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Abstract. In this paper, we prove that for i =1,2,...,n, ¢; >0 and o >0 satisfy 3} 0, =1,

then for m =1,2,3,..., we have

n m n n n m
<Ha§1"> +ry <Za;”n" Ha?’) < (2 Oc,u,-)
i=1 i=1 V=1 i=1

where ro =min{e; :i=1,...,n}. This is a considerable generalization of the two refinements of

the arithmetic-geometric mean inequality due to Furuichi [2], Manasrah and Kittaneh [7], which
correspond to the cases m = 1 and n =2, respectively. As application we give some generalized

inequalities of determinants for positive definite matrices.

1. Introduction

The celebrated weighted arithmetic-geometric mean (AM-GM) inequality states

as follows:

THEOREM 1. Let n be a positive integer. For i =1,2,...,n, let a; > 0, and let

o; > 0 satisfy ', o = 1. Then, we have
n

ﬁaf"' < Z o;a;.
i=1 j=

i=1

The inequality (1) is equivalent to

m m

ﬁaf"' < i%‘ai )
i=1 =

=

for any positive integer m = 1,2,3,....
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The special case of the weighted AM-GM inequality (n = 2) is the well-known
Young’s inequality; for positive real numbers a,b and 0 < o0 < 1, we have

a®b'"%* < aa+ (1 - a)b. (3)
Hirzallah and Kittaneh [4] refined Young’s inequality (3) to
(@%b )’ + 2 (a—b)’ < (aa+(1—a)b)’, )
where ryp = min{o,1 — o }.
Kittaneh and Manasrah [6] refined Young’s inequality so that
ab'= %+ ro(Va—vb)® < aa+ (1 - a)b, )

where ro = min{a, 1 — o}.

Furuichi [2] refined (1) as follows:

ﬁalq”rro (iai—n\”/ﬁaz) < io‘i“l” ©)
i=1 i=1 i=1 i=1

where rop = min{¢; : i = 1,...,n}. This inequality generalizes the inequality (5).
Recently, Manasrah and Kittaneh [7] generalized the inequality (4) to
m m 2
(a“bI*“)’“Jrﬂg’(af —lﬁ) < (aa+(1—0)b)", )

where rp = min{o,1 — o} and m=1,2,3,....

2. Main result

In this section we refined the inequality (2) by adding the quantity

n n
o (Za?’—n” Ha?) ,
i=1 V=1

where ro =min{o;:i=1,...,n}.
Before giving the main result, we need the following lemma.

LEMMA 1. Let n and m be two integers and let a; € RT. Set iy :=m, i, :=0

and
A::{(il,...,in_l):Ogi.,'gij_l, 1<j<n—1}.

Then, we have

m
7 - - 1o 1 Ip—2 ig—i1 i1—i» In—1—in 8
Eal = 2 ; o) a ay ?...ay (8)
i=1 (i) somin_1)eA N/ \E2 n—1
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and for all 1 < j < n, it follows that

m—1
(~ _ o\ (i1 -2 . N =iy =iy ino1—in
ma; | Y ai = > IV (ij—1—ij)ay tay ... ay .
i=1 (i1yin_1)€A \1 2 n—1

€)

Proof. The equality (8) is a formulation of the well-known multinomial formula
(see, [1, p. 33]). And the equality (9) follows by derivation of (8) with respectto a;.
The main result of this paper is the following theorem.

THEOREM 2. Let n be a positive integer. For i = 1,2,....n, let a; > 0 and let
o; > 0 satisfy Y, o; = 1. Then for m=1,2,3,..., we have

m

m
n n n n
o
I Iai’ +ry Ea;”—n I Ia;-“ < Za,-a,- , (10)
i=1 i=1 i=1 i=1

where ro =min{o; :i=1,...,n}.

Proof. Let oj =min{e;:i=1,...,n}. We claim that

n n n
D oiai | — o' Yal—n
i=1 i=1

Indeed, we have the following equality

m

2" m v o) (i1 in—2

aiai — —= . . e .

- ! i1) \ia in—1
i=1 (i1 yeesin_1)EA n—=
=11 112 In—1="ln 1011 11 —I2 lp—1—"In m m n m

o oy L O a a ...ay o; E al’—n | |ai

i=1 i=1

Let B be a subset of A such that

in—1—in lg—i] i1—I» in—1—lIn

io\ (i o\ i
Y ) Tl P B A S o a0 T gy
A ; 1 > 1 G
(ila'”ainfl)EA ! 2 n=l
= 3 () (e
. )eB 1 1D In—1
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o io i In-2
B (,‘17._.%1)63 (ll) <i2> (in1>

n

io—i1 i1 =02 In—1—in io—1i1 i1—iy in—1—In m my . m mn
o Moy oy a "ay .. ay + (of" — o) +naoj

Hence

m
n

n
Y oiai | —of| Ya—n
i=1

i=1

i=1

J
i=1
(1D
We have
iO il l 2 N L . . n
n— ig—iy i1 —i iy—1—In
Y ( )(l)<l )alo Tl oy + 2 (of" =) +nof = 1.
(ifyemsin_1)EB 2 n—1 i=1
Thus (11) is a convex combination of positive numbers. Therefore, by (1),
m
n n n n a(m)
2oai | —of | Yal—ni[]ar ) = [Ta"™,
i=1 i=1 i=1 i=1
where
i i 1, I . .
ak(m) = mal?q + 2 <lo> <ll> <in 2) (lk 1— zk)aio i (Xé1 £ Olrl,"fl n
1 2 n—1

(i1yesin—1)EB
forall 1 <k < n. Itis immediate that
i i i o L
oy (m) = Z (0) (1) (,n 2) (ik_l—ik)aio 110651 2 gt
(i17...,i,1,1)EA 1 2 fn—1

By Lemma 1, we have oy (m) = moy, forall k=1,2,...,n. Thus

m

n
> oai | —of
i=1

This completes the proof.
The following corollary is a consequence of Theorem 2.

m

COROLLARY 1. Fori=1,2,...,n, let a; >0, and let o; > 0 satisfy ¥ ;o =1.
Then for all integers m > 1, we have

Haa’—i- Za,—n

where ro =min{o; :i=1,...,n}.

n

Ha, \<Zo¢, ) E(X,a,,

i=1

1\m
Moreover, if we set Uy, := <2;7:1 O{,-a{”) . Then {Uy} is a decreasing sequence

and we have
lim U,, = Haa’

m—o0
i=1
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Proof. By Theorem 2, we have

f (S o) (5

The function f(¢) =" with m > 2 is convex, then by Jensen’s inequality we find

that
n i\m n
(2 OC,'LZ{”) < 2 o;a;.
i=1 i=1

It follows that,

n n n n I\ m n

o / L
Ilai’—l—r(’)"(Za,-—n” Ilai><(2aiai’"> <Zaiai.
i=1 k=1 i=1 i=1 i=1

It is well-known (see, e.g., [3, p. 13, p. 26]) that {U,,} is a decreasing sequence and
that

lim U, = Haa'

m-—oo

This ends the proof.

3. Application

In this section, we give some generalized inequalities of determinants for positive
definite matrices.

Let M, (C) be the space of n x n complex matrices. A matrix A is called positive
definite denoted as A > 0 if (Ax,x) > 0 for all nonzero x € C". A determinant version
of Young’s inequality is also known [5, p. 467]; for positive definite matrices A, B and
0<a<l1

det (A”B'~%) < det(aA+ (1 — )B). (12)

To prove the result of this section, we need the following lemma, which is a gen-
eralized Minkowski’s inequality for determinants (see, e.g., [5, p. 482]).

LEMMA 2. Let p be a positive integer and let A, As, ..., A, € M,,(C) be positive
definite matrices. Then we have

1

<2A ) > idet (A,-)%. (13)

THEOREM 3. Let p be a positive integer. Let Aj,As, ... A, € M,,(C) be positive
definite matrices and let o > 0 satisfy Zle o; = 1. Then, for m =1,2,3,..., we have
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m

m

P
< det 2 0GA; s
i=1

14 P P
det | [TAY | +rg™ | X det(A)™ — p ¢/ T] det(Ai)™
i=1 i=1 i=1

where ro =min{o; :i=1,...,n}.

Proof. We have

P
det [ Y 04A;
i=1
l nm
" nm p 1
:[det Y oA ] > | Y det(oiA;)

V
VS
o
a
>
S =

S

m

p p
=det HA?i +rg" Zdet(A,-)m

i=1 i=1

where the first inequality is by Lemma 2 and the second is by Theorem 2. The proof is
thus complete.
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