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ON EXTREMALS FOR THE TRUDINGER–MOSER INEQUALITY

WITH VANISHING WEIGHT IN THE N–DIMENSIONAL UNIT BALL

MENGJIE ZHANG

Abstract. In this paper, we study the extremal function for the Trudinger-Moser inequality with
vanishing weight in the unit ball B⊂R

N (N � 3). To be exact, let S be the set of all decreasing

radially symmetrical functions and αN = Nω1/(N−1)
N−1 , where ωN−1 is the area of the unit sphere

in R
N . Suppose h is a nonnegative radially symmetrical function belonging to C0(B) satisfying

h(x) > 0 in B\{0} and h(x)|x|−Nβ → 1 as x → 0 for some real number β � 0 . By means of
blow-up analysis, we prove that the supremum

Λβ := sup
u∈W1,N

0 (B)∩S ,‖∇u‖N�1

∫
B

exp
{

αN (1+β) |u| N
N−1

}
h(x)dx

can be attained by some u0 ∈W 1,N
0 (B)∩S with ‖∇u0‖N = 1 . This improves a recent result

of Yang-Zhu [39].
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[17] S. IULA AND G. MANCINI, Extremal functions for singular Moser-Trudinger embeddings, Nonlinear
Anal., 156, (2017) 215–248.

[18] X. LI, An improved singular Trudinger-Moser inequality in R
N and its extremal functions, J. Math.

Anal. Appl., 462, (2018) 1109–1129.
[19] X. LI AND Y. YANG, Extremal functions for singular Trudinger-Moser inequalities in the entire Eu-

clidean space, J. Differential Equations, 264, (2018) 4901–4943.
[20] Y. LI, Moser-Trudinger inequality on compact Riemannian manifolds of dimension two, J. Partial

Differential Equations, 14, (2001) 163–192.
[21] Y. LI, The existence of the extremal function of Moser-Trudinger inequality on compact Riemannian

manifolds, Sci. China A, 48, (2005) 618–648.
[22] Y. LI AND B. RUF, A sharp Trudinger-Moser type inequality for unbounded domains in RN , Ind.

Univ. Math. J., 57, (2008) 451–480.
[23] K. LIN, Extremal functions for Moser’s inequality, Trans. Amer. Math. Soc., 348, (1996) 2663–2671.
[24] P. L. LIONS,The concentration-compactness principle in the calculus of variation, the limit case, part

I, Rev. Mat. Iberoamericana, 1, (1985) 145–201.
[25] G. LU AND Y. YANG, The sharp constant and extremal functions for Moser-Trudinger inequalities

involving Lp norms, Discrete and Continuous Dynamical Systems, 25, (2009) 963–979.
[26] J. MOSER, A sharp form of an inequality by N. Trudinger, Indiana Univ. Math. J., 20, (1970/71)

1077–1092.
[27] V. NGUYEN, Improved Moser-Trudinger inequality for functions with mean value zero in Rn and its

extremal functions, Nonlinear Anal., 163, (2017) 127–145.
[28] V. NGUYEN, Improved Moser-Trudinger inequality of Tintarev type in dimension n and the existence

of its extremal functions, Ann. Glob. Anal. Geom., 54, (2018) 237–256.
[29] W. NI, A nonlinear Dirichlet problem on the unit ball and its applications, Indiana Univ. Math. J., 31,

(1982) 801–807.
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