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OPERATOR NORM AND NUMERICAL RADIUS
ANALOGUES OF COHEN’S INEQUALITY

ROMAN DRNOVSEK

(Communicated by P. Tradacete Perez)

Abstract. Let D be an invertible multiplication operator on L?(X,u), and let A be a bounded
operator on L?(X,u). In this note we prove that ||A||> < ||DA|||[D™'A|, where ||-| denotes
the operator norm. If, in addition, the operators A and D are positive, we also have W(A)2 <
w(DA)w(D~1A), where w denotes the numerical radius.

1. Introduction

Let A be a nonnegative matrix and D a diagonal matrix with positive diagonal
entries. J. E. Cohen [1, inequality (3.7)] proved that

r(A)? < r(DA)r(D'A) (1)

where r denotes the spectral radius. In fact, he proved slightly more general inequality
[1, inequality (3.6)]. Let Dy, ..., D, be diagonal matrices with positive diagonal
entries such that Dy ---D,, = I, where I is the identity matrix. Then

r(A)" < r(D1A) r(D2A) - r(DpA). 2

This inequality is important in the theory of population dynamics in Markovian
environments; see [2]. In this note we consider this inequality with the spectral radius
replaced by the operator norm and by the numerical radius. In fact, we introduce a more
general setting.

Throughout the note, let 1 be a ¢ -finite positive measure on a set X . We consider
bounded (linear) operators on the complex Banach space LP (X, 1) (1 < p < ). The
adjoint of an operator A on LP(X, 1) is denoted by A*. An operator A on LP(X, 1) is
said to be positive if it maps nonnegative functions to nonnegative ones. Given operators
A and B on LP(X,u), we write A > B if the operator A — B is positive. The norm in
LP(X,u) and the operator norm are denoted by |- ||, and || - ||, respectively. The
numerical radius of an operator A on L*(X, ) is defined by

w(A) :=sup{|(Af,f)] : f € (X, ). || fll2 =1}

Mathematics subject classification (2010): 47A30, 47A12, 47A10.
Keywords and phrases: Operator norm, numerical radius, spectral radius.

The author acknowledges the financial support from the Slovenian Research Agency (research core funding No.
P1-0222).

© t1€I"€N' Zagreb 671

Paper MIA-23-55


http://dx.doi.org/10.7153/mia-2020-23-55

672 R. DRNOVSEK

If, in addition, A is positive, then we have
w(A) = sup{(Af,f) : f € (X, u),f >0, f]=1}.

Indeed, this follows from the estimate

Ar.nI < [ IAfl11du < (AlfL 1)

that holds for any f € L>(X,u). It is well-known [4] that
r(A) < w(A) < [/A]

for all bounded operators A on L*(X, ).
We will make use of the following generalized Holder’s inequality; see e.g. [3, p.
196, Exercise 31], or [5] for its proof.

LEMMA 1.1. Assume that r € [1,0] and py, ..., pm € [1,0] satisfy the equality
g1t
=1 Pi r’

where (as usual) we interpret 1/eo as 0. If fi € LPi(X,u) for i =1,...,m, then
SfifmeLl"(X,1) and

1A nllr < Wfillpy - [ fmll -

2. Results
We begin with the operator norm analogue of Cohen’s inequality (2).

THEOREM 2.1. Let Dy, ..., Dy, be multiplication operators on LP(X 1) (1<
p <o) suchthat Dy---D,, =I. Let A be a bounded operator A on LP(X, ). Then

A" < IDVA[[[[D2A]] -+ - | DAl 3)

If A is the adjoint operator of an operator, then we also have
IA[[" < [|ADy [ [ADz |-+ [[ADp]]. 4)
Proof. Foreach i=1,...,m, let d; be the function in L™ (X, ) such that D;f =
dif for all f € LP(X,u). Therefore, dy---d, =1 a.e. on X. There is no loss of
generality in assuming that A # 0. Choose an arbitrary number ¢ € (0, ||A||). Then

there exists a function f € LP(X, ) such that || f|, = 1 and the function g :=Af has
norm more than c. Since |D;A| > |DiAf]|p = ||digl|p, we have

IDIA|[ DA - | DAl Z [ldrgll p [|d28 ]l p - | dmg |l p-
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Now Lemma 1.1 gives the inequality

d1gllplldagllp--- ldmgllp = [1(d18) - (dm)l| pm = 18" | p/m = gl > ™ -

It follows that
[DIA[[ | D2A]] -+ | DAl > ™.

Since the number ¢ € (0, ||A||) is arbitrary, we obtain the inequality (3).

To prove the inequality (4), we assume first that p < co. Then the adjoint operators
A*, Dy, ..., Dj, are operators on the Banach space LY(X, i), where g € (1,e] is the
conjugate exponent to p. Applying the inequality (3) for them, we have

[A[" = [|A[[" < [DIAT - [ DA™ (| = [ (ADL) (|- - [|(ADw)* || = [|ADx |-+ - [|ADm|,

proving the inequality (4) in this case.

Assume now that p = co. We are assuming that there exists an operator B on
L'(X,u) such that B =A. Let E; (i =1,...,m) be the multiplication operator on
L'(X,u) with the function d;, so that Ef = D;. Applying the inequality (3) for the
operators B, Ey, ..., E,, we obtain that

A" = I1BI™ < [EvBI|--- |EnB|| = [[(E\B)"[| - [|(EnB)"|| = [ADA[] - - [|AD]|-

This completes the proof of the theorem.

COROLLARY 2.2. Let D be an invertible multiplication operator on LP(X, 1)
(1< p<eo) andlet A be a bounded operatoron LP (X, ). Then

IA[”> < [IDA[ DA (5)

and
|A|I* < |AD|| |[AD™".

We now turn to the numerical radius analogue of Cohen’s inequality.

THEOREM 2.3. Let Dy, ..., Dy, be positive multiplication operators on L*(X, 1)
such that Dy --- Dy, > I. Then, for any positive operator A on L*(X, 1),

w(A)" < w(D1A)w(DyA) ---w(DpA) (6)

and
w(A)" < w(AD1)w(AD,) - -w(AD,). 7

Proof. Foreach i =1,...,m, let d; be the function in L= (X, ) such that D;f =
d;f for all f e L*>(X,u). By the assumption, we have d;---d,, > 1 ae. on X.
There is no loss of generality in assuming that A # 0. Choose an arbitrary num-
ber ¢ € (0,w(A)). Then there exists a nonnegative function f € L>(X,u) such that
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| f]l2=1 and the nonnegative function g := Af satifies the inequality (g, f) > c¢. Since
w(DiA) = (DAS. f) = (dig, f) = |[V/digF][5, we have

w(DIAW(DA) (D) > (VAT |/ Aol | )

Using Lemma 1.1 we obtain the inequality

m/2 m/2
IareFl I/l I/ dng il > ( [ @ -dm>1/mgfdu) > ( / gfdu>

> "2,

It follows that
w(D1A)w(DyA) - w(DpA) > ™.

Since the number ¢ € (0,w(A)) is arbitrary, we get the inequality (6).
To prove (7), we apply (6) for the adjoint operator A*:

W(A)" = w(A*)" < w(DIA®) - w(DwA*) = w(AD;) - w(ADy,).

COROLLARY 2.4. Let D be an invertible positive multiplication operator on
L*(X,u), and let A be a positive operator on L*(X, ). Then
w(A)? <w(DA)w(D'A) (8)

and
w(A)? < w(AD)w(AD™Y).

The following example shows that in Theorem 2.3 and Corollary 2.4 we cannot
omit the assumption that multiplication operators are positive. The same example also
shows that Cohen’s inequality does not hold without the positivity assumption.

EXAMPLE 2.5. Define the matrices A and D by

11 10
A:(1 1) and D:<0_1>.

One can verify that r(A) = ||A]| = 2. Since r(A) < w(A) < ||A]|, we conclude that

w(A) =2 as well. Since
S R A U |
DA=D A_<_1_1

is unitarily equivalent to a multiple of a Jordan nilpotent J and w(J) = 1/2, we have
w(D7'A) = w(DA) = ||DA|/2 = 1, and so the inequality (8) does not hold. Since
r(D7'A) = r(DA) = 0, the inequality (1) is not true either.

One may ask whether the inequality
w(A)? <w(DA)w(AD™!)

holds for an invertible positive multiplication operator D on L?(X, u) and for a positive
operator A on L?(X, ). The following example show that this is not the case.
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EXAMPLE 2.6. Define the matrices A and D by

01 do
A= (00> and D= (0 1),
where d € (0,1). Then w(A) = w(AD™!) = 1/2 and w(DA) = d /2, so that w(A)? >
w(DA)w(AD™!).

We conclude this note by posing an open question.

QUESTION 2.7. Is Cohen’s inequality (1) true for operators on the space L*(X, i) ?
That is, does it the inequality

r(A)* < r(DA)r(D™'A) 9)

hold for an invertible positive multiplication operator D on L?(X, i) and for a positive
operator A on L?(X,u)?

If the operator A has rank one, the answer is affirmative. Namely, if A =u®v
for some nonnegative functions u and v in L?(X,u) and if the positive function ¢ €
L=(X,u) corresponds to the multiplication operator D, then we have

)= [wvdu= [ Vew/u]gdn,
r(DA):/X(puvd;,L, r(D_lA):/Xuv/(pdu,

so that (9) holds by the Cauchy-Schwarz inequality.
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