l (vl... V).

If Vi...Vy is convex and «7°(V...V,,) =0, then A and B; are linearly dependent.
Hence there exists 8 € R! such that

& 2mt L 2mt
sin @ Zcos—Vt +cos 6 Esin—V, =0.
=1 n =1 n
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By Lemma 2.3, we have

“ 2wt d 2mt " 2mt
Y sin(6 4+ —) =sin@ Y cos — +cosO Y, sin— = 0.
n =1 n =1 n

t=1

Namely the sum of the coefficients of those V; is zero. Since n > 3, there exists a
coefficient which is nonzero. There are integers 1 < p < ¢ < n such that sin(6 + %)
is positive (or negative) for p < ¢ < g and is non-positive (or non-negative) for g <t <
n+p. Then

d 2mt ! 2mt
Esin(e—l—l)‘/,:— 2 sin(0+l)V,.
t=p n t=q+1 n

Multiply the equation by (37, sin(6 + %))’1 , then all the coefficients become non-
negative and the sum of the coefficients of each side is 1.

The point given by the left side is in the convex hull of V...V, and the point given
by the right side is in the convex hull of V,;1...V,;,—1. Since Vi...V,, is convex, the
two convex hulls do not intersect, and we get a contradiction.

4. The area inequalities

We call a polygon weakly convex if it is in the boundary of its convex hull such
that its edges only intersect at vertices and it is not a single point. We will first prove
the following proposition about weakly convex polygons. Then we will use it to prove
Theorem 4.2, which contains Theorem 1.5 and Theorem 1.6 as a part.

PROPOSITION 4.1. If V...V, is a weakly convex polygon with n > 5, then

AR

n
7 < mi — \v4 —.
< 1( » n) \mln{t7n 2t}7 I1<t< 5

Moreover, except for the bounds, any ratio satisfying the inequality can be realized by
a convex polygon, the bounds can only be realized by weakly convex polygons, and
there exist two weakly convex polygons such that one realizes the lower bounds for all
1 <t < n/2 and the other realizes the upper bounds for all 1 <t <n/2.

Proof. We first prove the inequality for a fixed 7. Since V...V, is not a single
point and its edges only intersect at vertices, its convex hull has nonzero area. Then
since it is in the boundary of its convex hull and its edges only intersect at vertices, it
can be obtained by adding vertices to a convex polygon Uj...U, and as the subscript of
V; increases it turns around U;...U,s for one lap.

Suppose that among the n vertices exactly k of them coincide at a point U. We
call U a point of multiplicity k. Since U AU = 0, the quantity <% (V;...V,) has the
form U AV 4+ W, where V is a linear combination of the remaining n — k vertices and
W is the sum of the terms which do not involve U. Let U move in a line segment
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AB. We have U = (1 —s)A+sB, where 0 < s < 1. Then % (V;...V,) becomes a linear
function of s. Hence it takes extremum when s =0 and s = 1.

In what follows, we will move the vertices of V...V, along line segments such that
o (V)...V,) does not increase (or does not decrease), <71 (V;...V,) does not change, and
the polygon keeps to be weakly convex. When the vertices coincide, we will move
them together as one point.

Case 1: If there exist vertices of V...V, in the interior of edges of U;...U,,. Sup-
pose that U is a point of multiplicity % in the interior of U;U,. We can move U in two
directions along UU, until it meets other vertices of V;...V,,. We do the movement
such that .« (V;...V,) does not increase (or does not decrease). When U meets other
vertices, it becomes a point of multiplicity X" with k' > k. We can repeat this process
until no vertices of Vj...V, lie in the interior of edges of U;...U,,.

Case 2: If n’ > 3 and no vertices of V...V, lie in the interior of edges of U;...U,, .
Suppose that U, is a point of multiplicity k. Let L be the line passing U, and parallel
to UUs. Let U] and U} be the intersections of L and the lines containing U, U; and
UsU, respectively. We can move U, in two directions along Ul’ U3’ until it meets the
intersections. We do the movement such that <7 (V)...V,) does not increase (or does
not decrease). When U, meets U] or Uj, we get a new convex polygon with n' — 1
edges, and there exist vertices of V...V, in the interior of its edges.

In each case, .« (V;...V,) does not change, and V;...V,, keeps to be weakly convex.
We can do the movements in the two cases alternately, and finally we can move V...V,
to a triangle ABC such that no vertices of Vj...V, lie in the interior of its edges. Assume
that V;...V,, is moved to W;...W,, where Wj,...,W, coincide at A, Wy y1,...,W,1p
coincide at B, W, p11,..., Wy pie coincide at C, and a+ b+ c = n. Then we only
need to prove

A (Wy..W,) .
S W) < min{z,n—2t}.

In the summation formula of <7 (W;...W,) we call AAB, BAC, CAA the posi-
tive terms, and BAA, CAB, AAC the negative terms. By Lemma 2.1, < (W;..W,)
and % (W;...W,) are independent of the choice of the origin O. If O = A, then
o/t (W1..W,) = BAC, and each W; AWy, is either zero, or BAC, or CAB. Sup-
pose that there are p terms of BAC and g terms of C AB. Then

A, (Wy... W)
A (W1 W)

Proof of the lower bound: If there is a negative term W; AW;; = BAA, namely
W; =B and W;, = A, then ¢ <t. Hence, if there is a negative term for each edge of
ABC then a,b,c <t. Then since ¢ < n/2, for any negative term W; AW, its “next”
term W, AW; o is a positive term for the same edge. Hence p > > q. Otherwise, we
can assume that there exists no negative term for BC, and we also have p > ¢. Hence
we always have p—qg > 0.

Proof of the upper bound: Since p <7, we have p— g <t. We need to show
that n — 2t is also an upper bound. If there are two of a, b, ¢ bigger than ¢, we can
assume that a,b > . Then ¢ <n—2¢t,and p <n—2t. Hence p—g <n—2t. If there
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are two of a, b, ¢ having the sum not bigger than 7, we can assume that b+c¢ <¢.
Then p = g = 0. Below we assume that b,c < ¢, and the sum of any two of a, b, c is
bigger than ¢. Then p=b+c—1t. If a > t, then g =0, and we have

p—qg=(b+c—1t)—0=n—a—1<n-—2t.
If a <t,then g =1 — a, and we have
p—q=({b+c—t)—(t—a)=n—2t.

Then we consider the realization problem. By the above discussion, when b =
c=1,wehave b+c <t for 1 <t <n/2. Then p—q=0 for | <t <n/2. On the other
hand, let [x] denote the largest integer which is not bigger than x, then when [1n/3] <
a<b<c<[n/3]+1, we have p—qg =min{z,n—2t} for 1 <t <n/2. Actually, if
t <[n/3],then p=1t and ¢g=0. Hence p—qg=t¢. If t > [n/3]+ 1, then a,b,c <t.
Since n > 5, the sum of any two of a, b, ¢ is bigger than n/2, which is bigger than 7.
Hence by the above discussion, p —qg =n—2t.

Hence there exist two weakly convex polygons such that one realizes the lower
bounds for 1 <7 < n/2 and the other realizes the upper bounds for 1 < ¢ <n/2. Below
we show that the bounds can not be realized by convex polygons, and any other ratios
satisfying the inequality can be realized by convex polygons.

If V1...V, is convex, then the first movement belongs to Case 2. If V;_;V;,, is not
parallel to V; 1V}, then we can move V;, and 7 (V)...V,) will change after the first
movement. If V;_;V;y, is parallel to V;_{V; forall j, then <7 (V;...V,) will change
after the second movement, which belongs to Case 1. Hence in each case <7 (V}...V,)
will decrease (or increase) when we move V;...V;, to a triangle, and it can not equal any
of the bounds.

To realize the possible ratios, consider a convex polygon V;...V, inscribed in a
circle. We can move its vertices along the circle such that no vertices coincide. Then
the result follows from the facts that V;...V,, can be moved to converge to any weakly
convex polygon Wj...W, inscribed in the circle, 7 are continuous functions for 1 <
t < n/2, and the bounds can be realized by weakly convex polygons.

THEOREM 4.2. If V...V, is a weakly convex polygon with n > 5, then for m > 0,

A (V)

T(m,1) < < Y, T(m,t)min{t,n—2t},

X le(Vl...Vn) I<i<n/2
AV V) :
Cim 1) <——""72 ¢ C(m,t)min{t,n —2t},
(D) <y <, & Clmomin{tn =21}

1<t<n/2

4 2n (V.Y 4 2r . 2mt

Zsin? == <M <= ), sin==sin=—min{t,n—2r}.
n n ~a(Vi.V,) " n I<ionpy n

Moreover, except for the bounds, any ratio satisfying the inequalities can be realized
by a convex polygon, the bounds can only be realized by weakly convex polygons, and
there exist two weakly convex polygons such that one realizes all the lower bounds and
the other realizes all the upper bounds.
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Proof. By Theorem 1.3, Proposition 3.1, Proposition 4.1, Lemma 2.6, Lemma
2.5, we have the inequalities. The two weakly convex polygons realizing the bounds in
Proposition 4.1 realize all the lower bounds and the upper bounds. Since n > 5 and m >
0, by Lemma 2.5 and Lemma 2.6, the coefficients T'(m,2) and C(m,2) are positive.
Then since the bounds in Proposition 4.1 can not be realized by convex polygons, the
bounds in the theorem can not be realized by convex polygons. Finally, by the last
paragraph in the proof of Proposition 4.1, all other ratios satisfying the inequalities can
be realized by convex polygons.

COROLLARY 4.3. If V...V, is weakly convex, then /y°(V,...V,) #0.

5. The matrix forms of the area formulas

By the recursion formula given in the proof of Lemma 2.6, we can reformulate
Theorem 1.3 in terms of matrices in the following Theorem 5.1. It gives a more clear
picture of the relations between the functions 7", o7, o4 where m >0, 1 <s,1 <
n/2. We will use it to prove Theorem 1.7.

THEOREM 5.1. Let r be the largest integer such that r < n/2. Then for any
integer k > 0, the functions /", </°, o where m >0, 1 <s,t <n/2 satisfy:

ot cos?t Z cos 3E ... cos* I S
o) [ty e iy ) (2
bqflkJrr,l COSZ<k+r71) % cosz(k”*l) 277'5 . COSZ(kJrrfl) % ﬂroo
ok c(0,1)  €(0,2) - C(0,r) A
A c(1,1)  c(1,2) - C(1,r) . )
(2) : - : : : "l
A1 C(r—1,1)C(r—1,2) --- C(r—1,r) &4

where when n > 5, M, is given by the left matrix below if n is odd, and is given by the
right matrix below if n is even; when n =3, M, = 1/4; when n=4, M, =1/2.

11 L1
T Tl
72 3 772 &
L 11 11
tit P
4 47 rxr 4 27 rxr

REMARK 5.2. We can also reformulate Proposition 3.1 in terms of matrices, which
gives the relation between <7, and <, where 1 <s,t <n/2.
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Proof of Theorem 1.7. The transformation matrix in Theorem 5.1(1) equals

1 e 1 cos?t Z
2r 2w 2k 21
cos? Z cos® cos 22
cos?D I ... cog?rml) 2 cos? X

which is the product of a Vandermonde matrix and a diagonal matrix. Since
T 2 rm
1 >cos—>cos— >--->cos— >0,
n n n

its determinant is nonzero. By Lemma 2.6, the determinant of the transformation matrix
in Theorem 5.1(2) is nonzero if the determinant of M, is nonzero when n > 5. Let D,
denote the determinant of M, , then we have

1 1
Dr: EDr_l—RDr_z, Vr>3

Hence

A'D,—4"'D,_ =4"'D,_ | —4 2D, ,=...=4’D, — 4Dy,

and we have

4'D, — 4D = (r—1)(4°Dy — 4D)).

If n is odd, then D; = 1/4 and D, = 1/16, hence D, = 1/4". If n is even, then
Dy=1/2 and D, =3/16, hence D, = (r+1)/4". In each case, the determinant of M,
is nonzero. Hence the transformation matrices in Theorem 5.1 are all invertible. Note
that &° = 3, = A7, %‘72 =0 when n is even, and &% = o, = —</_,, we have
that any 7", 27", < can be presented as a linear combination of the functions in any
of the three sets:

{%k+17%k+2, e 7%’(“1’7},{%"07%"0, fee 7%00}7 {Magfb LR 7%’}
To finish the proof, we only need to show that
Vl...Vn = (;afl""(Vl...V,,), e ,d,“(Vl...V,,))

is a surjective map from the set of polygons to R". Consider the polygon given by

2w . 2jtm .
Wj7t:(cos]—7sm]—)7 V1<j<n,
n

n
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where 7 is an integer. For 1 <s < n/2 and 8 € R', by Lemma 2.3, we have

2 & 2r 2mt 2mt
= cos °P sin(6 + p 2 sm i _q)
n “= n n
p=1
2 & . 27rt
== &% (sin6cos P | cos@sin p)
n =
:Sine i Sgp(gtp_’_g—tp)_’_iﬁ C gsp(_gtp+£—tp)
n

p=1 o=t
sin@+icos@® s=t(modn)
=<{sinf —icos® s=—t(modn)
0 otherwise

Hence let 6 = /2 and 6 = O respectively, then

2msp 2 & . 2msq
Y cos - WpJ—l—z—Esm - Wy,

p=l1 =

1,0)+i(0,1) s=t¢(modn)

1,0)—i(0,1) s=—¢(modn)
otherwise

Now for x;,y; € R, 1 <t < r, consider the polygon V;...V, given by
Vj = thWj,t + Zthj7—t7 Vi<j<n
=1 =1
We have ’
T
A2 (V1. V) = (o —yf)nsin—s, Vi<s<r

n

Since this can be any real number, this finishes the proof.

As we mentioned in Remark 1.8, for any polygon V...V, and any integer m > 0,
the midpoint polygon V|!...V;! canbe realized asa (m+1)-st midpoint polygon of some
polygon Uj...U,. We can define <] "(V;...V,)) to be @ (U;...U,). Then by Theorem
1.7, the function .7, ™ is well defined.

COROLLARY 5.3. The formulas in Theorem 5.1 hold for any integer k.

Proof. Let M and D be the following two matrices, respectively.

1 1 cos? I

n
cos? cos2 & cos? 2Z
n n n

COSZ(r—l)

Bk

-+ cog2(r=1) 1z cos? &
n n
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For any polygon V...V, and any integer k > 0, there exists a polygon U;...U, such
that U{ ..UM equals V}'...V,!. Then by Theorem 5.1(1),

g{l_k(vl'“vn) JZ{IO(UIN-Un) < (U;...Uy)
AT (V. V) AWl | UU)
TN VLV AUy Uy) A (U)...Uy)
A Vy.Vy) A (V. V)

D1y 4271 (Vl V) _ & oy (V:l...Vn)
A (VV)) AP (V1... V)

Hence Theorem 5.1(1) also holds for negative integers. Similarly Theorem 5.1(2) holds
for all integers.

COROLLARY 5.4. For any polygon V...V, and any integer k > 0,

T
(1) 7= (VE..VF) = cos™ Fs%f(vl...vny VI<s< 2.

2
A (VE..VE) (V1. V)
ah(VE..VE) ah(Vy..Vy)

(2) : :
EAVARRYS (V1. V)

Proof. In the proof of Corollary 5.3, let V;...V,, = U{“...U,’f, then we can get (1) for
the polygon Uj...U,. The proof of (2) is similar.

As the end of the paper, we give an example about the hexagons, which illustrates
our main results. Since n = 6, by Theorem 1.3 and Proposition 3.1, we have

3m 1

(I)M(Vlmvgq) = 4—mJZfl°°(V1...V6)+4m4272°°(V1...V6),
- 3m_ 1
(Z)M(Vl V6 ) = WJZ{](Vl‘/6)+ 2 % 4m$Z{2(V1...V6)7

- 1 1
3) " (V1..Ve) = 54271(‘/1...‘/6) + 5&72(‘/1...‘/6).

If <7["(V1...Vs) # O for some m > 0, then by Theorem 1.4,

o Vm+l.”Vm+l
lim 1( 1 n )
e e (VT V)

n

exists. Itis 3/4 if «7(V}...Vs) #0, and is 1/4 if «/(V}...V)

0.
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For convex hexagons, by Theorem 1.5 and Theorem 1.6, for m > 0 we have

341 (VW) 3 - e (Vi Ve)
2 x 4m ﬂfl(leﬁ) 2x4m 2 JZ{1(V1V6)

<3
7

Moreover, any ratio satisfying the inequalities can be realized by a convex hexagon.
The inequalities are derived from (2), (3) and Proposition 4.1, which says that

H(Vi...Ve)

— < 2.
A (V1...Ve)

0<

By Theorem 1.7, each of the function pairs { !, @}, {7/, o/5°} and {2, %4}
defines a surjective map from the set of hexagons to R?, and they differ by linear
transformations of R?. Especially, for any pair of real numbers (x,y) € R?, there
exists a hexagon with area x such that its midpoint hexagon has area y.

Since n = 6 is even, by [11], V|...V; is a midpoint hexagon if and only if

Vi+V34+Vs=Vo4+ V4 Ve

In this case, from any point U; in E2 we can construct a hexagon Uj...Ug such
that Ull...U61 equals V;...Vs. By Theorem 1.7, they have the same area. Moreover,
the hexagon V...V corresponds to a unique two sided infinite sequence of midpoint
hexagons H,,, such that Hy = V|...Vx and H,, is the midpoint hexagon of H,,. By
Theorem 5.1 and Corollary 5.3, the formulas (1) and (2) hold for any integer m. Then
combined with Corollary 5.4, among convex Hj, we can estimate any ratio of two
of F(Hy), 7 (Hy), 5°(Hy) and <% (H,,), where k and m can be any integers.
Actually, all the ratios are fractional linear functions of .5 (Hy) /<71 (Hp).
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