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A WEIGHTED ESTIMATE FOR
GENERALIZED HARMONIC EXTENSIONS

ROBERTA MUSINA* AND ALEXANDER I. NAZAROV

(Communicated by J. Pecari¢)

Abstract. We prove some weighted L, estimates for generalized harmonic extensions in the
half-space.

Let u = u(x) be a “good” function in R”. Denote by Pu = (Pu)(x,y) its harmonic
extension to the half-space R =R x (0,0),

n+l
B = 2 [ue) —2E o ceriyso
g (kgpe)

By elementary convolution estimates, the linear mapping P : u +— (Pu)(-,y) is non-
expanding in L,(R") forany p € [1,e0], that s, ||(Pu)(-,y)||, < ||u||, for any y > 0.

In the breakthrough paper [1], Caffarelli and Silvestre introduced, for any s €
(0,1), the following generalized s-harmonic extension u +— Pu,

> dg r(=52)
Psu)(x,y) =cns [ u(&)- Y ) Cny = —p——.
(Br)x.y) R/ O e TG

One of the main results in [1] states that the L,-norm of (—A)?u = .~ [E°-F [u]]
on R" (here . is the Fourier transorm in R") coincides, up to a constant that depends
only on s, with some weighted L, -norm of |V(Pyu)| on R

Notice that for arbitrary y > 0, the kernel

F(n-;k) y2S (1)
E%F(s) (|x|2 +y2) o

‘@V(‘xh)}) =

has unitary L;-norm, thus the linear mapping u — (Psu)(-,y) is non-expanding in
L,(R") as well. In particular, we have

J1E0CIrax< [l forany se(0.1), y>0, pe L.
R” R
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We are interested in similar results for weighted L,-norms. More precisely, we deal
with inequalities of the form

( [P
dx<C, | —————d 2
/fwﬂ P/uuw . @

where C, > 0 does not depend on y,u. These inequalities seems to be new even in the

classical case s = %

The next statement is crucially used in [2].

THEOREM 1. Ler s € (0,1), o0 > 0.

i) If p=1, The inequality (2) holds if and only if o < 5 +s.

ii) For arbitrary 1 < p < oo, the inequality (2) holds if and only if o0 < 5+ sp.

Proof. Take a measurable function u, an arbitrary y > 0, and put v¥(x) = u(yx).
By dilation, we have (Psu)(x,y) = (Pa”)(§,1). Thus it suffices to prove (2) for y = 1.
In case p =1, we rewrite the inequality

( o)
v<e [y 3
/x2 <lguu0'x )

in the form

Cns &7+
/‘/ 2 n+2s ( 2 dé’d / |2(€)‘ o é? (4)
2l +1 (x—EP+1)*2" (Ix2+1) (1&P+1)
to make evident that we are indeed estimating the norm of the transform

(IEP+1)"
* (2 +1)”

oLy, L)) = [v(E) — 2

o d&
L =P

as a linear operator L;(R") — L;(R"). We use the duality L;(R") = L.(R"), that
gives

2 o
+1
HL”LIHLI = sup Cn,s (|§‘ )

_ dx. )
gern) (le—ER+1)"5 (P +1)

If o > 5+, then the supremum in (5) is evidently infinite. If o < 5 + s then easily

, 24 1)
Cn,s , (‘§| + ) dx < 220((@5()6_57 l)dx: 2206.
e 1)"+zz° (|x]2+ 1)*

wsteye (8 R
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Further, |x| < |&]/2 implies |x—&| > |&]/2 and |x— &| > |x|. Therefore,

Cns (|5\2+1)ad 22%¢, cdx
x <
2 x2+1 o 2 1 n+23_a 2 1 o
< /22“%(x,1)dx:22“.
R’l
We can conclude that C; = ||L||z, -z, < o, and i) is proved.
Next, we take p > 1. To handle the case o > 7 + sp we notice that the function
2 ;
172
g (241
log(|x|>+2)

satisfies

|a(x)[” dx
/ﬁdxz/ ; <
i (|x2+1) i (x> 4+ 1)21og? (|x|? +2)

On the other hand, for any arbitrary x € R" we have

(x)dg
[%_ e /\€|2+1210g(\€|2+2>

and the last integral diverges. Thus, for p > 1 and o > 5 +sp the inequality (2) does
not hold with a finite constant C in the right hand side.
If oo < 5+ sp, we use Holder’s inequality to get

u(E)I”
P(x—
|(Psu / &1 \§|2+1)ﬁ é)

/ﬂx ener+)a) ™. ©

where f3 —max{a———s 0} <s(p—1).
If a < 5 +s then B =0 and the last integral equals 1. In this case we obtain

|(Pyue) (x, 1 \p [ Ju(-)[” ] |u(x)|?
S LT ra|Wdx < |Lln-n, | 7—5—radx, (7
/ |x|2+1 x<R/n (|.|2+1) (x)dx < ||L||. LIR/,, (|x|2—|—1) x, (1)

and (2) follows from the first part of the proof.
If % +s<o< % + sp, we estimate

(B \§|2+1)%25 u(€)|P
/ \x\2+1 //@ ey (§|2+1)ad§dx>

R R? |X|2+1) 2

e (EP41)PT o

x ( sup s _ d& :
2 n+2s B
veRr ([x— &2 +1) 2 (WP +1)7 T
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If we prove that the last supremum is finite then (2) again follows from the first state-
ment of the present theorem. We have

Cns (leF+ 17 dé ng——ﬁl/%(x—g,l)dézzf——ﬁl.

_ER2 s
|§‘<2‘X‘ (‘x §| +l) 2 (|x|2+l)’)71 R?

Further, || > 2|x| implies |x — &| > |&|/2. Therefore, from 8 < s(p — 1) we get

Cn,s (‘€|2+1)
2
eta (RSP (24 1)7

B
—1
e

28

27 Ty d
</ ’ni_L«(n,s,ﬂ,p), ®)
g2 (K= &R+ 1)27 75

and the proof of (2) is complete.

The following statement partially solves the problem whether the mapping u —
(Psu)(-,y) is non-expanding in weighted L, spaces.

THEOREM 2. Let s € (0,1).
i) If 0< o < 5 —s then for arbitrary 1 < p < oo the best constant in (2) is C, = 1.

ii) If oo > 5 then the best constant C), in (2) is greater than 1, at least for p close
to 17,

REMARK 1. We conjecture that the statement ii) holds for all 1 < p < . The
value of C), for 5 —s < o < 5 is a completely open problem.

Proof. We again suppose y = 1.

Firstly, we prove i) in case p = . It has been proved in [1] that the function

dx
P& 9
0(E.y) = / e ©)

solves the following boundary value problem in R’fl ,

—divy!' Vo) =0;  o(&,0)=(|EF+1) " (10)
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Consider the barrier function @(&,y) = (|€[>+y>+1) . A direct computation gives
—div(y! " *Va) = 2ay1_25(7)1+% (n—25+2)+ (n—2s—2a)(|E]*+)%)) =0

because of the assumption on ¢. Since ©(&,0) = ®(&,0), we have that ® < @ in
Rf’ﬁl by the maximum principle. In particular,

2 o |€ ‘2 +1\@
(€7 +D)%w(&,1) < (|€‘2+2> < 1.

Therefore, the supremum in (5) does not exceed 1, and thus the best constant in (3) is
G = ||LHL1—>L1 <L

Since ||L|[z, -z, < 1, the inequalities in (7) readily give C,, < 1, forany p > 1.

Finally, to prove that C, = 1 if o < % — s, it suffices to consider the sequence
u(ex), where u € 65°(R"), u > 0, is a fixed nontrivial function, and then to push € to
0. The proof of i) is complete.

To prove ii) consider the function v(x) = (|x|>+ 1)~ “. Clearly v € L;(R") and

JEnwax= [ 2 -x1dx [vE)ag = [ &) a.
R R

R® R

Since

(B)(0) = [ Z(E1)(E)dE < maxv(§) = v(0),
Rn

there exists a point £ such that (Pv)(§) > v(€). Therefore, the supremum in (5) is
greater then 1, and the best constant in (3) is C; = ||L||z,—z, > 1. By continuity, the
best constant in (2) is greater than 1 for p sufficiently closeto 1.
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