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Abstract. In the article, we prove that the inequality

Γ(x+1) � x2 + p
x+ p

holds for all x ∈ (0,1) if and only if p � p0 , where Γ(x) =
∫ ∞
0 tx−1e−t dt is the gamma function,

p0 =
[
x0Γ(x0 +1)− x2

0

]
/ [1−Γ(x0 +1)] = 1.755 · · · , x0 = 0.192 · · · is the unique solution of

the equation ψ(x+ 1) = [1−Γ(x + 1)][2−Γ(x)]/[(1− x)Γ(x + 1)] on the interval (0,1) and
ψ(x) = Γ′(x)/Γ(x) is the psi function. As applications, we present the best possible parameters
λ0 and μ0 on the interval (0,∞) such that the double inequality

x2 +λ0

x+λ0
< Γ(x+1) <

x2 + μ0

x+ μ0

holds for all x ∈ (1/2,1) , and the two-sided inequality

πx(1− x)(1− x+ μ0)
sin(πx)[(1− x)2 + μ0]

< Γ(x+1) <
πx(1− x)(1− x+λ0)
sin(πx)[(1− x)2 +λ0]

takes place for all x ∈ (0,1/2) .

Mathematics subject classification (2010): 41A60, 33B15, 26D07.
Keywords and phrases: Gamma function, psi function, rational bound, Euler-Mascheroni constant.

RE F ER EN C ES
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