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WEIGHTED COMPOSITION OPERATORS FROM
DIRICHLET-TYPE SPACES INTO STEVIC-TYPE SPACES

XIANGLING ZHU

(Communicated by I. Peri¢)

Abstract. The boundedness and compactness of weighted composition operators from Dirichlet-
type spaces into Stevic-type spaces are investigated in this paper. Some estimates for the essential
norm of weighted composition operators are also given.

1. Introduction

Let N be the set of all positive integers, Ng = NU {0}, and H(D) the space of
all analytic functions on the open unit disk . Let ¢ be an analytic self-map of I and
u € H(D). The weighted composition operator uCy, which is induced by ¢ and u, is
defined on H(D) by

UCpf)(z) =u(z)f(@(z), feH(D).

When u = 1, we get the composition operator Cy,. We refer the readers to [7, 32] for
the theory of composition operators and weighted composition operators.

For 0 < p < o and ¢ > —1, the weighted Bergman space A% is the set of all
f € H(D) such that (see, e.g., [32])

171 = (@+1) [[1£@P (1~ [)dAR) <=,

where dA(z) is the normalized Lebesgue area measure. We say that an f € H(D)
belongs to the Dirichlet-type space, denoted by 24, if

1115, = £ O+ (a+ 1)/D\f’(2)l”(1 —[2?)*dA(z) < e.

When p > 1 and o = p — 2, the Dirichlet-type space 9{7’72 is just the Besov space,
which is denoted by B,,. Denote by H” = H* (D)) the space of bounded analytic func-
tions on D.
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A positive and continuous function y is called weight. Itis radial if u(z) = u(|z),
for every z € D. Let u be a radial weight. The Bloch-type space %, consists of all
f € H(D) such that

sup p(2)|f(2)] < eo.

z€D
When 1i(z) = (1 — |z]?)*, the space %, becomes the Bloch-type space %% ([31]),
which for o = 1 reduces to the Bloch space A. It is a simple consequence of the
Schwartz-Pick lemma that any analytic self-mapping ¢ of DD induces a bounded com-
position operator Cy, on the Bloch space ([14]).

Let n € Ny. In [17] Stevi¢ introduced the space consisting of all f € H(DD) such
that

n—

1
1l = 2 1F90) [+ supu (@)™ (@) < =,
k=0 zeD
the, so called, Stevi¢-type space, which he called the n-th weighted-type space and
denoted by Wlf It is easy to check that 7/,1’ is a Banach space with the above norm.
Recently, there has been a great interest in studying weighted composition and other
concrete product-type operators (see, for example, [1]-[5], [7]-[34] and the related ref-
erences therein), many of which study mappings from or into Bloch-type spaces or
Stevié-type spaces such as [1,2,3,4,5,8, 10, 11, 12, 13, 14, 17, 18, 19, 20, 21, 23, 24,
25, 26, 30, 33, 34].

In 2009, Stevi¢ firstly studied composition operators from A% to Wlf in [17].
Composition followed by differentiation from H* and the Bloch space to % was
studied by Stevi¢ in [20]. The corresponding space on the upper half-plane was intro-
duced in [21], where the composition operators from the Hardy space to the Stevic-type
spaces on the unit disk and the half-plane were studied. The weighted differentia-
tion composition operators from H® and the Bloch space % to Wlf was studied in
[23] by Stevi¢. The weighted differentiation composition operators from the mixed-
norm space to the Stevi¢-type spaces on the unit disk was studied in [24]. The corre-
sponding space on the unit ball was introduced by Stevi¢ in [25], where he studied the
weighted radial operator from the mixed-norm space to the Stevié-type space. In this
way the series of papers [17, 20, 21, 23, 24, 25] introduced the basic notions and estab-
lished the ground for further investigations of concrete operators from or to Stevié-type
spaces on various domains of the complex plane or the vector space C". Motivated
by [17, 20, 21, 23, 24, 25] some other authors continue the line of investigations. For
example, in [1], Abbasi et al gave some new characterizations for the boundedness,
compactness and essential norm of the operators uCyp : H* — 7/,1’ In [34], the author
of this paper and Du studied weighted composition operators from weighted Bergman
spaces A% with doubling weight to %’ . Abbasi and the author of this paper in [2] stud-
ied the boundedness and compactness of weighted composition operators from Besov
spaces B), = @5_2 (when o= p—2)to #}].

Another topic of recent interest is studying essential norms of operators. Some
classical results can be found in [7], while some recent ones can be found, for example,
in [1, 5, 8,9, 10, 12, 13, 18, 19, 22, 26, 27, 29, 33]. Related to the spaces studing
in the present paper, we would like to mention that essential norm of some extensions
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of the generalized composition operators between Stevié-type spaces was studied in
[26], whereas essential norm of an integral-type operator from the Dirichlet space to
the Bloch-type space on the unit ball was studied in [22].

Recall that the essential norm of a bounded linear operator uCy : D5 — W s its
distance to the set of compact operators K mapping 2} into Vi, thatis,

||qu,||e7@g_WJ = inf{ |uCy — KH%_}W’F : K is a compact operator } .

Here || - || W denotes the operator norm.

Motivated by [2, 17, 20, 21, 23, 24, 34], here we study the boundedness and
compactness of weighted composition operators uCy from Dh(-1<a<p-2)to
W, . This was done by employing Stevi¢’s idea of using Bell polynomials ([17, 20, 21,
23,24, 25]). We also give some estimates for Hqu,Hegg_)%n, the essential norm of
uCop: Dy — Wy

Throughout the paper, we denote by C a positive constant which may differ from
one occurrence to the next. In addition, we say that A < B if there exists a constant C
such that A < CB. The symbol A ~ B meansthat A < B < A.

2. Main results and proofs

In this section we formulate and prove our main results in this paper. For this
purpose, we state some lemmas which will be used in this paper. The first one is
folklore, hence we omit its proof.

LEMMA 1. Let ¢ > —1, ¢ +2 < p < oo and k be a positive integer. Then there
exists a positive constant C such that

@I <Cl gz,

and clfl
(k) %
‘f (Z)‘ < (1— |g2)k—T+o+2)/p (1)

for every f € 9b.

LEMMA2. Let o> —1, a+2<p<oand 0#a€D. Forany j€{1,2,...n+
1}, set
1—la*)/
fia(z) = %, zeD. 2)
(I—a)™ 7

Then, fjq converge to 0 uniformly in D as |a| — 1,

fjﬂ S .@g and sup ||fj,uH@5 < oo,
S
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Proof. Using Lemma 3.10 in [32], after some simple calculations, we get that
fia € Pk and sup,cp [fj.all gz < eo. In addition, since 92 1 <0, itis easy to see

that f;, converge to O uniformly in D as |a| — 1.

The following lemma is proved similar to the corresponding ones in Stevic’s pa-
pers [17,20, 21, 23, 24]. Hence we omit the details of the proof.

LEMMA 3. Let o> —1, a+2<p<ewand 0#£a€D. Foranyic {l,...n},
there exist constants c\,...,c, , |, which are independent of the choice of a, such that

n+1 )
Via = 2 c’jfm €9k, via(a) =0,
Jj=1

and for k € {1,...,n},

—i
a

(@) = o

i,a

)

Moreover, v, converge to 0 uniformly in D as |a| — 1.

LEMMA 4. Let o> —1, 0 +2 < p <oo. If f € DY, then forall t € (0,1) and
z€ D\ {0}, there exists a positive constant C such that

‘f(z) —f (%z) ' < fll g (1 - )

Proof. Fix f € Zk.Lett € (0,1) and z € D\ {0}. Then by Lemma 1, we get

‘f(Z)—f<%|Z>

e
< /1 12|l (s2)ds

k<

1/l
< ‘/1 zf' (sz)ds

1— o2
s < (1 1),
1—s2z[?) »

1/1]
<Clifly [
Lo

as desired.
By using Lemma 1 and Lemma 4, similarly, for example, to the proofs of Lemma

4 and Lemma 6 in [28], we get the following lemma.

LEMMA 5. Let o> —1, o0+ 2 < p < oo. Then, every norm bounded sequence in
D has a subsequence which converges uniformly in D to a function in 95
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LEMMA 6. [4] Let X be a Banach space that is continuously contained in the disk
algebra, and let Y be any Banach space of analytic functions on . Suppose that

(1) The point evaluation functionals on Y are continuous.

(2) For every sequence {f,} in the unit ball of X there exists f € X and a subse-
quence {fy;} suchthat fn, — f uniformly on D.

(3) The operator T : X — Y is continuous if X has the supremum norm and Y is
given the topology of uniform convergence on compact sets.

Then, T is a compact operator if and only if, given a bounded sequence {fu} in X
such that f,, — 0 uniformly on D, then the sequence ||T f,|ly — 0 as n — eo.

The following Schwartz-type result ([15]) is a direct consequence of Lemmas 5
and 6.

LEMMA 7. Let 00> —1, 00+2 < p <o, n €N and u be a weight. If T : D} —
W, is bounded, then T is compact if and only if ||Tfk||%" — 0 as k — oo for any

sequence {f;} in P& bounded in norm which converge to O uniformly in D.

Let n,k € Ny with k < n. The partial Bell polynomials are defined as follows

n! X1\ J1 / X2\ J2 Xp—kal Jn—k+1
By (X1,%2, ey Xpp— =y — (_> <_> SRR (R Ll S ,
mk( 1,X2 n k+1) 2‘]1!]2!-~-]n7k+1! 1! 2! (n—k+1)!

where the sum is taken over all sequences ji, ja,..., ja—r+1 Of nonnegative integers such
that the following two conditions hold

ittt =k and  ji4+2jp4-+(n—k+1)j,_kp1 =n.

See [6] for more information about Bell polynomials.

Now we are in a position to state and prove the main results in this paper.

THEOREM 1. Let o0 > —1, o0 +2 < p <oo, n€ N and | be a weight. Let ¢ be
an analytic self-map of D and u € H(ID). Then the following statements are equivalent.

(i) The operator uCy : b — V/ﬂ" is bounded.
(i) ue V/Lf,
n+1

n
2, sup|[uCyfiallyy <eo  and Y supp(2)|I(z)| <.

j=1a€D i=12€D
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(i) u € 7/; and
c u@)| ()|
2 sup i+eE2
Szeb (1- o) )
Here fj, are defined in (2) and

-3 ( ) (2)B1i(¢'(2),9"(2), ..., 0T (2)).
=i

Proof. (iii)=>(i). Let f € Z}. Since By o(¢'(z)) =1 and
Bio(¢(2):-, 0"V (2) = 0( € N),
we get that I} (z) = u (z). By a known formula and Lemma 1, we obtain
L@ (Cp )™ (2)]
D3 () B G )

I=i

SHEf (@) (2)] + 1 (z) i RCIONDAG]

1@ )|
Al g +151 0
< lgg lullg +11£1l 2132p(1_|<p<>| e
Sl gg-
From (5) foreach j € {0,1,....n— 1},
. j
|(uCp )T (O)] < (@)D (O)] + X 117 (9(0))]1E(0)]
i=1
y 1 0)]
S Il gl )+ 11115 2 T S
: B (-l

So, by (6) and (7) we see that uCy : ¢ — #,;' is bounded.

SNl

3)

“4)

(&)

(6)

(7

(i)=-(ii). Assume that uCy : b — #,( is bounded. By Lemma 2, it is clear that

n+1
ZsupHqufjuH/w <o,

Jj= 1a€D

®)

Applying the operator uCy to ho(z) = 1, we obtain u € #'. Applying the operator

uCy to hy(z) =z, by (3) and (4) we obtain

sup (4 (2)|1§ (2) @ (2) + 17 ()| = sup (2| (uCph1) ™ (2)]| < [uCphr |y < .

zeD zeD
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By the boundedness of ¢, u € #/}' and the triangle inequality, we have

supu( I (2)] < oo

Now assume that for 1 <i < j—1(j <n), suppp(z)|I]'(z)| < eo. To get the
desired result, we only need to show that

sup 11 (2)|17 (2)| < ee.
zeD

Applying the operator uCy to hj(z) = z/, we obtain

: J :

Su]gu(Z) O @I ()+ X J0 1) (G —k+ 1) (@) R (2)| < uCohjllyy < oo.
S k=1
Hence, from the boundedness of ¢ and by using the triangle inequality again, we get
the desired result.

(i) = (iii). Assume that (ii) holds. For any i € {I,...,n} and ¢(a) # 0, by Lemma
3, we obtain

u(a)lp(a)l'|r(a)|

at2

(1= lp(@))"

< sup||qu,v”p [

nt+l
<3 leksup uCo fyallug < ==
j=1 S

where cj- are independent of the choice of a. From the last inequality, we get

n a I" n n+l
§ wp MOl 23S .
i=lo(@)|>3 (1=|p(a)?)" 7 =)=
From the assumption that Y| sup_cp i (z) |1 (z)| < oo, we obtain
u a)|ll’(a u "
> swp — DS wp p@ira) <.
i=lo()l<y (1= |@(@)]?)™ 7 i=1p(a)|<}

From the last two estimates the implication follows. The proof is complete.

Let n = 1. We get the following corollary.

COROLLARY 1. Let 00> —1, o0+2 < p < oo and U be a weight. Let ¢ be an
analytic self-map of D and u € H(D). Then the operator uCy : 28 — By, is bounded
if and only if u € %, and

/
qup IO
€D (1—]o(g)]*) 7

Next, we give some estimates for the essential norm of uCy : 75 — #};'.
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THEOREM 2. Let o0 > —1, o0+2 < p <o, n € N and | be a weight. Let ¢ be
an analytic self-map of D and u € H(D) such that uCy : Dt — W, is bounded. Then

n+1
[uColl, . wp N Y limsup [[uCy fj.a Wy~ ZB,,

j=1 |a|~>l i=

where

Vi
B; = limsup R (Z)JHZ o
lo@I=1 (1—[@(z)[>) 7~

Proof. First we prove that

n+1 n
||uC(p||egp_Wn < 2 h‘n‘lsupHuC(pf,aHWn and Hqu,He@p_)//n hS EB,-.
j=1 al—1 i=1

Let r € [0,1) and define K,.f(z) = f,(z) = f(rz). Then K, : 2% — 2} is compact and
Kl gy op < 1. Itis clear that f, — f uniformly on compact subsets of D as r — 1.
Let {r;} C (0,1) be a sequence such that r; — 1 as j — co. Then for any j € N,
uCypK,, : Z5 — W} is compact. So,

Hqu) HE.,@(’;*W" hm Sup Hl/qu) - MC(PKVI ||9’)—>W"

j—>o<)
Hence, it is sufficient to show that
n+1 n
limsup [|uCp — uCoKy; || 5.y < min w2 Bip )
J—ee j=1 al—1 i=1
Forany f € 2, such that || f||,p < 1,
H(”qu —uCoKp)) f
(= 1) (@) (O] + supnu(z z\ £ = 1) @)| ()
0+Ql+QQ+Q3 (10)
Here
Q=3 (7= 2)0(0ONEO), Q1 =swpu(I(f - )@ |

t=0i= zeD

n
Q= sup u(z) Y |(f
lp(z)|<ry i=1

£ = 1)1 (0(2))| 11(2)
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and
Q= sup u(z)y
lp(2)[>rn i=1

where N € N is such that r; > 2 forall j>N.

Since for any nonnegative 1nteger s, (f— f,j)(s) — 0, uniformly on compact sub-
sets of D as j — oo. It is clear that

(f = f) (@) ()]

limsupQy =0 and limsupQ, = 0. (1)

J—eo J—oo

Assume that {g;} is a bounded sequence in 2} satisfying g; — O uniformly on any
a+2
compact subset of I. For any € > 0, there exists 0 < 11 < 1 such that (1 — 1‘1)177+ <

€. By Lemma 4, there exists a C > 0 such that

n -2
gﬂd—&(pa‘<cgﬂﬁﬂ—ﬂ) 7 <Cllgjlgge.

when 1 < |z] < 1.
Hence

sup [g;(2)] <Cllgjllgpe+ sup [g;(w)]-
n<lz|<1 lwl=n

From this and by the assumption that g; — 0 uniformly on any compact subset of I,
we easily get that lim;_...sup,cp } g j(z)| =0

Hence
lim 1 < flul lim supl f=1)@)]=0. (12)
While
mgéﬁﬁf |9 www+§@gﬁ@¢wmmmw@|
=S AW+ 30, a3
Here . :
AN = s p@)|fOCE[IFEL aW= s 1@ e IFE

Forany i € {1,...,n},by Lemma 1,

- o)D) D (o 2|1z
P(N)= sup #(Z)( lo(2)|%) o Y (e@)  le@)|'|; Er2|+2 - (4
0> plz (1-lp@))
SIfllgz sup [[uCovi gy
lo(2)|>ry
n+1

S22

=1la|>ry
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Taking the limit as N — oo, we get

n+1
limsup P;(N 2 limsup [|uCe fiall ;- (15)
J=e k=1 la|=1
By Lemma 1 and (14), we also get
limsup P(N) < B;. (16)
j—>o<)

H,Lﬂ,

Similarly, since the function k() =1'/(1 —?) is increasing, we have

i at2 ; )
(1= 1re@P)" 7 0@ re@lire)
Qi(N)= sup u(z) o) PES
lo(@)|>ry Pz (I=|rjo(z)»)" 7
itz i .
(1= lre@PY 7 [fO0i0@)| o))
< s o) : Ll
0@ >y ()] (1-lp@E)P)* 7~
SUllgz sup ([uCovige llny
lo(2)[>rn
n+1
S Z
=1 |a|>rn

Taking the limit as N — e, we also get

n+1
limsup Q;(N) < D limsup |uCpfiallwy  and  limsupQi(N) SBi.  (17)
J—ee k=1 la|—1 J—oo

Hence, by (10),(11),(12),(13),(15),(16) and (17), we obtain

Jj—oo
n+1
=limsup sup |[(uCy—uCy rj)f||Wn<thsupHuC(pfkaHWn
j=e fllgpst =1 l|a|—1

and

n

J—ee i=1

So we obtain (9).
Next we prove that

n+1

Y limsup [[uCy fj.a
j=1 ‘u‘%l

VAN S Hqu,He oW
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It is clear that for all @ € D and j € {1,...n+1}, [|fjallgp < 1. Moreover, fjq

converge to 0 uniformly on . Therefore, for any compact operator K : 25 — Wlf, by
Lemmas 2 and 7 we have limy,| ||Kfj,aH“//,f = 0. Thus,

I4Co =Kl 2 Tmsupl(Co = K v

thUPHMquf/aH% 1i|nTSUP||Kfj.,aH%'~
al—1

|a[—1
Hence,

n+1

“”C¢“e9”_>wn —1anqu, K||9p_>//n > Zhlnlls?pHquofjaH%
j=1 a|—

Finally, we prove that

n

Y Bi < [uColle.zn—mp-
=1

Without loss of generality, we assume that sup,p |[@(z)| = 1. Let {z;}jen be a se-
quence in D such that |@(z;)] — 1 as j — . Since uCy : Zg — #}; is bounded, for
any compact operator K : 25 — W, and i€ {1,...,n}, by using Lemmas 3 and 7 we
obtain

[uCp = Kl gy Z Nimsup [[uCovi gz y [l — Timsup [ Kvi g [l
Jj—reo Jreo
. M (z:
> Jimsup 1(zj)|e(z))| \ za(fzj)| .
e (1= 7!

Hence,

u(z)lo(z)l ‘I" zj)| ZB“

n
Hqu,HeijWn 1nf||uC¢, K\UPHW"Zth_}sz Pz
=1 J== (1= |o(z))]?)

which imply the desired result. The proof is complete.

=

From Theorem 2 and the well-known result that ||T||.x—y = 0 if and only if
T : X — Y is compact, we obtain the following corollary.

COROLLARY 2. Let ¢ > —1, o0 +2 < p <oo, n €N and L be a weight. Let
@ be an analytic self-map of D and u € H(D) such that uCy : Dl — Wi is bounded.
Then the following statements are equivalent.

(i) uCy : Db — W[ is compact.

(11) szrl hmsup|a|_,1 ||uc(pf/,a||7/” =0.
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(iii)

no @[S () u D @B (2), 9" (2), . 0D (2))
Y limsup e —0.
i=1l9(z)|-1 (1- o))"~

In particular, when n = 1, we get the following result.

COROLLARY 3. Let 00> —1, o0+2 < p < oo and U be a weight. Let ¢ be an

analytic self-map of D and u € H(D) such that uC : Dk — By is bounded. Then

uCeyp

: Db — By is compact if and only if

HEWE@' @] _

limsup ———"—— 5 =
lo@I=1 (1=[o()P?) 7
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