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ON EXTREMALS FOR THE TRUDINGER-MOSER INEQUALITY
WITH VANISHING WEIGHT IN THE N-DIMENSIONAL UNIT BALL

MENGIJIE ZHANG

(Communicated by S. Varosanec)

Abstract. In this paper, we study the extremal function for the Trudinger-Moser inequality with
vanishing weight in the unit ball B C RV (N > 3). To be exact, let .7 be the set of all decreasing
radially symmetrical functions and oy =N a)li,/f(llvfl) , where @y_ is the area of the unit sphere

in RV, Suppose £ is a nonnegative radially symmetrical function belonging to C%(B) satisfying
h(x) >0 in B\ {0} and A(x)|x| "B — 1 as x — 0 for some real number B > 0. By means of
blow-up analysis, we prove that the supremum

Apg = sup /exp{ow(l+ﬁ)\u\%}h(x)dx
ueW N B)n. || Vuly<1 7B

can be attained by some ug € WOl N(B)N.s with ||Vuol||ly = 1. This improves a recent result
of Yang-Zhu [39].

1. Introduction and main results

Let Q CRV(N >2) be a smooth bounded domain and WO1 N (Q) be the completion
of Ci’(Q) under the Sobolev norm

1/N
Vae|ly = (/ |Vu|Ndx) ,
Q

where || ||y denotes the standard LY -norm and V denotes the gradient operator. Let
oy =N a)li,/_(ivfl), where @y_| represents the area of the unit sphere in RV . Then the

classical Trudinger-Moser inequality [26, 30, 31, 33, 40], as a limit case of the Sobolev
embeddings, says

sup /exp{(x|u|%}dx<oo, Voa<oy. (D
ueWy ™ (@), [Vully<1 7

When o > oy, all integrals in (1) are still finite, but the supremum is infinite. In this
sense, oy is called the best constant of this inequality. While the existence of extremal
functions for it was solved by Carleson-Chang [6], Flucher [15], Lin [23].
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Through a change of variables and a symmetrization argument, the Trudinger-
Moser inequality (1) was extended by Adimurthi-Sandeep [2] to a singular version,
namely

sup /exp{aNy|u\%}\x\Nﬁdx<oo,v—1<B<07O<y<l+[5.
ueWy ™ (Q), | Vuly<1
()
When y > 1+ 3, all integrals in (2) are still finite, but the supremum is infinite. Thus
on(1+ B) is the best constant of (2). Later, (2) was generalized to the case of whole
Euclidean space RN by Adimurthi-Yang [3] via the Young inequality and the Hardy-
Littlewood inequality. When N = 2, the existence of extremals for (2) was obtained
by Casto-Roy [7], Iula-Mancini [17], Li-Yang [19] and Yang-Zhu [38]. Note that (2)
reduces to (1) when B = 0, but (2) does not hold any more when > 0.
Let . be the set of all decreasing radially symmetric functions and B be the unit
ball in RY . For the case of N = 2, de Figueiredo-do O-dos Santos [10] replaced the
function space WOl N(B)N.7 with WO1 N(Q) in (2), and obtained

sup exp {4m(1+B)u} |x[PPdx < o, ¥V B > 0. 3)
ueW 2 B)N.7, | Vul <1 7 B

Moreover, extremals of the above supremum exist. It was generalized by Yang-Zhu
[39] to higher dimensional case. In particular, for any 8 > 0, the supremum

sup [exp{aw(1+B)lul ™} Pax @)
ueWy N (B)N.7, | Vully<1

can be attained.

We suppose that / is a nonnegative and radially symmetrical function belonging
to C(B) satisfying A(x) >0 in B\ {0} and A(x)|x| ¥ — 0 as x — 0 for some B > 0.
In this paper, we consider more general weight A(x) instead of |x|V? in (4). Our main
result reads

THEOREM 1. Let N >3, B >0, . be the set of all decreasing radially sym-

metrical functions, B be the unit ball in RN and oy =N a)i,/_(jlv_l), where Wy_1 is the

area of the unit sphere in_RN . Suppose h is a nonnegative and radially symmetrical
function belonging to C°(B) satisfying h(x) >0 in B\ {0} and

hix) _
e = ®)
Then the supremum
N
Ag = sup exp{aN(l+ﬁ)|u\N*l }h(x)dx (6)

uew N B)n7, | Vuly<1 7B

can be attained by some nonnegative function uy € WO1 NBYN.S with ||Vuo|ly = 1.
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The structure of the proof of Theorem 1 is as follows: Firstly, we discuss the
asymptotic behavior of maximizers for subcritical Trudinger-Moser functionals by means
of blow-up analysis, which was originally used by Adimurthi-Struwe [2], Carleson-
Chang [6], Ding-Jost-Li-Wang [11], Li [20, 21], and widely used by do O-de Souza
[12, 13], Li [18], Li-Yang [19], Li-Ruf [22], Lu-Yang [25], Nguyen [27, 28], Yang
[34, 35, 36, 37], Zhu [41], Fang-Zhang [14] and others. Secondly, we derive an upper
bound of Ag defined as in (6). Finally, we construct a sequence of functions to reach a
contradiction. Throughout this paper, we do not distinguish sequence and subsequence.

2. Blow-up analysis

In this section, we first consider the existence of extremals and its Euler-Lagrange
equation. Let N >3, B > 0 be fixed, and B be the unit ball in RN . According to ([34],
Lemma 3.1) and ([38], Lemma 4), for any € > 0, the supremum

Ag_g = sup /exp{aN(l+[3—£)\u|%}h(x)dx
ueW, N (B)NS, | Vully=1

can be attained by some nonnegative function ue € WO1 NB)N.7 with ||[Vue|y = 1
and
lim Aﬁ—s = Aﬁ (7)

£—0

The maximizers u, satisfies the Euler-Lagrange equation

1 L N
—ANugzrug" exp{aN(l—Fﬁ—s)uQ"}h(x) in B, (8)
€

where Ayug = div (|Vug|V"?Vug) and

Agzz/uéleeXP{OCN(1+l3—3)’4:{:VNI}h(X)dx' ®)
B

Moreover, there holds
limi(r)lfkg > 0. (10)
E—

Since ||Vug||y = 1, there exists some nonnegative function g in WO1 NB)n.7
with
ug — up weakly in Wol’N (B),
ue — ug strongly in L (B) ,Vp > 1, (11)
Ug — ug a.e. in B.

Without loss of generality, we assume in the following,

Ce = m]élxug =ug(0) — o= as €—0. (12)
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LEMMA 1. Assume ue € WlN(IEB) with ||Vue|ly =1 and ug — uy weakly in
V/(N-1)

WOI"N (B). Then for any q < 1/(1—||Vug HN) , we have
limsup exp{ N (1+ B)plug| V-1 l}\x\Nﬁdx<+°° (13)
£—0 B

Proof. By a change of variables, we define a function sequence

me(r) = (14 B) T ue (r77).

In view of (11), we get mg € Wol’N (B), me — mg weakly in Wol’N (B). A straightfor-
ward calculation shows

/ |Vme [Ndx :/ |Vue[Ndx = 1.
B B
According to P. L. Lions [24], we have
limsup exp{aNp|mg\%}dx<+°°
e—0 B

)1/1\/ 1)

forany g < 1/ (1—|[Vmo||} . This together with the fact

[ exp {on (1 B) plul V1 Patx
B
1 N
=ov-1 || exp {onp (1+B)lue (1) ¥1 } A NPar
) oy

=0WN-— 1 eXP{OCNP mg Hﬁ)
plme (1)

(DN 1 p{a NL} Nlgy
1+L3/ {aNplmg NL}
leads to (13). [

Then we have the following:

LEMMA 2. ug =0 in B and |Vue|Ndx — 8y in sense of measure, where & is the
usual Dirac measure centered at the origin.

Proof. Suppose uyZ0. By (5) and Lemma 1, exp {aN (1+B—¢€)ue N/(N=1) } h(x)

is bounded in LY (B) for 1 < ¢ < 1/ (1—|[Vao|[¥)"™ "), Combining this and (10),
we know that Ayu, is bounded in L7 (B). Then applying elliptic estimates to (8), we
conclude that u, is uniformly bounded in B, which contradicts (12). Therefore ug = 0.
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Suppose |Vue|[Vdx does not weakly converge to & in sense of measure. There
exists a constant ry > 0 such that B,; C B and

lim \Vue[Ndx=n < 1.

£—0 B'o
Since ug is nonnegative decreasing radially symmetric, we have
N up (ro) ry @y-1
ug (X)dx > —————.
By, N

This together with ||Vug||y = 1 and the Pocaré inequality gives

N \¥cC
Ug (VO) < —
WON—1 )

for some constant C. Let itg (x) = ug (x) — g (r9) for x € B, . Then it (x) € W, ™ (By,)
and f]BrO |Vite[Ndx =1 < 1. For any real number v > 0, there exists some constant C
depending only on N and v such that for all x € B,

W7 () < (14) @7 () +Cul T ().

Here and in the sequel, we denote various constants by the same C. It follows that
/ exp {OCN (1+8- s)pué" ! }h(x)dx
By,

N
_ o\ N1
<c/ expl oy (1+B—¢&)p(1+v)nv [ 22 h(x)dx
IB%,O n N
where C is a constant depending only on N, v and ry. Choose p > 1 sufficiently close
to 1 and v > 0 sufficiently small such that p (1 +v)n'/™=1 < 1. By the inequali-
ties (4) and (5), exp {aN (1+B—e)ul/™ } h(x) is bounded in L? (B,, ). Applying
elliptic estimates to (8), we conclude that ue is uniformly bounded in B, >, which
contradicts (12) and completes the proof of the lemma. [J
Let r¢ > 0 be such that

= kgcgN exp{—aN(l—l—ﬁ—e)cgN_N}. (14)

For any 0 < § < 1, in view of (4), (5) and (12), there is a constant C depending only
on & such that
N

Agz/Bug exp{aN(1+[3—8) W l}h(x)dx

N

<cg_exp{5a,v(1+ﬁ—s Q’L}/exp{l— Yo (14 B — )SNL} (x)dx
J

&
<Cc§;v exp{S(xN(1+[3—8 Yed !
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According to this and ( 14), we get rY < Cexp{(é —Doy(1+p— e)cﬁ;v/(Nfl)}. This

immediately leads to 7 — 0 and B;l/(wﬁ) = {x ERN: ré/(lw)x € IEB} —RN as g —
&€
0. We now define on Br’l /a+p) two blow-up sequences of functions as
€

1
Ve 1= cglug (rgHﬁx) (15)

1 1
Oe := CF (ug (rgHﬁx) —cg) . (16)

In view of (5), (8) and (14)-(16), a direct computation shows
1 N_ 1 N —NB 1
—AnYe = ;. Ny Texp {aN (1+B—¢) (ué"l (r”ﬁx) — cé"l) } re P h (rgl*ﬁx>

and

and

1
N—

N/ L N —NB 1
—ANGe = Y] exp{aN(l—f—ﬁ —€) (ué\" (ré”%c) —cé\")}r;”} h (rsl*ﬁx) .

Now we study the convergence behavior of e and ¢, . Using the same argument as in
the proof of ([19], Lemma 17), we conclude that

Ye — 1inCl. (RY) ase —0 (19)

and
¢ — ¢ inCl. (R) ase — 0. (20)

In view of the mean value theorem, we have

N N N N o
ul™! (r;ﬁx) —c = N1 légN’l (ug (r;ﬁx) _Cg)

N

N
= 50 () (10 (1),

where &, lies between ug <ré/ (1+5 )x> and c¢. According to (18)-(21), we can see that
¢ solves

~ g =exp{on (14B) g0 i,

¢(0)=0=sup¢
RN

(22)
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in the distributional sense. The unique solution of (22) can be written as

N—-1

N(1+B)
log (1 +Cn |x| 71 ) , (23)
where Cy = (wy! N (1 + [3)) . It follows that

e (14+B)-1
/ exp{ (1—|—[3)—¢}xNﬁdx—/ waerN ~dx
R " (14 oyl R

(24)
e N
CYIN(1+B)
Following ([19], Lemma 19), we have that the supremum A,; (with Aﬁ given in (0))
satisfies
N
Ag = /h )dx+ lim hm exp{oq\/(l+[3—6)uéVl }h(x)dx
R=tee=0JB  114p)

(25)
—/h dx—l—hmcg N?LS.

Moreover, using the same arguments of the proof of ([34], Lemma 4.11), we obtain

cd 'u —\GweaklymWO (B),V1<g<N,

. N
& 'ug — Gstrongly in L” (B), V1 < p < qu (26)

C

L
Cév Ug — Gin Cl()L (B\ {0})

where G is a distributional solution of —AyG = & in B. Explicitly G can be written
as

1
G=——1 . 27
55108 x| (27)
3. Upper bound estimate
To estimate the supremum Ay defined as in (6), we need the following:
LEMMA 3. When cg — oo in B as € — 0, there holds
N WN-—1 Nl
lim ¢l ™ e < ————exp ) (28)
e—0 (1 + ﬂ) { 1:21 ]

Proof. We take small 6 > 0 such that B C B and define a function space

L
W, b= {u e W (B \B, 1/04p) NS a=u(8), b=u (Rré*ﬁ) } ,



706 M. ZHANG

where
4 (N 1
a=cg " (a_N10g3+05(1)> , (29)
1 1—-N B)
bi=cetel™ (—— g1 CRNI) ). 30
cetce ( (5B og(l+Cy +0e (1) (30)
In view of the direct method of variation, we get inf,ew,, erl 104B) < yi<s |VuNdx can
be attained by
1
a <log x| — log <Rrg”ﬁ )) —b(logé —log|x|)
m(x) =
log§ — log (Rr“ﬁ)
belonging to W, ;, with Aym (x) = 0. After a direct calculation, one gets
N-1 N
() —b

/ 1/(148) [V (x) [Mdx = L NNNT
Rre <x[<o F
logd —log | Rr

Recalling (14), we have

=5 1 e on(1+B—¢)
log & —log (Rrg”ﬁ> :10g5—10gR—mlog (Cé N7L8>+M e -

N1+B) ©
(32)
According to (29)-(32), we obtain
N
/I?ré/(l+ﬁ)<\x\§5 ‘Vm (X) ‘ dx
(1B A\ /I NO1-N) N?
_<m) ce N x Wlog( >+—log5+c
_ (Hﬁ)(N*l)
_(l—l—ﬁ)(N l)N0 Oce 1 o |,
(1+B—¢e)aw RATP
(33)

where 0 (1) — 0 as € — 0 firstand then 6 — 0. Denote it := max {a, min{b, uz}} €
W, . For sufficiently small €, |Vug| < |Vug| in IEB(;\IB%RVU(H;;) . It follows that

Vm (x Ndx</ Ve (x) [Ndx
/Rr;/“*l’><\x\<a| () dx < Rré/(“ﬁ)<\x\<6‘ ¢l

N
< /Rré/(l+'8)<‘x‘<6 ‘Vug (x)‘ dx

<1—/ Vue (x Ndx—/ Ve (x) [Ndx.
s<lrl<1 | Ug ( ) | |x|<Rré/(l+'B) | € ( ) |
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We next compute [5 <y [Vite (x )|Ndx and fl <R+ |Vue (x) |Ndx. Integration by
parts leads to

/ VG[Ndx = G(6) / VGV 1ds = G(5) / (—AnG)dx = — - logs.
s<xl<1 Ix|=6 oy

o<|x[<1

In view of (26), we obtain

/ \Vue (x)|Ndx = ¢~ = (—llogS—f—og(l)). (35)
s<xl<1 o

Let r = ANU+B)/(N=1) apd A = RNU+B)/(N-1) Recalling (23), one gets

N R NN-1,.  (N=DNoy 4 Nl
/|x|<RW¢(x)| dx—wN_l/O 10" (r) NPV = L /0 : dr.

(N (1+B) 71 1+Cyt)Y
(36)
Note that
T lN_l 1 1
I ::/ dt = — + Iy 1 +0o (1!
Y Jo (b)Y (N—1pV " p ! ()
1N 1 [ N .
= bNZ +bN 111_|_0( ):b—N _2’1;+10g(1+bT)+0(T )
j=
(37)
forany T, b > 0. According to (20), (36) and (37), we get
%( ) N—1
M(N—-1 — 1
Viee (0)Vdx =" [log(1+Cya) = Y ~+0(A7! 1
/H<R1/Hﬁ‘ e (x)]"dx oy (L+B) <Og( e jg'lj+ ( )+08()
(38)
Combining (34), (35) and (38), we get
N
Jopivon s PO e
IV (N1 N-1 1 (39)
<—— | ——=|log(1+CnNA)— ~ | —=Nlogd+0O(A"")+o:(1)|.
o | T75 |20+ Cu)= 3 5 ) ~Nlogd +0(47") o (1)

In view of (33) and (39), we have

% 11 wN—1
(1+0¢(1))log (Cg ?Lg> < Z’l 7 +10g N1 p) +0¢ (1) +or(1).

Hence the lemma is followed. [
According to (25) and (28), we conclude the supremum

h(x ON-1 51 40
Ap< [ ) NETRAL & (“40)

J=1
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4. A blow-up sequence

Let N >3, B > 0 be fixed. We construct a blow-up sequence of functions

W N
c+ct-N [ —————log| 1 +Cu (—> +B |, for r<Re,

cﬁG, for Re <r<1,
(4D
with ||Vvg|y = 1, where Cy = (wy' ;N (1 +[3))1_N, R= (—loge)l/(“’ﬁ), G given
in (27), B and ¢ are constants depending only on &€ and . In order to assure that
Ve € W()17N(IB%)|’L5”, we set

1

c+cT=N 10g< +CNR = )—i—B) LNG(RE)

( 1-N
o (1+B)

This gives

L N(14+B)
VT — —B—a—log(Rs) L CyR N ) (42)

N—1
g el

Combining a change of variable 7 := Cy (r/e) (I+A)/(V=1) and (37), we have
M lar

/ \va|Ndx = wN—l/
[x|<Re 0
N(1+B)

N_l CNR N—1 tN—l
= ———————————Tv—h/n o
oy (14 B) v Jo (1+1)

avg

N—1 ] N=h (145
S S 1og(1+cNR = -3 —,+0(RN11—+N )
oy (1+B)evT =/
(43)
The divergence theorem leads to
N N 2 —N
/ Ve[V dx = ™% / IVGN dx = ™7 G (Re) = ———log (Re).
Re<|x|<1 Re<|x|<1 opncN-T
(44)
Applying (43), (44) and ||Vve||y = 1, we have
BT (1 o) OB ey ST (r552)
N-1 e TN N—1 ¢ = '
(45)
Inserting (42) into (45), we get
oy (1+B)B=(N—1) 2 +0( ) (46)
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Let

1-N r\ "
Be(x) ;= ———log | 1+C, (—) + B.
In view of the Taylor formula, one gets

ot ' N
ve ' (x) =cN- <1—|—c1 N B (x )>

N N N N 2-N N 2
=ch-T [ 1+ CTVBe (x) + ——— (1+ m(CWB x)
( e B s (148) () )
N N
>cN71+N_lBg(x),

47)
where & lies between ¢V/(1=N)B, (x) and 0. By (42), (46) and (47), for all x € Bg,,,
we obtain

S P
o (1+B)vE " > 3, =~ Nlog 1+ (%) —N(1+B)log(Re)
o

J

+(N—1)log< Nf(Vljlﬁ)>+O<R (lljﬁ)).

It follows that

/EREexp{aN(Hﬁ) Q’N}h(x)dx> %em{’g%%o(ﬂﬁ“). (48)

J=1

Moreover, using the fact of ¢’ > ¢+ 1 for any 7 > 0 and (41), we have

Z/B\ . <l+aN(l+ﬁ) ﬁ)h(x)dx 49)

N(1+B)
/h Ydx+ oy (1+B)ec /h GNldx+0( o )

Combining (48) and (49), we obtain

/exp{aN(l—i—B) évN}h(x)dx

WN-—1 N
>/Eh(x)dx+mexp{j2l ;} (50)

_ =N _ (14B)
+(xN(1+[3)c<N*1>2/h(x)G%dx+O<RNlle )
B
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From R = (—loge)"0*P) | (42) and (46), we get RNIHB)/(1-N) — o<c*N/<N*1)2>.
Then we have

o (1+ B)c /h )GPTdx+0 (R M)>>0

for sufficiently small €. In view of (50), one gets

N

/exp{aN(l—i—ﬁ—s)vQ"}h dx>/h )dx + (Nl exp
B

Nfll
N(1+B) ,;}

This contradicts (40).
Hence c¢ must be bounded, and thus Theorem | follows immediately from elliptic
estimates on (8). [
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