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IMPROVED HARDY INEQUALITIES WITH EXACT REMAINDER TERMS

NGUYEN TUAN DUY, NGUYEN LAM, NGUYEN ANH TRIET* AND WENJIA YIN

(Communicated by J. Pecaric)

Abstract. We set up several identities that imply some versions of the Hardy type inequalities.
These equalities give a straightforward understanding of several Hardy type inequalities as well
as the nonexistence of nontrivial optimizers. These identities also provide the “virtual” extrem-
izers for many Hardy type inequalities.

1. Introduction

The main subject of this article is the following celebrated Hardy inequality that
plays extremely important roles in many areas such as analysis, probability and partial

differential equations:

N—2\2 2
/|Vu|2dx> (T) /% X. (1.1)
e o

As pointed out in [4, 8], we actually have the following identity that characterizes the
form of the vanishing remainder terms and provides a simple and direct interpretation
of the Hardy inequalities as well as the nonexistence of nontrivial optimizers:

/|Vu|2dx: (E) uf? —sdx +/'Vu+N 2ux
I 2 ) )P 2

We note that the second term on the RHS of (1.2) vanishes when u (x) = c|x|” 2

2
dx. (1.2)

2
However, in the case / %dx is infinite unless ¢ = 0. Hence we can say that (1.1) has
X
RN
“virtual” optimizer |x|” 2
It is also worth mentioning that the following equality was proved in [28]:

/ B (N— 2)2 / |uf?
2 f?

RN
Mathematics subject classification (2010): 26D10, 46E35, 35A23.
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-V
! 2 i

dx. (1.3)
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2
Since / \Vul? dx > %‘ . Vu) dx, (1.3) provides an improved version for the Hardy
RN RN
inequality . Actually, Z = ‘;—‘ -V is just the radial derivative since in the polar coordi-

nate (r,0) = <\x\ ) |§—|> » we have - Vu = dr (uo). We also note here that the operator

Z has appeared naturally in the literature. Indeed, a considerable effort has been de-
voted to investigate the functional and geometric inequalities on general homogeneous
groups. However, as mentioned in [33], since these spaces do not have to be stratified
or even graded, the concept of horizontal gradients does not make sense. Thus, it is log-
ical to work with the full gradient. On the other hand, unless the homogeneous groups
are abelian, the full gradient is not homogeneous. Nevertheless, on the homogeneous
groups, the operator &% is homogeneous of order —1 and thus, is reasonable to work
with. Actually, the Hardy type inequalities with radial derivative have been studied ex-
tensively recently. See [9, 10, 11, 20, 21, 24, 25, 26, 29, 30, 32, 33, 34, 35, 36, 37], to
name just a few.

The optimal constant (N 2)2 in the Hardy inequality is never achieved. Hence,
one may want to improve the Hardy inequalities by adding extra nonnegative terms to
the RHS of (1.1). On the whole space R", Ghoussoub and Moradifam proved in [18]
that there is no strictly positive V € V! ((0,0)) such that the inequality

_2\?2
/|Vu|2dx—<NT> '“‘ LI /v 1x|) Juf? dx

RN

holds for all u € C5 (RV). However, it was showed that extra terms can be added to
the Hardy inequality on bounded domains. For instance, let Q be a bounded domain
in RV, N >3, with 0 € Q, then in order to investigate the stability of singular so-
lutions of nonlinear elliptic equations, Brezis and Vazquez verified in [5] that for all
uew,?(Q):

N-2\?
/\Vu\zdx— (T) ||u| dx>z0(uN |~ N/|u\2dx (1.4
Q Q

where wy is the volume of the unit ball and zg = 2.4048... is the first zero of the Bessel

2 2
function Jy (z). The constant zZ@y} |Q| ¥ is optimal when Q is a ball.
The first aim of this paper is to provide another look to (1.4) in the spirit of (1.2)
and (1.3). More precisely, motivated by the results in [5] and [28], we will prove that

THEOREM 1. For u € Cj (Bg), we have

2 2

N-2

dx— (—) jul? B dx (1.5)
2 \X\

2 X |)c|N272

0 2

==/ |u dx—|—/ —-V u

RzB/ e ‘|x| (Jo;R<x|> )
R

2 2

N2
x| 2
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and

_9\2 2
/|Vu|2dx— (NT> %dx (1.6)
i i,

2 2
ks
Jor(|x

dx.
Here Jo.r(z) = Jo (%Oz). The second term in the RHS of (1.5) vanishes if and only if u

has the form
Jo-

2

)

Jor (|x
N-=2
x| 2

for some functions (P : SN S R. The second term in the RHS of (1.6) vanishes if and
2
only if u(x) = ¢ Tor(lx) for some constant c. However, in these cases /%dx is infinite
IXI B
unless u=0.

As a consequence, we get

2 N—2 2
/ x> (—2 ) |”‘ /|u\ dx (1.7)
B Bgr

R

—-Vu
x|

which implies

/|Vu| dx > (Nz 2) |”‘ /|u\ dx. (1.8)
Bgr

The constants (%) and 3 2 are sharp. The equalities in (1.7) and (1.8) are never

achieved unless u = 0. However we can say that they have “virtual” optimizers
J—O‘R,\EI,XZI)(;) (i> and J—OR(I A respectively .

Wiz AR W2
Z 2. L . .
Now since @y} |Q|¥ is not attained in WOl 2(Q), it is natural to conjecture that

z3 a)N |Q"~ / \u| dx 1is just a first term of an infinite series of extra terms that can be

added to the RHS of (1.4). This problem was investigated by many authors. We refer
the interested reader to [1, 2, 3, 6, 7, 13, 15, 16, 17, 27], among others. See also the
books [22, 23, 31] that are by now standard references on Hardy inequalities. In par-
ticular, in [14], the authors provided an infinite series expansion of Hardy’s inequality
that is in some sense optimal. It is also worth mentioning that in an attempt to improve,
extend and unify several results in this direction, Ghoussoub and Moradifam [19] intro-
duced the Hardy improving potentials-abbreviated as HI-potentials, and studied their
connections to the Hardy inequalities. One of their results can be read as follows:
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THEOREM A. Let P be a decreasing nonnegative C'— function on (0,R). The
following are equivalent:

(1) P is a HI-potential on (O,R), that is, the equation y" (r) + 1y (r) + P(r)y(r) =
0 has a positive solution on (0,R).

(2) For any u € Wol’2 (Br), there holds

2
/\Vu\zdx— (NT_Z) /‘”' /P 1] [u]? dx. (1.9)
Bg B

Our next purpose is to set up an improved version for the above result in the frame-
work of equalities. More precisely, we would like to show that

THEOREM 2. Assume that P is a HI-potential on (0,R) and @p. is the positive
solution of y'(r) + 1y (r) + P(r)y(r) = 0 on (O,R). For u € Cg (Bg), we have

2 2 2
_2
[ vul ax— (N—) LI (1.10)
x| 2 x|
Bpr Bg
272 2 2
:/P(|x|)\u|2dx+/ R "”"Rﬁjb dx
4 x| opr(|x|) Ba

and

2 N=2\* rlu?

2
Ty
QDP R(
The second term in the RHS of (1.10) vanishes if and only if u has the form

uto) - 228D ()

for some functions ¢ : SN=! — R. The second term in the RHS of (1.11) vanishes if and
only if u has the form

<PPR(\ \)

x|

2
Jue]

However, in these cases de is infinite unless u = 0.
X

Bg
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As a consequence, we have

2
/ x> <E> juf L dx +/P (1] [uf? dx. (1.12)
Bg

ora()

2 ' §
From Theorem 2, we can again say that 228"
e

%@q) <‘§—‘> is the “virtual” optimizer for (1.12). Moreover, if there is no ¢ > 1 such

— Vu
x|

is the “virtual” optimizer for (1.9) and

that ¢P is a HI-potential on (0,R), then (1.9) and (1.12) are sharp in the sense that there

isno ¢ > 1 such that
N-2\?
> (T) uf —5dx —|—c/P (|x]) |u|* dx.

/|Vu| dx>/'— Vi

The rest of this paper concerns the two-weight Hardy inequalities. There are many
efforts to investigate the conditions of nonnegative weights V and W such that the
following weighted Hardy type inequalities hold

/V (x) [Vul dx > /W (x) |u* dx.

The interested reader is referred to, for examples, the books [19, 31]. We state here
the result, that could be found in [18], on a necessary and sufficient condition of such a
pair:

THEOREM B. Let 0 < R <o, V and W be positive C' -functions on (0,R) such
R R

that /ﬁv()dr = oo and /rN WV (r)dr < . Then the following are equivalent:

(I) (V,cW) isa N— dlmenswnal Bessel pair on (0,R) for some ¢ > 0.
(2) / (|x]) |Vul dx/c/W x]) [u]? dx for all u € Cg (B) for some ¢ > 0.
B B

Here we say that a couple of C!—functions (V,W) is a N—dimensional Bessel
pair on (0,R) if the ordinary differential equation

1" N—1 V.(r)\ , W (r) -
7o+ (Y2 8 )y 0+ st =0

has a positive solution on the interval (0,R).
Our next goal is to set up the following result about the two-weight Hardy inequal-
ity in the spirit of [28]:

THEOREM 3. Let W be a positive continuous function on (0,R) such that there
exists a C'— function W on (0,R) and dW V- (r) =W (r)rN=1. Then for all ue C;Bg\{0}),
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we have
72 (1 i ,
/% ER d’“—/W(\x\)luwzdx
Bg P
’W \x\ x — 2
_/ W (|ax[) |2V x| 'V<u(x) ’W(X)D dx
and

/M Vu(x)\zdx—/W(|x|)\u|2dx
Br Bg

W (b Jx \”—2
4w (1) —\ [
- / A V<u<x> |W<|x|>|>

If W (0) = 0, then the above identities hold for any u € Cg (Bg).

dx.

As a consequence, we get

/W(x) x ?

2N-2
W ([x1)

Vi(x)| dx> /W(|x|) 2 dx

RN

[

and

_—
/#&ngww)zm /W(|x|)|u\2dx.

RN

We list here some direct applications of Theorem 3. If W (r) = rz“%’ a< %,
3-2a 2a-2 gpg AWA) 41

then W (r /SN ds = Gy 5 ) - T = e W Hence

we get the Welghted Hardy type inequalities

(N— 2a2

1
/W|Vu(x)|2dx/ /| 22 |u|* dx
RN

“1=3 1In the critical case, W (r) = 4. then W (r) =1Inr

with “virtual” optimizer |x|

2 2
W(‘TZ)‘S";L — 4‘!"}&”2 . Hence we have for u € C5 (R \ {0})

ix> [

and

[In \XH x

),
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with “virtual” extremizer \/W(Z) (I |> . Indeed, the equality happens in the above

inequality if and only if u (x) = mq) (ﬁ‘) . However
X

/|_N _/¢ /rlnm

N
which is infinite unless # = 0. Another example is when W (r) = ﬁ R=1.In
7 W N (1n L
this case W (r) = and —420D 4 a (“ M) 4

= Hence, we have

W2 = p) N2
1“ W([x])lx| <1n ﬁ) ||

the following critical Hardy inequality:
1 \ul
- d >
/ x|V 2 *2 4/
By \x ‘ T x\

for u € C; (B1). The “virtual” optimizer of this critical Hardy inequality is | /In ﬁq) (&—O .
When N =2, we get

Ei

2 2
1
* Vu (x)| dx> il

[ vl s
By H 1‘x‘( \i\)

dx

that implies
1 juf®

4 2
i |2 (l—Hnﬁ)

It was pointed out in [12] that the latter is equivalent to the critical case of the Sobolev-
Lorentz inequality.

Our last aim in this paper is to set up an improved version of Theorem B in the
setting of equalities. More precisely, we will show that

X

/ — dx dx.
J I
1

Vu (x)

THEOREM 4. Let 0 <R < oo, V and W be positive radial C'— functions on Bg\
R

{0} such that /’Jv e )dr— o and /rN YW (r)dr < e. Assume that (V,W) is a

0
N—dimensional Bessel pair on (0,R). Thenfor all u e Cy (BR):

2
u
V{— 2 ndx
<(PV,W;R>' POy w:r

;)

X
V(|x|)‘mVu

2
dx—/W(\x\) |ul*dx =
Bgr Bg

and

(PVWRdx

/v Ix]) (Vi dx — /W x]) [ dx—/V %))

“(an
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where @y w.g is the positive solution of

" N—1 Vr(r) / W(r) _
70+ (B ) o+ 0 —o

on the interval (O,R).

As a consequence

/V(\x\) ‘% vl s /W(\x\) luf? dx

R R

and
JV (s VuP ax > [ () u*ax.
Bgr Bg
Moreover, if there is no ¢ > 1 such that (V,cW) is a N—dimensional Bessel pair on

(0,R), then the above inequalities are optimal in the sense that there is no ¢ > 1 such
that

2
/V(\x\) Vul2dx > /V(|x|) ‘Ii_l Vu| dx> c/W(|x|) lul dx.
Bgr Bgr Bg

By applying Theorem 4 to some explicit Bessel pairs, we get the following Hardy type
inequalities:

2
EXAMPLE 1. (V,W) = (r*’l, Wr*l”), 0<A<N-—2,isa N-dimen-

sional Bessel pair on (0,e) with @y ... (r) =r"" 2 . Hence, we have

1 2 N—A—2) 2
/—/1 v dx—( y) ) / |1ﬂ+2dx
5 2
i 1
z/ i~V(\)€\N§2u> | dx
x| 2
RN |.X|
and
2
1 s (N=A=27 [ |u]? N N2
/—A|Vu| dx— 2 / A+2dx:/’V<\x\ 2 u)‘ — | dx.
o 1l o e |2

2 2
EXAMPLE 2. For any R > 0, (V,W) = (r‘k, Wr‘k‘hr%r_l), 0 <

A <N-2,isa N-dimensional Bessel pairon (0,R) with @y w.g (r) =r" =20 (50) =
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N-A-2 . .
r~—2 Jogr(r). Here zo = 2.4048... is the first zero of the Bessel function Jy(z).

Then, for u € Ci’ (Bg), we have
1
/ — | | -Vu
X
A

2
dx_(N—Z—Z)/Iu\ I

2 2
Ju? / e Jor (x])
dx+ u : dx
/| * |x| Jor \x\) M
and
Lo, (N=A=2" |u
— |Vu|"dx — d
/ 7L u‘ X 4 ‘x‘l+2 X
R
juf? N | sow D[}
u X Jo-r (|x
d +/ : dx.
A ‘ <10R )‘ x|

2. Some useful lemmata

We list here some important results that will be used to treat the integrals by parts
in the following sections. The proofs of these results can be found in [19].

LEMMA 1. Assume P is nonnegative on (0,R), a > 1 and that the equation y" +
4y +P(r)y =0 has a positive solution ¢ on (0,R). Then ¢ is decreasing on (0,R)
and has the following limiting behavior on the boundary

/
:Oandlimsup(P (r) <0
r—0 @ (r) r—r @ (1)

LEMMA 2. Let Q be a smooth bounded domain in RN containing 0. Set R =
SUp,c oo [X| and assume that @ € C' (0,R) is a positive solution of the ODE

" N-1 Vr(r) / W(r) _
7o)+ (N T3 )Y O+ ot =0

R

n (0,R) where V, W >0 on (0,R) such that /m
0

o (Q), we then have the following properties:

dr = and /rN’lV(r)dr<

oo, Setting v(x) = ”(X)

(1) /V ‘g,’; rN ldr < o and lim, oV (r) 2N "1 =0

2) /v (1)) ¢’ (1x])° 2<>dx<wand/v 1x]) @ (1)) [V 2 (x) dix < o
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3 | [V Do ()@ () w() (Vv () dx| <
Q

(4)1im,—o | [V ()¢’ (1) 9 (b)) 2 (x)ds| = 0.

By

Now, let u € Ci (2). We then extend u as zero outside Q and may consider that
ueCy (RN ) . Hence, we can decompose u into spherical harmonics as follows:

u= iuk = ifk(r>¢k(a)
=0 =0

where ¢ (o) are the orthonormal eigenfunctions of the Laplace-Beltrami operator with
corresponding eigenvalues ¢, = k(N +k—2), k > 0. We note that the corresponding
components f; are in Cj (Q) and satisfy fi (r) = O (%), fi(r)=0(r*"") as r | 0.
In particular

00 (0) =1, co=0and fo(r ‘6B|/uds

Also, forany k € N :

Ay = (Afk (r)— Ckfkr(zr>> ¢ (o).

LEMMA 3. Assume that the decomposition of u into the spherical harmonics is

u= Y u=Y fi(r)¢ () and assume that V is a positive radial C'— function on

RN \]?0}. Then we have:
V (|x]) |u]"dx = V(|x D12 dx.
/|||| kz(ﬁ{[|||fk|
LG = S [V (DI () P
RN k= N
/V |x]) |Vu| dx = Z/V |x]) |ka(|x|)| eV () DT \fk(| |)|
=gy Jef?

2 Vi
Al

Proof. By polar coordinate and direct computations, we have

/v 1x]) [ dx—//

0 sN-1

rN ldrdc—E/V ) |fa (1) 2 dix.
k= qRN
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Also

8uk

T Vu M ldrdo

/ (1)

] e
v

0 sN-1

-3 I / VLA
k=0

2
N ldrdo

ka

= V(Ix]) IV fi(|x
]{295 () IV £ (D)

Next, we note that

/uV (|x|) Audx

oy Vi) S0 S (#0)+

0 sN-1

=318 v (#0+ 0 -0 ) ¥
k=0 0

r_ lflé (r) —Ckfkr(zr)) o (o) N drdo

and

/uVV(|x|) Vudx

—//(,;Of 6(0) L2

OSN-1

=3

(r0)- 3, () 0n(0), 2 vSmm(a)ﬂ Aldrds

k=0

S8 [V A0 5 () v
k=0 0

Hence

/V(|x|) |Vu|2dx:—/uV- (V(|x|)vu)dx=—/MV(\x|)Audx—/uVV(|x|)-vudx
RN RN RN RN
=3[ / VOO (10 -2 ) v ) 0 0] A

2
_Z/V |x[) |ka(\x\)| +aV(|x |)| k(] dx.
=y xf?
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3. Proof of Theorem 1

Proof of Theorem 1. By [28], we have

2
N-2 |”\ 2-N
d— — =
/ * ( 2 ) e /H
Bg
=/\x\2—N
Bg

-Vu

e

N 2
—_— Vv
]

[x|

dx

L

with v=|x| 2 u.
Let y (x) = JoEe()

r2Jo =0 on (0,29). Jog solves r2Jp(r)+rlor(r) + R—%rQJO;R =0 on (0,R). Then

/\ |2~N dx— //\8\/ ro)|* rdrdc

SN—1 0
R
://|1V\2|J6;R|2rdrd0—|— //\3rl//(r0)\2|J0;R\2rdrd0—|—2//l[/&rl[/Jo;RJ(’);errdG.
SN-10 SN-10 SN—10

7- We note that since Jo is the Bessel function: P21y (r)+rJb(r)+

—Vv

Using integration by parts and Lemma 1, we get

R R
2 / /WﬁrWJO;RJ(/);RVd”dG:— / /\‘I/|2 (JowJozr) drdo

SN—1 0 SN-1 0
R R
2 I
_ //W/|2}J(/);R} rdrdo — //\l//|2 <J0;RJ6;R+J0;RJO;Rr> drdo.
SN-1 0 SN-1 0
Hence
/| >N i Vv dx
J —|—J r
_//|ay/\ ok|? rdrdo — //\ 2 <0R O )drd
SN-10 SN-10
R
2 2 Z(2) 2
= / /|8,l[/\ [Jo:r| rdrd(f—f—ﬁ / /|v| rdrdo.
SN-10 SN—1 0
Noting that

//M rdrdc = /|u\ dx,

SN-1 0
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2 2
_2
dx— (N—) jul? B dx
2 \X\

R
2
1
:Z—0/|u\2dx+ [ [ 10w Vol o ando

SN-1 0

1\/2 2
| <JOR( x| )‘

we obtain

X
_.Vu
X

2

Jor(]x])
N—2

x| 2

= =

dx.

1217

We now decompose u into spherical harmonics: u = Euk = 2 fi(r)¢x (o). B
k=0 k=0
Lemma 3, we have that
N—2\2
/|Vu|2dx— <—> uf? —5dx
: IXI
N-2
—/‘— Vu dx— (—) |u\ dx+Zc/|fk x |
2 ) S P J
x| 2 u JOR IXI |fie ( \ \
dx+ /
R2 (JOR (|x]) |x|_ Z i
=2 © N2
x| =N u _ r 2 :
Noting that el _kgf) Tox 75 fi (r) ¢ (o) and using Lemma 3, we have
N-2 2
[l (B[ ],
Jor (|| |'T
Br
v ‘ 2 fi(l)
= [ 2w () kD g +2 / Sl | | 25T |,
F x| Jo:r(|x] \x\NT \x\Nz \x\2
R
—2
x x| "7 u Jo:r(|x] |fi ( | |
YRR dxt Y /
i | <10R< g )‘ \x\”T 2
R
Hence
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[ ()|

2

Jo:r(|x])
N—2

x| 2

dx.

[sformp ot

Noting that Jo.p(r) is a positive decreasing function on (0,R), we have for some € €

(0,R) that
/ |Jo:r(r) / |Jo.r (€
dr = oo,

4. Proof of Theorem 2

Proof of Theorem 2. Let @p.g be the positive solution of y”(r)+ % Y (r)+P(r)y(r)=
0 on (0,R). We recall that

2 2
-2
dx — (N ) ‘M| d /‘ ‘2 N
2 ' §

where v = |x| . Letting v (x) = v(xf 7 and using the polar coordinate, we have

op:r(|x
/| |2 —-N

dx— //|8v ro)|* rdrdc
1
=//|1V\2|<pz’);R|2rdrdG+ //|8rw|2\<pp;R|2rdrdc+2//w%pp;mpé;zerdrdc

in

™ dx

X
—-Vu
X

R

—‘VV

SN-1 0

SN—1 0 SN—1 0 SN—1 0

1 1 1
= [ [1vPlopsl rardo+ [ [10wPioralrardo— [ [1wl(oreopyr) drdo.
SN-10 SN-10 SN-10

Using Lemma 1 to treat the integration by parts, we obtain

1 1
2 / /ww’(pp;R(p};errdG:— / /\l//|2(<pp;R<p};Rr)/drdc.
SN-10 SN-10
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Hence, we can deduce that
/|X|2_N
B

1 1
= [ 10w loral*rdrdc = [ [ 10 (raghn+ oragpar) drdo

X 2
_.Vv

dx
x|

SN—1 0 SN-1 0
+
_//|a w2 |opg|? rdrdo — //| 2 <(p” Or.a" )drdcf
or;r
SN-10
://|8ry/|2\(pp;R|2rdrdO'+ //r\v|2pdrda
SN-1 0 SN-1 0
T QOPR(| |)
(PPR(\ ) M2

We now decompose u into spherical harmonics: u = Zuk = Z fi(r)¢x (o). B

k=0 k=0
Lemma 3, we have that

N-2\?
/\Vu\zdx— (—) uf —5dx
2 \X\

Br
2 2
-2
) S &Y

.

X vu
x|

T u\[ | op(a) dﬁi%/\fku DI,
| <PPR(| ) 'z P [
Bp
= © N2
Noting that |x 2 “ 2 (;P; () and using Lemma 3, we have
A2 ? 2
/V< x| ) oral)|"
Be or:r(|x]) x| 2
2
| ‘M 2 (1xl) 2 m |X|q)2 (fmgxl)
x X Cou PpR(|X S op.r(|x PR(Y
B (pPQR ‘X‘ 2 k=0 i ‘X‘ 7 |x|
R R
0  \[oratod|* S LA
x x| T u r(|x x
_/ mv( (M)) el dx+zck/ P
B ()OPQR ‘x‘ 2 k=0 I |x|
R R
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Hence

N—=2\? /|uf?
/|Vu|2dx— (—) %dx
2 ) )

e ’f\,(‘ ") then we have
b2

Now, if u =
|x

u| [l g — SN 1}/|(PPR ‘2dr.

By Lemma 1, @p.z is a positive decreasing function on (0,R). Hence we have for some

€ (0,R) that
/|<.0PR /|<.0PR

5. Proof of Theorem 3

Proof of Theorem 3. By using the polar coordinates (r,0) = (\x\ ) G—O € (0,R) x

SM=1 and integrations by parts, we have

/W x]) |ul dx—/W o 1/ lu(ro)|*dodr

SN-1
R
/ / (ro)o-Vu(ro)dodr
0 SN-1

——2/\/_rN . /l\/ (ro)o-Vu(ro) M ldodr

o [ STl W (|x]) X Vul) ) dr
) 21 T C) e (i 70)

We note here that when treating the integration by parts, the boundary term will vanish
as long as u € Cy’ (Bg \ {0}) or lim, ;oW (r) = 0.
Then, we get

2 (W (|x]) |ul*dx = —4 w xuxﬂ L Vu(x) ) dx
B{ (1) B{\/ () s (o)
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and so

Jw () uax
Bg

VW () Y A

- 2
W (|x]) X Yl .
W (|x))u(x) +2 W(\x\)|x|N71 <|x| Vu( )) d

:_/W(‘x‘) u|2dx—2/\/mu(x)2L)_ (i -Vu(x)) dx
Bg

2
X

U O E S
+wanwzxv()”
We note that
(1x) 2
JIVW i+ J—jﬁu<jww>m

Br

/;\D|(( )F*ZFW >)
-J K;M§|<W>Ww®2

dx.
We now decompose u into spherical harmonics: u = Zuk = Z Si(r)ox (o). By
k=0 k=0

2

Lemma 3, we have that

~2()
4 7V dx— [ W (|x|)|u|”dx
B/ (| |)|x| 2| | / HH

_ W2x)  |fillkDP
/ |x| ‘x‘2N 2 d‘x /W |x| ‘M| dx+ ZC B{ (|x|) ‘x‘2N72 |x|2 dx

WG| | s W] fel=DP
/ |x| |x|2N —2 |X| (M (x) ’ ) dx+ Eth{ ‘ ‘ |X|2N —2 ‘x‘2 dx
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Noting that u (x) \/)W(|x|)) = \/‘
ne

) and using Lemma 3, we have

2

W (lx]) - 2
/ W () 2 V(”@ \WﬂxDD 07w
Bp
47 ()| ] : )
:B/W(x)|x|2N_2 mv<u(x) ’W(|X|)’> dx
2
4|W (lx)) W (1) | i ([
+k260k~/ :[; 21\/’—2 (p\%,WR‘ ' xl ' dx
Bgr
aw (| N
_/ W () |x|'v<“(’“) )WW')D “
IACHE
—|—2 B/ W (%)) ‘x‘2N 2 \x\2 dx

Hence

/M ()| dx — /W|x| u? dx
Bgr

W () bx \2N 7 IV
((x) |W<|x|>|>

4|W (1) :
6. Proof of Theorem 4

dx.

/ W () V2

Proof of Theorem 4. By polar coordinate

JAZEN
Bg

[

2

-Vu dx—/W(\x\) |u|? dx
Bg

:/7V(r)8ru(r0)2rN1drdG— //RW(r)|u(rG)2rN1drdG

SN—1 0 SN-10

Let u(x) = @y w:r (x) ¥ (x), then

R
/v () |9 (ro) PV dr
0
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2 N—
= [V @hwin (1) vawedry (r0) [t

R
:/V(r) (p‘/CW;R (r)2|1//|2 "N_ldr‘f'/v(") (P\%,W;R|‘9rll/(ro_)|2"N_ldr
0 0

R

+2/V (r) Oy ov.wr WO,y dr.
0

Using Lemma 2 to treat the integrations by parts, we obtain

R
/ (r) @4 w.r Qv WO W~ dr

/le 2 [V (1) winvavar™ ) dr

R
V) e (1 (WP = [ WPV (1) @™
0

v O —x ©

R
— [ WPV () vavangiyr™ dr = (N=1) [ 1VPV () Ghiapuar 2dr
0 0

and
R
/v (") |9t (ro) P ¥ dr

0
R

=/ (1) @ a0y (1)

R

—1 _
/[V(PVWR+ )V<P‘//,W;R+V/(r)(P{/,W;R] |‘I/|2(PV,W;RrN Ldr
0

/ (r) @3y |9y (r0) PV~ 1dr+/w (") w2V

0

Hence, we have

//RV(r)|3ru(rc)|2,N—ldrdG_ //RW(7’)|M(7’G)|2IN_1drdG

SN-1 0 SN-1 0
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V(o)
‘ Ov.w:R

We now decompose u into spherical harmonics: u = Zuk = Z Si(r)ox (o). By
k=0

2
//v ) 020w (r0) P N drdo = 02 -rdx.

SN-1 0

Lemma 3, we have that

/v 1) [ Vi e — /W 1)) 1 dx

_/v 1)
_/V (|x]) ‘i (

_ Jie(r
Noting that q) R —k q)VWR

e 2
_/W(|x|)|u|2dx+ ch/v(|x|)mdx
k=0 gy x|

? °’° i (D)
) Oy wordx + ch/V(|x|) 5—dx
k=0 B

R

x|

7O (o) and using Lemma 3, we have

2

u
/V(|x|) V<¢VW_R> ‘Plz/,W;Rdx
i w:

2 = i 2
X u Qv.wiRr(|X

= [V 0|5V (= )| bt S [V (1) @ 2
2 x| OV wiR =0 g x|

= [vir) %%ﬁ) 2

- 2
X
¢V2,W;Rdx+ ch/V(|x|) 7|fk(|2|)| dx
k=0 g X

x|) [Vl dx — X)) ) dx = X “
[v (i) v a B{W(I ) uPd B{vu 0 (5

2
2
) ' (pV7w;Rdx.
W;iR
Bg
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