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Abstract. We prove new norm equalities and inequalities for general n x n tridiagonal and anti-
tridiagonal operator matrices, including pinching type inequalities for weakly unitarily invariant
norms.

1. Introduction

Let B(H) denote the C*-algebra of all bounded linear operators on a complex
separable Hilbert space H with inner product (. , .). For T € B(H), let o(T) =
sup{| (Tx.x) | : x€ H, [lx]| = 1} and || T|| = sup{| (Tx, ) |: x. € H, [lx]| = }v]| = 1} be
the numerical radius and the usual operator norm of 7', respectively. Let C,, denote the

1
Schatten p-class of operators in B(H). For T € Cp, 1 <p <eo,let [T, = (tr|T|")?

be the Schatten p-norm of T', where |T| = (T*T)% denotes the absolute value of 7 and
tr is the usual trace functional. When we talk of || T|[ ,, we are assuming that T € Cp,.
The above mentioned norms are weakly unitarily invariant. (Recall that a norm 7 on
B(H) is called weakly unitarily invariant if ©(7') = t(UTU*) forall T € B(H) and for
all unitary operators U € B(H)).

The problem of relating a norm of an operator matrix 7 = [T};] to those of its
entries 7;; has attracted the attention of several mathematicians (see, e.g., [1, 7, 11, 12],
and references therein). This problem is closely related to certain problems in operator
theory, mathematical physics, quantum information theory, and numerical analysis. For
the general theory of unitarily invariant norms, we refer to [4, 8].

If R,Ry,...,R, are operators in B(H), we write the direct sum él R; for the

j=
RO O -+ O
0 RO --- O

n X n block-diagonal operator matrix |: . . . , regarded as an operator

00 ---R,10
00 -0 R,
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on H™" (: 6?9 H , the direct sum of n copies of H). Thus,
j=1

w(é Rj> =max { o(R;): j=1,2,...,n},
J=1 ’

H éle =max { HRJ-H:j: 1,2,...,n},
=
and
1
n n P
H@Rj =<ZH&W>fmlgp<w
=ty Jj=1 g

In particular,

1
=n?|R[, for 1 < p <eo.

|2
=ty

The pinching inequality for weakly unitarily invariant norms is one of the most
useful inequalities for operator matrices. It asserts that if S = [S;;], then

o) <xts) 1)

(see e.g., [6], [4, p. 107], [5, pp. 87-88], and [8, p. 82]). For the numerical radius, the
usual operator norm, and the Schatten p-norms, the inequality (1) states that

)<
12?31 o(S;) < o(S), (2)
max [ S; || < [IS]], 3)
1<i<n

and
1

(2 s,-inﬁ) < lIsll,- )
i=1

For 1 < p < oo, equality holds in (4) if and only if S is block-diagonal, i.e., if and
only if S;; =0 for i # j (see, e.g., [8, p. 94]).

In [3], the authors considered norm equalities and inequalities for operator ma-
trices. Based on the nice structures of circulant and skew-circulant operator matrices,
they presented pinching type inequalities for weakly unitarily invariant norms. Many
works about norm equalities and inequalities of special operator matrices can be found
in[l,6,10,11, 12].

Now, if Tj; are operators in B(H) for i,j = 1,2,...n, then the general n x n
tridiagonal operator matrix is defined as
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[Ti1 T2 O 0

Ty T T3 -

0 T3 T3 0
Do Ty 1,
_0 - 0 Tn7n—1 T
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Also, the general n x n anti-tridiagonal operator matrix is defined as

0

0

Tio11 -

Th

-0
o Tan—2 Dot T
o Ty T3p-1 0

Tn 0 0

Ty -1 Tip ]

In [2], the authors gave numerical radius equalities and inequalities for 5 x 5 tridi-
agonal operator matrices. In Section 2, we give general norm equalities for certain
n x n tridiagonal and n X n anti-tridiagonal operator matrices. In Section 3, we apply
these norm equalities to obtain new pinching type inequalities, and equality conditions
in these norm inequalities are also given.

2. Norm equalities for special n x n tridiagonal and »n x n anti-tridiagonal
operator matrices

In this section, we prove a norm equality for special n x n tridiagonal operator
matrices and for n X n anti-tridiagonal operator matrices, and then we give some results
concerning the numerical radius, the usual operator norm, and the Schatten p-norms.

THEOREM 1. Let A\ BEB(H) and T =

erator matrix in B(H™). Then

T(T)

Proof.

n
T(EB
j:

[AB 0 ---0

BA B

0B A be a tridiagonal op-
DB

|0---0 B A]
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r..omT . 2 . 3w . nmw
sin sin sin -+ 8in
n+1 n+1 n+1 n+1
2r . 4m . 6rm . 2nm
sin sin sin .-+ sin
n+1 n+1 n+1 n+1
. 3n . 6m . 9¢; . 3nm
sin sin sin .-+ sin
Let U = # n+1 n+1 n+1l n+1| ®I,
. nm . 2nm . 3nmw . onm
sin sin sin e sin——
n+1 n+1 n+1 n+1

where [ is the identity operator in B(H ). It can be seen that the column vectors of the
n X n matrix given in the definition of U form an orthonormal set of vectors, (see, e.g.,

[9, pp. 72-73]). Thus, U is a unitary operator in B (H(”)> and

2
UTU* =diag| A+ 2COSL B, A+ ZCOS—ﬂ: B,
n+1 n+1

37 B, ..., A+ |2cos ne B .
n+1 n+1

Hence, from the invariance property of weakly unitarily invariant norms we have the
desired result.

Specializing the norm equality in Theorem 1 to the numerical radius, the usual
operator norm, and to the Schatten p-norms, we obtain the following equalities:

A+ <2c0s

1. a)(T):max{a)(A+(2coanf1)B)' :l727...,n},

in particular, (letting n =3 ), we have ®(7T) = max{ ® (A++v2B), 0 (A), @ (A—
V2 B)}.

Tl = max{HA+ (2c0s:4% BHJ_12 n},

3

in particular, (letting n = 3), we have || T'|| = max { ’

jm
n+1

P\ 7
A+ (2cos )B for 1 < p < oo,
P

an=<i

Jj=1

1
P P\ 7
in particular, (letting n = 3), we have ||T||p=<HA—|—\/§BH +HAHZ+HA—\/§BH )
p p
Here, we give some special cases of Theorem 1.

1. If A=0, then w(T):Zmax{ )cosm)w j:1,2,...,n},

Tl :Zmax{ ’cos L

n+1
I71l, =2<2
J=1

HB||:j:l727...,n}7 and

cos Jn
n+1

P
' [B|, for 1 < p <ee.
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2. If B=0,then o(T)=w(A),

||| = [|A] and [T, = n"HAII for 1 <p <ee.

3. If A=B, then o(T) = max{‘1+2005

L3 w(A):j:l,z,...,n},

, ,...,n},and

|7 = max { )1+zcosn+1

P\ 7
ll |A]l, for 1< p <eo.

Tp=<i

j=1

T
1+ 2cos J
n—+

4. If B=A, then a)(T):max{a)((H—(Zcos DiA) 1 j=1,2,...,n},

1T = max{)1+ 2cos; 1% )i ‘||AH:j:1,2,...,n},and

Tp=<i1+zmsf0f>|w|m“ p <o,
[AK"2B 0 0]
BA kK"2B "
THEOREM 2. Let AL BEB(H) and T = | (o g A 0 be a tridi-
R . k2B
0.~ 0 B A

agonal operator matrix in B(H (")), andlet k = b (the n'" root of the imaginary num-

ber i). Then r(T):r(é [A—l—(Zk"lcos 7 )BD.
j=1 n+1

Proof.
10 ---0 0
Okl O --- O

Let V.= 1|: . . . . Then it is easy to prove that V is a unitary
0--0 K210

00 ---0 kI
operator in B(H™) and

A K'BO e 0T
k"_lBA kn—lB .

VITV= 10 p~'BA . 0
: - .. kn—lB
0 0 KB A

Hence, from the invariance property of weakly unitarily invariant norms and Theorem
1, we have the desired result.
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[A o 'BO 0 1
®B A o 'B .
THEOREM 3. Let ABEB(H) and T= | wB A 0 be a
.. . wnle
o -- 0 wB A

tridiagonal operator matrix in B(H™), and let © = e (the n'" root of unity). Then

(T =71 (,é [A + (zcosnjf 1 )B} ) .

Proof.
10 ---0 0
Owl0 --- 0

Let W= |: . . -. : . Then it is easy to prove that W is a unitary
0---0 @"%I0
00 -0 o™
operator in B(H™) and

[AB 0 ---0
BA B

.. "".B
0---0 B A

Hence, from the invariance property of weakly unitarily invariant norms and Theorem 1,
we have the desired result.
Next, we give norm equalities for n x n special anti-tridiagonal operator matrices.

0---0 B AT

"B A B
THEOREM 4. Let A, BEB(H) andT= | .-" A B 0 | beananti-tridiagonal

operator matrix in B(H™). Then

j=1 +1

(T)=1 ( & (1) {A—k (2cosnjn )B: ) .

Proof.
By using the same U in Theorem 1, we have
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n . 17T
UTU = & (—1)*! A+ (2cos—I"\B| .
ffl( ) (2c08. =)

Hence, from the invariance property of weakly unitarily invariant norms, we get the
desired result.

REMARK 1. We note that for the numerical radius, the usual operator norm and
the Schatten p-norms, we conclude results for anti-tridiagonal operator matrices similar
to those given for the tridiagonal operator matrices.

3. Pinching inequalities

The results in this section are pinching inequalities for more general n X n tridiag-
onal and n X n anti-tridiagonal operator matrices.
[AB 0 ---0

CA B
THEOREM 5. Let A,B,C € B(H) and S= | c A "-.0 | be a tridiagonal

10 0 C A]
operator matrix in B(H™). Then
w$) >t & (A4 (cos ™) (B+C) )
P co .
j=1 n+1
Proof.
00 ---0 I
0---01 O
It is easy to prove that L = I 0 0| isaunitary operator in B(H (”)) and
0. ..
10 0 ---0
[2A (B+C)0 0 i
(B+C) 24 (B+C) " :
(S+LSL*) = | o (B+C) 24 0 . Hence, from Theorem 1,
: - - (B4+0C)
10 0 (B+C) 24

we have

U(S+LSLY) = © (,él [ZA + (zc<>snj+’r ) (B C)} ) .
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Now, from the invariance property of weakly unitarily invariant norms and the triangle
i ) (B+ C)] ) , as required.

Specializing Theorem 5 to the numerical radius, the usual operator norm and the
Schatten p-norms, we have the following corollary.

T
inequality, we have 7(S) > 1 ( @ {A + (cos J
j=1 n-+

[AB 0 --- 0]

CA B
COROLLARY 1. Let A,B,CE€EB(H) and S= | c A "-.0 | beatridiagonal

0---0 C A

operator matrix in B(H™). Then:

(i) ©(S)>max{ o (A +(cosm)(B+C)):j:1,2,...,n},withequalitywhenB:
C.

(ii) ||S|| = max{ HA—i— (cosnjj:l) B—|—C)H 1 j=1,2,...,n}, with equality when B=C.

n P\ r
(iii) |||, = (Z A+ (cos +1)(B+C) ) Jor 1 < p < oo, with equality if and
=1 p
onlyif B=C.
Proof.

In view of Theorem 1, it 1s enough to prove the “only 1f part of (iii).

Assume that || S ||V = Z A+ (cos ]+1)(B+C) ,l<p<°°,andconsider
Jj=1 p
U as in Theorem 1. Then [| S || = || USU*|]7, i.e.,
[AB 0 07"
CA B
0C A 0 -
S B
0.0 C A
P
_ 7P
A+(cos ;77 ) (B+C) 1(B-C) 0 0
1(c-B) A+ (cos;2Z)(B+C) 3(B—C)
0 (c-B) 0
IB-0)
0 0 3(C—B) A+(cos%)(B+C) | )
n T P
= Y || A+ (cos-)(B+0)
] n+1

p
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Now employing (4), we conclude that USU* must be block diagonal, i.e., B—C =
0, and hence B = C, as required.
In view of part (iii) of Corollary 1, it should be mentioned here that the converses

0002
. .. . . . 0020
of parts (i) and (i) are not true in general. To see this, consider S; = 0000
0000
0 001
0 010 . .. .
and S; = 0 100 for parts (i) and (if), respectively. Also, the converse of part
—-1000
(iii) is not true for the trace norm (which corresponds to p = 1) and the usual operator
0001
. . . 0010
norm (which corresponds to p = o). To see this, consider S3 = 0100 and Sy =
0000
0 001
0 010 .
0 100 for the trace and usual operator norms, respectively.
—-1000
[0 ---0 B AT
"B A C

THEOREM 6. Let A,B.,Cc€BH)andS= | -* o ¢ o | beananti-tridiagonal

B. .
AC 0 0]
operator matrix in B(H™). Then
w8z & (1 At (cos ) B1O)| ).
j=1 n+1

Proof. By using the same L in Theorem 5, it is easy to prove that

0 0 (B+C) 24

: (B+C) 24 (B+C)
S+LSL" = | o 24 (B+O)O

(B+C) .- . :

|24 (B+C)0 0 |

Hence, from Theorem 4, we have

T(S+LSL) =1 ( @ (1) [ZA—i— <2cosnjfl) (B+C)D .

j=1
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Now, from the invariance property of weakly unitarily invariant norms, and the triangle

inequality, we have
(S)>1 @ (=17 |A+ (cos n
~ o\ = n+1

)(B+ C)} ) , as required.

REMARK 2. We note that for the numerical radius, the usual operator norm, and
the Schatten p-norms, one can conclude results for anti-tridiagonal operator matrices
similar to those given in Corollary 1 for tridiagonal operator matrices.
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