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INCLUSION BETWEEN GENERALIZED STUMMEL
CLASSES AND OTHER FUNCTION SPACES

NICcKY K. TUMALUN, DENNY I. HAKIM*® AND HENDRA GUNAWAN

(Communicated by L. Pick)

Abstract. We refine the definition of generalized Stummel classes and study inclusion properties
of these classes. We also study the inclusion relation between Stummel classes and other function
spaces such as generalized Morrey spaces, weak Morrey spaces, and Lorentz spaces. In addition,
we show that these inclusions are proper. Our results extend some previous results in [2, 13].

1. Introduction and preliminaries

The definition of Stummel class was introduced in [4, 13]. For 0 < o < n, the
Stummel class So, = So(R") is defined by

Sa = {f € Llloc(Rn) : nocf(") \O for }"\ 0}’
where

o SO
N f(r) : xseuﬂgl e ey dy, r>0.
For o« =2, S, is known as the Stummel-Kato class. Knowledge of Stummel classes is
important when one is studying the regularity properties of the solutions of some partial
differential equations (see [1, 2, 3, 5, 10]).

In the mean time, the study of Morrey spaces, which were introduced by C. B. Mor-
rey in [11], has attracted many researchers, especially in the last two decades. For
1 <p <o and 0 <A < n, the Morrey space LP* = LP*(R") is defined to be the
collection of all functions f € L (R") for which

loc

_A
1fllpa = sup r 2| fller ) <o
x€R™, r>0

where B(x,r) :={y e R": |[x—y| < r} and

= ([ 1roIrar)”.
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Note that LP0 = L? . As shown in [13], one may observe that L'* C S, provided that
n—A <o <n. (Forthe case o =2, this fact was proved in [5].) Conversely, if V € S,
for 0 < & < n and Mg f(r) ~ r° for some ¢ >0, then V € LI"~%+0,

Eridani and Gunawan [6] developed the concept of generalized Stummel classes
and studied the inclusion relation between these classes and generalized Morrey spaces.
For 1 < p < o and a measurable function W : (0,00) — (0,0), the generalized Morrey
space LP'Y = LP¥(R") is the collection of all functions f € L (R") for which

loc

==

|B(x,7)]
fllipw == su ——||f o)) < oo,
” HLP‘P e n7p,>0 \.Il(r) ” HLP(B( )

where |B(x,r)| denotes the Lebesgue measure of B(x,r). Observe that, for W(z) :=

t% (0 < A < n), we have LP¥ = [P*  Further works on the inclusion relation bet-
ween generalized Stummel classes and Morrey spaces can be found in [8, 14].

The purpose of this paper is to refine the definition of generalized Stummel classes
and study the inclusion relation between these classes. We also study the inclusion rela-
tion between Stummel classes and Morrey spaces using assumptions that are different
from the assumptions used in [6, 8, 14]. We give an example of a function which
belongs to the generalized Stummel class but not to the generalized Morrey space. Fur-
thermore, we prove that the Stummel class contains weak Morrey spaces under certain
conditions. For 1 < p < e and 0 < A < n, the weak Morrey space wLPA = wLP? (R™)
is the collection of all Lebesgue measurable functions f on R" which satisfy

4
[fllrpz = sup 1 Pl fllwrrBer) <o
x€R™ r>0

where X
I lwir (Bxr)) = sugtl{y €Bx,r)  [f(y)| >1}]7.
1>

Observe that, by taking A = 0, we can recover the weak Lebesgue space wL”. In this
paper, we also study the relation between Stummel classes and Lorentz spaces.

Throughout this paper we assume that ¥ : (0,0) — (0,c0) is a measurable func-
tion. Whenever required, we consider the following conditions on ¥':

1

/ —\P(t)dt < oo, (D

0o t

1 Y(s) s

— < <A for 1<-<2; 2
A~ Y(r) Lo r @

¥ ¥
&ghﬁ for s<r, 3)

r s

where A; > 0, i = 1,2, are independent of 7,5 > 0. The condition (2) is known as the
doubling condition on . In some cases, we can weaken the doubling condition by the
right doubling condition:

£

(s)
(r

<Ay for 1<i<o, 4)
r

i
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where A3 is independent of r,s > 0.
In this paper, the constant ¢ > O that appears in the proof of all theorems may
vary from line to line, and the notation ¢ = ¢(a., 3,...,{) indicates that ¢ depends on

o,fB,....¢.

2. The generalized Stummel classes

We begin this section by defining the generalized Stummel class.

DEFINITION 1. For 1 < p < oo, we define the generalized Stummel p-class
Sp,‘l‘ - Sp., ( ) by

Spw = {f el (R :npwf(r)\.O for r\,0},

where

Npwf(r) := sup (/XWVM y) ’ . r>0.

xeR” |x y|n

We call n,yf the Stummel p-modulus of f. Observe that the Stummel p-
modulus is nondecreasing on (0,e0). For p =1, we have S| y := S¢ — the gener-
alized Stummel class introduced in [6]. For ¥(r) :=t* (0 < o < n), we write S, g
instead of S, and 7, instead of 71, w. Observe that Sy o := Sy — the Stummel
class introduced in [4, 13].

The following two theorems confirm that 1, w f is continuous (hence measurable)
and satisfies the doubling condition.

THEOREM 1. If f € S, w, then Npwf is continuous on (0,o).

Proof. Let {r} be asequencein (0,e0) with r;, — r € (0,°0) and x € R". Choose
r« > 0 such that r,r; < r, for every k € N. Next, for every k € N, define

SOIPY(ly —x)) SOIP(y =)

X,r y ?
=P a0

() = X)) (¥) and  g(y) :=
for y € B(x,r,). We see that {g;} is a sequence of nonnegative measurable functions on
B(x,r.), and g — g almost everywhere on B(x,r.). By the Dominated Convergence
Theorem we obtain

gr(y)dy — 8(y)dy.

[y—x|<rs [y—x|<rs

Therefore
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Let € be any positive real number. By (5), there exists kg € N such that for all k € N
with k > ky we have

( /‘ » f(y)||;"i’gc|yn —x)) dy) P ( /| . f(y)||;"i’i||>; =) dy)i

) ( [ )Py =) dy)i%

|y — x|
Since x € R" is arbitrary, we conclude that

Tlp)l’f(r) —€< Tlp)l’f(rk) < np)I’f(r) + €.

Thus, we have proved that 0, w f(rx) — 1, wf(r) for any sequence {ri} in (0,00) with
rx — 1 € (0,00). This means that 1,y f is continuous on (0,%0). [J

THEOREM 2. Let ¥ satisfy the condition (3). If f € Spw, then N, wf satisfies
the doubling condition.

Proof. Let x € R" and r > 0. Choose m =m(n) € N and xy,...,x, € B(x,r) such
that

Note that

2

m
=>1I. (6)
Fori=1,...,m, we have
1
PP(ly— »
= ([ Lo,
y—xi<5 |y — x|
1
» B 1
<(f IOPHp—s) )
[yl >[y—xil,ly—xi < |y — x|

1
PP(ly — »
+</ f) (\yn x)dy>'
y—xl<ly—xil<} ly —x|
=A;+B;. (7)
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By the condition (3) on ¥, we obtain

1

PP(ly — b

Ai:(/ |f(»)] (Iyn XI)dy)"
—x>y—x; | ly—xi] < § ly —x|

1

PY(ly — x; »

<c(p) (/ |f(y)‘ (\y xl)dy)’
y—x|>y—x; | [y—xi < § ly —xi|"

<o (f Mdy)% <co)mpws (3).

ly — x|

It is clear that

| FOIP¥(y—x) 7 r
([ ) < ()

From (6) and (7), we get

(f P 0) < mioetr) + 1 mper (5)
=cln.p)mpef (3)- ®)

Since the inequality (8) holds for all x € R", we obtain
,
Mpae (1) < clnp)mpsef (5.
According to the fact that 7, wf is nondecreasing, we conclude that 1,y f satisfies
the doubling condition. [

As for the classical Stummel class [13], we also have more information about
functions in ), , as presented in the following theorem and its corollary.

THEOREM 3. Let 1 < p <eo, ¥ satisfy the condition (3), and @ : (0,00) — (0, 00)
be continuous and nondecreasing. If f € Sy y and

1
[ rto) 000 <
then there exists a positive constant c¢(n, p) independent of f such that

FOIPF=y) P
R R Y U RO DR

holds for all x € R" and r > 0.
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Proof. Let f € S,w. By the hypotheses, we observe that for each x € R" and
r > 0, we have

)P (lx £ (e —y))
/w« " ®(|x 2/ chrlez e—yP(x—y) ¥

TS

< zo[@(zk_';l)r/xywl <>:‘P<y|)i A g,

k

<3 le()] [ ()] ®

Combining the inequality (9) and Theorem 2, we get

=

J Ww»mz[cbu%)rwnmwf(zk%)r

x—y|<r Jx — y["D(|x k=0

)3 [ ) 00

= elnp) [ s 0] [0(0)] e,

which is the desired inequality. [J

REMARK 1. If we put

r

o(r) ::/02 [y f(0)]” (@) e, r>0,

then we see that ©(r) is nondecreasing and that lim O(r) =0.

r—0

For f € S, w, the function 1,y is continuous according to Theorem 1. More-
over, it is nondecreasing and lim+ Npwf(t) = 0. Accordingly, we have the next corol-
t—0

lary which generalizes the result in [13, p. 58].

COROLLARY 1. Let 1< p<e. If f €S,y and

1
| s ] <

Sfor some ¥ € (0,1), then there exists a positive constant c(n, p) independent of f such
that for each x € R" and r > 0, we have

/ SO (x =)
pesl<r e = y[" [npw f (Jx = )]

5 dy < c(n,p)O(r),

where O(r) := fO% (M f()]"” Y lar.
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3. Inclusion between generalized Stummel classes
In this section, we are going to investigate the inclusion between two Stummel
classes. The first theorem discusses the relationship between Stummel classes with

different parameters Y. (Unless otherwise stated, we always assume that 1 < p < e.)

THEOREM 4. Suppose that ¥, satisfies the condition (3) and that there exist ¢ >
0 and & > 0 such that W»(t) < c\V((t) forevery t € (0,6). Then S,w, € Spw,.

Proof. Let f€S,w,, x€R", and r > 0. For r < 0, we have

</ f(y”p%('y_x')dy); <cr (/ |f(y)”‘P1(|y—XI)dy)’l’7
ly—x|<r ly — x| y—xl<r v —xl"

whence N, w, f(r) < cfl’ Npw, f(r) \,0 for ¥\ 0. Hence f € S,w,. O
As an immediate consequence of Theorem 4, we have the following corollary.

COROLLARY 2. If0< < B <n, then Sy CS,p.

REMARK 2. For 0 < a < B < n, the above inclusion is proper. Indeed, for 0 <
B < n,define f:R" — R by the formula

o) <yﬁ1ny|2 o vER

_2
where B := B(0,e F). Then f €S, 5\S, o whenever 0 < o < 3. The fact that f €
S,p is proved in general in Example 1. We will show here that f ¢ Spa. Let 0<

r < e P. Using polar coordinates and the fact that 1/(¢8|In(z)|?) is decreasing on

2
(0,e P), we have
(npﬁf(r))p}/ B 12 =Y
vl<r [P [In]y[[*[y]"
1 / 1
> dy
rPlIn(r) 2 Jiyi<r Iy
1
e
Therefore

1
1 P
> - )
npﬁf(r) = C(n?a7p) <rﬁa|1n(r)2) - )
for r ™\, 0. This verifies that f ¢ S, .

The next theorem shows the relationship between two Stummel classes with dif-
ferent parameters p.
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THEOREM 5. If 1 < py < py < and V¥ satisfies (1), then S, w C Sy, w.

Proof. Let f €S, v, x€R", and 0 <r < 1. Then by Holder’s inequality we

have
/ \f(y)l”zj’(li—xl) dy < ( / \f(y)l”lj’(\z—xb dy)m
ly—xl<r ly—x| =l <r ly —x]

2

" </ ‘I’(y—x>dy)l o)
y—xl<r [y —x]"

_ (/ f(y)l”l‘P(li—XI)dy)"l
y—al<r ly —x|

1—-22

x (qm/(f@m) "

1 1
) F
mdr)” "0 for rN\,0,

t

Therefore

1) < 0122 00 ([

which tells us that f € S, w. We conclude that §,,, y €S, y. [
As a consequence of Theorem 5, we have the following corollary.

COROLLARY 3. If 1 < pp < p1 < oo, then Sy, .0 € Spy.a-

REMARK 3. For 1 < py < p; < oo, the above inclusion is proper. Indeed, for
2= <y<min{;Z, 2}, we have f(y) :=[y| 77 € Sp,.a\Sp,.a-

From Theorem 4 and Theorem 5, we get the following corollary.

COROLLARY 4. Suppose that 1 < py < p1 < oo, W, satisfies the conditions (1)
and (3), and there exist ¢ > 0 and & > 0 such that W, (t) < cW(t) forevery t € (0,6).
Then Sp, wy S Sp,w, -

4. Inclusion between Stummel classes and Morrey spaces

Our next theorem gives an inclusion relation between generalized Morrey spaces
and generalized Stummel classes. We also give an example of a function that belongs
to the generalized Stummel class but not to the generalized Morrey space.

THEOREM 6. Let 1 < py < p1 < oo. Assume that V| satisfies (2) and that ¥,
satisfies the right-doubling condition (4). If
LW, (1)72 W5 (1
/ 71()t 20) 4y < oo (10)
0

then LP1Y1 C Spy ¥, -
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REMARK 4. Let p; = py =1, Wi (r) :=t*" where 0 < A <n, and ¥, (1) :=1“
where n — A < o < n. Then the above theorem reduces to the result in [13, p. 56].

Proof of Theorem 6. Let f € LY xeR", and r > 0. Since YV, satisfies (4),
we have

P2 — - P2 _
/ [f )72 (|x — ) dy— / LF )72 (fx—yl) dy
x=yl<r e — [ e P r<imy] <2tHr e — yI

-1 k
P, (2kr
p2
<¢ 3 Grae |/x2k+1 V1P dy.

Combining the last inequality and Holder’s inequality, we get

[fO)IP¥a(lx =) \ P2 (2%r) P
/‘x J<r — " dy < Ck_z_,w X 26, ‘Pz/Pl Hf”Lpl (B(x,2k+1r))

<cllf1172, v, 2 P25, 25). (1)

Using (4) and the monotonicity of ¥, we get

2@ (1) (1)

2\? (25 )2, (25 <c2/ — i

k=—o0

r/2 P2
:c/ PO (0) 4, (12)

0 t

We combine (11) and (12) to obtain

1

29 (£)P2 P, (1 )
it () < ([ 0 P 13)

"2 ()P (1)

LW ()2 (2
Since / M dt < oo, we see that lim dt = 0. This fact
0 1 r—07J0
and (13) imply lim+ Npyw,f(r) = 0. Hence, f € Sy, w,. This shows that LY C
r—0 ’ ’
Sppw,- U
The following example shows that the inclusion in Theorem 6 is proper.
EXAMPLE 1. Let 1 < py < p; < o0, W, satisfy the condition (4), ¥, (¢)|In(z)|?

be nondecreasing on (0,5) for some 6 > O, and W1 (r)P2 W, (r) [In(r)]?> \, 0 as 7\, 0.
Define f: R" — R by the formula

() \# \
f””‘(wﬁwnmw2) . VERY

where B:=B(0,8). Then f € S,, w,\LP1 11,
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First we show that f € §,,w,. Let 0 <r < min{,1}. Since the function f
is radial and nonincreasing, the supremum in the Stummel modulus is attained at the
origin, so that

£ 2 () )é ( 1 )%
= e dy ) = o dy )
Mot () ( /|y R g, /y e

Converting to polar coordinates, we get

/ ! d /V ! d ¢
T =c| ——ds=——.
wi<r TP @~ o s(ins)? Inr

Therefore,

Inr

1\
np27\112f(r) =cC <__> .

Since lim+ ﬁ = 0, we conclude that 1,,y, f(r) \, 0 for r 0. This proves that

r—

JESpw,-
Now, we will show that f ¢ LP1'¥1. Let 0 < r < §. Since W, (t)|In(¢)|? is non-
decreasing on (0,r) C (0,0), we have

L e L (%)dy
Wi (r)r |B(0,r)] Je(0.r) i(r)Pr B0, r)] 0. \ ¥a(ly)) [In|y[]?
P1

1 1 P2
> d
Y1 (r)P1[B(0,r)] (‘Pz(”)|ln”2) /B(O,r) '
1 »
Wi (r)P2 Wy (r) | Inr[? ’
Note that ¥;(r)P2 W, (r) |Inr|*> \, 0 as r \, 0. Then

2L

1 2
oo i .
(WMﬂmewth> BT

We conclude that f ¢ L1,

A=n

REMARK 5. Let 1 < pp < pjp <oo, W (1) :=1 71 where 0< A <n,and W, (1) :=

(n=2)
p

where P2 o < n. It can be shown that ¥; and ¥, satisfy all conditions in
Theorem 6 and Example 1.

tO{

As a counterpart of Theorem 6, we have the following result.

THEOREM 7. Let 1< py < p1 <o and assume that W satisfies (3). If f €S, w,
and

Ny wr F(7) < ¥ ()7 W (1) (14)

for some ¥ and for every r > 0, then f € LP>¥2,
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Proof. Let a € R" and r > 0. Then, by Holder’s inequality, we have

r2

z 41%)< 1 )“
Jy, PN e < RIS

23

_er ([ U )

= 77 T X .
lPI(r) P B(avr)

We combine (3), (14), and Definition 1 to obtain

P2
7' Py — i
/ F(x)]P2 dx < ¢ Ez(/ lf(x)] 1(\26 al) dx)m
Bla.r) W, (r) \Bar) x—a

rn
<=L My (D) < e ¥a(r)P2.
\Pl (I") P1

Consequently,

B@u$m50><émﬂ~“”wzdong°

Since a and r are arbitrary, we conclude that f € Y2 O
Taking W, (¢) :=1* and W,(r) ;=172 »1 where 0 < ax <n, 1 < py < p; < oo,
and 0 < o < 22, we get the following corollary.

COROLLARY 5. Let 1 <py<pi1<ecand 0 < a <n. IffeSml_g and Mp, of (r) <
o _ap
cr’2 for some 0 < 0 < % and for every r > 0, then f € L
Next, we are going to investigate the relation between generalized Stummel classes

and generalized weak Morrey spaces. The generalized weak Morrey spaces are defined
as follows.

DEFINITION 2. Let 1 < p < oo and ¥ : (0,00) — (0,0). The generalized weak
Morrey space wLPY = wLP¥ (R") is defined to be the set of all measurable functions
f for which

t/{x € Ba,r) : [F(x)] > 1}]/7
) A :: SU.
1 Lo aeRﬂ,r>pO.,t>0 ¥(r)|B(a,r)}/r

The inclusion between generalized Stummel classes and generalized weak Morrey
spaces is given in the following theorems.

THEOREM 8. Let 1 < py < p1 < oo. Assume that V| satisfies (2) and that ‘¥,
satisfies (4). If
/1 W1 (1)P2 Y2 (1)
t

0

dt < oo,

then wLPt'¥1 C Spy ¥, -
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Proof. Since p, < pi, by virtue of [9, Theorem 5.1], we have wLP1¥1 C LP2¥1
By Theorem 6, we have LP2¥1 C S, y, . It thus follows that wLP"¥1 C S, w,. O

THEOREM 9. Let 1 < py < pa < oo and assume that ¥y satisfies 3). If f € Sp, w,
and the inequality (14) holds for some Y5 and for every r >0, then f € wLP2'¥2,

Proof. The assertion follows from Theorem 7 and the inclusion LP2Y2 Cppp2 Y2
O

For the classical weak Morrey spaces and Stummel classes, we have the following
result.

THEOREM 10. For 1 < py < p; <o, if 0 < <A <nand 8= m)m<a<n then
wLPLA C Sp,.a- Conversely, for 1 < p <eo,if f€ Sy o for 0<a<nand Ny qf(r) <
crv for some 6 >0, then f € wLP"~%+0,

A=n

Proof. The first assertion follows from Theorem 8 by taking Wy (¢) :==¢ 71 , and
W) (¢) :=1t* where 0 < A <n and (n=R)py )p2 < o < n. The second part is a consequence
of Corollary 5 when p; = pr =p and the inclusion LP"~ %10 C wLpn=0to ]

REMARK 6. The second part of Theorem 10 generalizes the result in [13, p. 57].
For the case p = 1, the first part of Theorem 10 does not generally hold. To see this,
consider the function f(y) :=|y| ™", y € R". Then f € wL'"* for 0< A <n,but f ¢ S,
forn—A <o <n.

5. Further results

In this section, we study the relation between bounded Stummel modulus classes
Sp.o and Stummel classes. We also study the inclusion between S, and Lorentz
spaces. For 0 < o < n and 1 < p < oo, recall the definition of the Stummel modulus

Mpof (r) 1= sup ( /| L”’Zdy) ' e

xeRn \J—yl<r [Xx =y~

DEFINITION 3. For 0 < @ <n and 1 < p < e, we define the bounded Stummel
modulus class S, o = S, «(R") by

170‘ _{fELloc( n):np,otf(r)<°° for all r>0}.

Note that the inclusions similar to Corollary 2 and Corollary 3 also hold for 5,,70( .
Moreover, we have S), o C S .o~ This inclusion is proper due to the following example
which we adapt from [1, p. 250-251].
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EXAMPLE 2. Let 0 < @ <n and 1 < p < eo. For every k € N with k > 3, let
= (27%,0,...,0) € R" and

8%y e B(x,875),
Vi(y) := { y € Bl )

0, y¢B(x,87")
Define V : R" — R by the formula

L

= (i Vk()’)) !
k=3

/ VOIPdy =3, / Ve(y)ldy < c(n) 3 80k < oo
B(x,r) r—37B(x,r)

k=3

Since

for every x € R” and r > 0 where c(n) := [B(0,1)|, we obtain V € L |
We will show that V € S, . Let

Pr(x) ::/ 7|Vk(y)_| dyzSak/l L —dy, xeR"
R

v =yl pxel <8k [x—y["®

(R™).

There are two cases: (i) |x — x| = 272+ or, (ii) |x — x| < 272+,
Suppose that the case (i) holds, that is, [x — x| > 272!, We have,

pi(x) < e(n)2(* =k, (15)
For the case (i) |x —x;| < 272+, we have
pr(x) < c(n, @) (16)

where ¢(n, a) := max{c(n), %c(n)}
Given x € R", we have x ¢ B(x;,2 1) forall k >3, or x € B(x;,2-%/*1) for
some j > 3. Assume that x §é B(xy,272*1) for all k > 3. Hence, from (15), we have

i VO, < Zpk i (17)

n =yl ﬂ"“

Now assume that x € B(x;,27>/*!) for some j > 3. Since {B(x,27**")},_ is adis-

joint collection, we find that there is only one j € N, j >3, such that x € B(x;,2~ 2itly,
Using (15) and (16), we get

Vy)l”
————dy < o)+ 18
/I‘Q" ‘x y‘n o V' C n, %Pk ( )
k#j

2(0(7")]( < oo,

M

<c(nya)+c(n)
;

o
LI
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According to (17) and (18), for every r > 0, we have

V(y)|? V(y)|?
/ | (y)n\ﬂx ay< [ - (y)nlia dy < o.
—yl<r X =] R [x—)|
Therefore 1,4V (r) < oo, and we conclude that V € S, .
Now, we will show that V ¢ S, o. Let r > 0. By Archimedean property, there is
k >3 such that 8% < r. Note that

V()P
vt [ O
(p.a¥(r)) y—xe|<r [y — X"
V)
2/ | k(y)\_a dy
=g <r [y — x|
= | <8 [y — x|~ o

This shows that 1, oV stays away from zero. Thus V ¢ S, 4.

Given a measurable function f: R" — R, consider the distribution function Dy
of f which is given by

D¢(o) :=|{xeR":|f(x)| > 0o}, o>0.
The decreasing rearrangement of f is the function f* defined on [0,0) by
f(t):==inf{o:Ds(0) <1}, 1=>0.

DEFINITION 4. Let 0 < k,p < o. The Lorentz space L = LL(R") is the col-
lection of all measurable functions f: R" — R satisfying || f||;» < o, where

(5 (o) &), it <

supt%f*(t), if p=oo.
>0

1 lp ==
Note that L, = wL* for k¥ > 1. The following lemma is a well-known inclusion

relation between Lorentz spaces (see [7, p. 49] or [12, p. 305] for its proof).

LEMMA 1. If0 < Kk < oo and 0 < py < p1 < oo, then L2 C LP',

Moreover, we have the following relation between Lorentz spaces and bounded
Stummel modulus classes.

LEMMA 2. [2, Lemma2.7] Let 0 < o < n. Then L} C S 4.

Our theorem below is an extension of Lemma 2.
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THEOREM 11. Letl<p<ooand0<a<n.If%<K<oo,then

LECS,a

Proof. We first prove the case where k = “2. Let f € L%, . Then |f|P € L} .

By virtue of Lemma 2, we have |f]” € S 1,a- According to Definition 3, we see that
f € 8p.a. Thus, we obtain Li, C S, 4.

o
Let us now consider the case where k > %. Since 0 < v < n, we have Kk > p.
Hence by Theorem 10 (for A = 0), we obtain wL* C §,, ;. Now, combining this with

Lemma 1 and the remark after Definition 3, we see that
LY CWL* C Spa CSpa-
This completes the proof. [l

REMARK 7. For £ < k < e, we observe that Ll Z L% . To see this, one may
check that f(x) := [x|~ %Y (e y>13 € Ly \ L -

REMARK 8. It follows from Theorem 11 that, for 1 < p; < p; < e and "aﬂ <
K < oo, the inclusion L§' C §,,, o holds.

REMARK 9. By using the same trick as in the proof of the first part of Theorem 11,
one can extend [8, Theorem 3.1] to the corresponding function spaces with parameter
p instead of 1.
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