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EXTENSIONS OF HIAI TYPE LOG-MAJORIZATION INEQUALITIES

JIAN SHI* AND DAN ZHAO

(Communicated by J.-C. Bourin)

Abstract. In this paper, we will obtain several log-majorization inequalities via Furuta inequali-
ties with negative powers, which extends the related results before.

1. Introduction

Throughout this paper, a capital letter, such as 7', stands for an n X n complex
matrix. We write 7 > O if T is positive definite.
Recall that for X,Y > O, the log-majorization X <o, ¥ means that

k

[TAx)

i=1
k
U

1
where A;(X) > A(X) > --- > A4,(X) are the eigenvalues of X in decreasing order
counting multiplicities.
Recently, F. Hiai proved two beautiful log-majorization inequalities in [1] as fol-
lows.
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THEOREM 1.1. ([1]). Let r,z > 0 with o > 1.
Put l-aa o l-«a
Qu:(A,B)=(B % A:B % )* (L.1)

and 1 1 1 1 1
Py+(A,B) ={Bx (B 2ArB 2 )*Bx}". (1.2)
If z/r > max{o /2,00 — 1}, then Qg (A,B) <iog Po.r(A,B) for every A,B>0;
If0<z/r<min{o/2,00— 1}, then Py (A, B) <10g Qu.-(A,B) forevery A,B > 0.

In this paper, we will obtain several log-majorization inequalities via Furuta in-
equalities with negative powers, which extends Theroem 1.1.

In order to prove the main result, here, we introduce a famous operator inequality
— Furuta inequalities with negative powers as follows.
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THEOREM 1.2. (Furuta inequalities with negative powers, [2]). If A> B > O
withA>0,0<p<land 0<qg<1, —1<r<Q0, then

r rol ptr
(A2BPAZ)a < A9 (1.3)
holds as long as real numbers p,q,r satisfy
—r(l—q)<p<qg—r(l—q) (1.4)

and one of the following two conditions :

1
~<g<1 1.5
5 <4 (1.5)
o 1 —r(l-g) (1-q)
—r(l—q)—q —r(l—¢q
0 — —— {p<L ——=. 1.6
<q<3, 2 PS T2, (1.6)

By further discussion, C. Yang et al showed several forms of Furuta inequality
with negative powers in [3]. Here, we list two forms related to the main results as
follows.

THEOREM 1.3. ([3]). For A > B > 0 with A > 0, the following results hold.
(FormDIf121>p>0, 1 >p, then A~ > (A"2BPA=3) 7 ;

t AN e
(FormID)If1>2t>p> %, then A>P=1=1 > (A"2BPA™2) =

Although the proof of Theorem 1.3 is shown in [3], here we give a sketchy intro-
duction of the proof for the convenience of the reader as follows.

Put r=—t and g = _;t’ in Theorem 1.2. Together with (1.4) and (1.5), which are
equivalentto 1 >7> £ > p >0, we can obtain (1.3), which is just A~" > (A_%BPA_%)%
Together with (1.4) and (1.6), which are equivalentto 1 >¢>p > 5 L>0and p <5,
we can also obtain (1.3). Therefore, (Form I) in Theorem 1.3 holds.

Put r = —t and ¢ = 21”’—1 in Theorem 1.2. Together with (1.4) and (1.6),
which are equlvalent tol>2t>p> 2, we can obtain (1.3), which is just A2?~1=" >

(A"2BPA~?) NN . Therefore, (Form II) in Theorem 1.3 holds.

2. Main Results

In this section, we will show the extensions of Hiai type log-majorization inequali-
ties, which are equivalent to the two forms of Furuta inequalities with negatives powers.

THEOREM 2.1. If r >0, p< 2,O<p<t 1,0<0<1and o>1, then

POC,F(AaB) >'log éa,p,r,t,G(AaB) (2-1)

holds for every A,B > O, where

_ . )
Ouprro={B ¥ [BF (B FATB F)PUBE| 7B %) w0 . (2.2)
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Furthermore, (2.1) is equivalent to Form I of Furuta inequality with negative powers.

Proof. First, we prove that (2.1) can be obtained by Form I of Furuta inequality
with negative powers. ~

We only neeed to prove that Py (A, B) <1 ensures that Qg , ,s0(A,B) <I.

Py r(A,B) < I means that

(B-%A'B %)* <B . (2.3)

Put B, = (B’iA%B’f)“ , Al=B7. By Form I of Furuta inequality with negative
powers,

B _t _L 16
Alte > (A 2BfAl 7)o (2.4)
holds for p< 4, 0<p<r<1land 0<O<1.
It follows that

BY > [Bf(B%A%B%)I’O‘Bi] p%, (2.5)

which is equivalent to that

S

L

B9 [B% (B~%A7B % )P*BH] »1 B

)

r <. (2.6)

Then Qa7p7r7,7g(A,B) < I holds obviously.

Next, we prove that Form I of Furuta inequality with negative powers can be de-
rived from (2.1). _

Notice that Py (A, B) <1 ensures that Oy , ,;.6(A,B) <I. Because Py, (A,B) <1
is equivalent to (2.3) and Qy p..1.9(A,B) <1 is equivalent to (2.5).

_1 o1 1

Put 6 =1, B=A" and A= (A, B{'A, ?)" in (2.3) and (2.5). We can obtain

that A| > B ensures that
AT > (A PBJA ) 0 (2.7)

for p < % and 0 < p <t < 1, which is just Form I of Furuta inequality with negative
powers. L[]

COROLLARY 2.2.. If r>0, £ <1<1,0< 60 <1 and o0 >2, then

016 10, r(l—at)
[

(B (B~ ¥ATB %)"B% ) 05 {B~% (B7 ATB'7 ) @B~ %}
holds for every A,B > O.
Proof. Put p = é in Theorem 2.1. [

COROLLARY 2.3. If r>0,0< 0 <1 and a > 2, then

0 r(l-a)

(B (B %ATB %)"B% ) =10, {B*%A*—mafa) B~
holds for every A,B > O.
Proof. Put t =1 in Corollary 2.2. [
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THEOREM 2.4. If r>0,1>t>p>1, 0<0<1and a>1, then

POC,F(AaB) >'log Qa,p,r,t,G(AaB) (2-8)
holds for every A,B > O, where

-1)  8@2p—i—1) r(p—t)

L) RSNV PRNENS IS R 1 0@pi=l)  pp-1-1)
[B (B~ ArB 2 )P*B2] p=t B 2 }p@-mD8. (29)

~ 6(2p—t
Qaprio ={B 7
Furthermore, (2.8) is equivalent to Form Il of Furuta inequality with negative powers.

Proof. First, we prove that (2.8) can be obtained by Form II of Furuta inequality
with negative powers. .

We only neeed to prove that Py, (A, B) < I ensures that Qg p, 10(A,B) <1.

Py r(A,B) < I means that

(B~%A7B~%)* <B™. (2.10)

Put B, = (B_%A%B_%)“, Aj=B7. By Form II of Furuta inequality with negative
powers,

2p—1-1)0 L _t (2p-1-1)6
AP0 (A1 BIA ) T (2.11)
holds for 1 s <p<t< land 0< 0 <
It follows that
—1-t _ 2p—1-1)6
T (B (B FATET ) 2.12)

which is equivalent to that

0(2p ) 0(2p—t—1) (2p—t-1)
e [Bzr (B~ YATB % )PaBzr] B <. (2.13)
Then Qa’pme(AB) < I holds obviously.
Next, we prove that Form II of Furuta inequality with negative powers can be
derived from (2.8). R
Notice that Py (A, B) <1 ensures that Oy p, .1 9(A,B) <I. Because Py (A,B) <1

is equivalent to (2.10) and Qa o 0(A, B) 1 is equivalent to (2.12).
Put6=1,B=A"and A= (4, 2B”‘A ) in (2.10) and (2.12). We can obtain
that A; > By ensures that

2[[1

AP > (A ZBPA n% (2.14)

for 1 5 < p <t <1, whichis just Form II of Furuta inequality with negative powers. [

COROLLARY 2.5. If r >0, —<t 1,0<0<land 1 <a<2, then

(2—ta—a) —1 1 0Q2—ta—a) 0Q2-ta—o)  _ro(l-ta)

(BF (B A B~ 5)BE Y o (BT (BT ATBT ) i B e i)
holds for every A,B > O.
Proof. Put p= é in Theorem 2.4. [J
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COROLLARY 2.6. If r>0,0<0<1and 1 <o <2, then

(B (B~ HATBH)9BHY mpy (B AT B )

holds for every A,B > O.
Proof. Put t =1 in Corollary 2.5. [

ro

REMARK. Put 6 = in Corollary 2.3, and put 6 = 5 in Corollary 2.6,
they are just the first part of Theorem 1.1.

- r(l1-o)
4

THEOREM 2.7. Ifz>0, p< 3, 0<p<i<1and a> 1, then

Q0.2(A,B) =10g Porps (A, B) (2.15)
holds for every A,B > O, where

t tla—1) _ _ z(p—t)

(20l S (2.16)

~ (o—1) (l-a) o (1-a)
Papez(AB)={B"% (B'% ATB =)

Furthermore, (2.15) is equivalent to Form I of Furuta inequality with negative powers.

Proof. First, we prove that (2.15) can be obtained by Form I of Furuta inequality
with negative powers. ~

We only neeed to prove that Qg -(A,B) < I ensures that Py ;. (A,B) <I.

Qu.z(A,B) < I means that

1

l-a  « —o
B2 A:B 2% <. (2.17)

It follows that » ol
AT <B*T. (2.18)

Put B = Af ,A1=B et . By Form I of Furuta inequality with negative powers,

_t _t
A" > (A PBPA; %) (2.19)
holds for p < %, 0<p<r«l.
It follows that
_tla=1) t(l—a) pa t(l—c) _ 1
B > (B 27 Az B 2 ) Pt (220)
which is equivalent to that
(a—1) (1—a) pOL (l-o) _ _t (a—1)
Bt = (Bt = A’TBt =) pitBt = <. (2.21)

Then Py, (A, B) < I holds obviously.

Next, we prove that Form I of Furuta inequality with negative powers can be de-
rived from (2.15). B

Notice that Qq (A, B) < I ensures that Py ,;.(A,B) <I. Because Qu(A,B) <1
is equivalent to (2.18) and ﬁa7p7,7z(A,B) < I is equivalent to (2.20).
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Put B = Aff' and A = Bla in (2.18) and (2.20). We can obtain that A| > B
ensures that

A= (A PBIA, 7).

=

= (2.22)

for p < % and 0 < p <t < 1, which is just Form I of Furuta inequality with negative
powers. L[]

REMARK. Ifweput p=Z£-
part of Theorem 1.1.

é and r = % . ﬁ , then Theorem 2.7 is just the second
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