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GENERALIZED CSISZAR’S f-DIVERGENCE
FOR LIPSCHITZIAN FUNCTIONS

DILDA PECARIC, JOSIP PECARIC AND DORA POKAZ

(Communicated by I. Peric)

Abstract. We started with the generalization of the Csiszdr’s f-divergence. We stated and
proved Jensen’s type inequality for L-Lipschitzian functions. The results for commonly used
examples of f-divergences, such as the Kullbach-Leibler divergence, the Hellinger divergence,
the Rényi divergence and y -distance are derived. Further, we examined two specific averaging
functions, previously known in the literature. Finally, we obtained interesting results concerning
the Zipf-Mandelbrot law.

1. Introduction

For a function f: Ry — R and p= (p1,...,pn) €ERY}, q=(q1,...,qx) €R, L
Csiszdr in [6] introduced the f-divergence functional by

Cr(a,p) = Y. pif ("—) (1
i=1

Pi

with undefined expressions interpreted as follows

£(0) = tim £(0), 0f(9) —0

t—04

a . f@)
Of(()) —atlgg t a>0.

I. Csiszar studied (1) under assumption that function f is convex. Independently,
Morimoto [16] and Ali and Silvey [1] also introduced and studied these divergences.
Still, (1) is widely known as Csiszar f-divergence. These divergences are well known
in probability theory, in information theory, in statistical physics, economics, biology,
etc.

In probability theory, an f-divergence is a function Df(P || Q) that measures the
difference between two probability distributions P and Q. Intuitively, the divergence
is an average, weighted by the function f, of the odds ratio given by P and Q.
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There are lots of articles on that subject, both recent and older such as [4], [5],
[91, [10], [11], [14] and [15]. We are following the idea of Y. J. Cho, M. Mati¢, and
J. Pecari¢ [3], but in discrete case and additionally generalized. In that way we get
Jensen’s type inequalities for Lipschitzian functions in terms of generalized Csiszar’s
functional. As usual, we go through some of the most frequent applications of f-
divergences. Namely, we state Jensen’s type inequality involving the Kullbach-Leibler
divergence, the Hellinger divergence, the Rényi divergence and y?-divergence, all gen-
eralized.

2. Jensen’s type inequalities for generalized f-divergence

For a function f: Ry — R and p,q,r € R’ , the generalized Csiszar f-divergence

is defined by
Cr(a,p:r) Erzpf<ql) )

We recall that a real-valued function f: [a,b] C R — R is called Lipschitz contin-
uous if there exists a positive real constant L such that, for all x,x; € R

[f (1) = fOn)] < Lixi —x

holds. Shortly, we call those functions L-Lipschitzian or just Lipschitzian.
We introduce notations

n
P= Y ripi, (3)
i=1
_ 1 &
== 2 riqi “4)
p,l; a

and get some new inequalities of Jensen’s type. Jensen’s inequality appears in many
forms depending on the context. In it’s finite discrete form, it is defined for real convex
function f, positive p € R and q € R" such as follows

f (Z?T PifIi) < 2?=1npif(qi) .
Z,-zl Pi Z,-zl Pi

Our main result of this section is the following Jensen’s type inequality for Lips-
chitzian function based on the idea of Y. J. Cho et al [3].

THEOREM 1. For i € N suppose pi,qi,r; are positive real numbers. If f: [a,b] C
R — R is an L-Lipschitzian function, then

&)

%cfm,p;r) £(@)| <

L&
F;rlpl -

holds, where Cy(q,p;r), P, and 0, are defined by (2), (3) and (4) respectively.
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Proof. The inequality (5) follows by elementary techniques

1 & qi 1 & B 1 /!
Eér"”ff<a>‘f<ﬁé’iql‘>‘—10 2l () f(Qr’H
1 < qi qi

<gomlr(3)-

L& —
< = ) rii|——0
N<E 2 rip pi
Further inequality for sequence (g1,...,¢,) is also based on [3].

O

r

ri=1

THEOREM 2. For i€ N let p;,r; be positive real numbers such that Cy, P, and @,
are defined by (2), (3) and (4). Suppose that m,M € R are such that mp; < q; < Mp;,
i €N, then

M-0, . 1
ML )+ &2 an) - L crtamn)
2L o2 (4
S RM—m) i;npz (M Pi) (Pi m) ©

holds, where f: [m,M] — R is an L-Lipschitzian function.

Proof. Start from the left-hand side of (6), we get

\%:%f<m>+%:m ——Z"Pf(%)

- B [ B on ()]
<%ﬁirzpl]; ?n mHi: - ;]T‘
sl q’< <>>~I (0o (2))
<%,2m[’” £ ()| Bslron ()]

T (M_z) ()
P.(M —m) & Pi) \Pi

using the properties of the absolute value function. [

Now, we will go through some of the most important examples of f-divergences.
The Kullback-Leibler divergence [12], [13] for p,q € R’} is given by

KL(q.p) = Y gilog (%)

i=1
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It is easy to see that is f-divergence, where f(¢) =rlogt, t > 0. We can generalize
KL-divergence by

n .
KL(g,p;r) = 3 rigilog [q; (7)
i=1 l

where r € R}
PROPOSITION 1. Let p,q,r € R", P., O, and KL(q,p;r) are defined by (3),

(4) and (7). Suppose that m,M € R are such that mp; < q; < Mp;, i € N, then
inequalities

KL(q,p;r) Zrlqllog Z, ni4i
n q -
<max{logm+1,|logM+1}zr,-p,-j;—Qr ®)
i=n l
and
- 1
‘ = ?n’mlogm—i- i[ :ZMlogM— FKL(q,p;r) 9)
< max{|logm+ 1], \logM—|—1|} Zrlp,< p) (Z‘ m)
hold.

Proof. The inequalities (8) and (9) are derived from (5) and (6) for f(¢) = tlogt,

t > 0. In this case C¢(q,p;r) Er,pl—log— =KL(q,p;r) and L= sup |logr+
t€[m,M)

1|, since f'(t) =logr+1 is bounded on [m,M}. O

The Hellinger divergence [2]
He(q,p) = Y (v/4i —v/Pi)’.
i=1

for p,q € R” is f-divergence for f(r) = (1—+/1)?, t > 0. As before, we also gener-
alize this divergence by

He(q,p;r) Zruﬁ VD), (10)

where r € R} . So we give the following estimation.



GENERALIZED CSISZAR’S f-DIVERGENCE FOR LIPSCHITZIAN FUNCTIONS 17

PROPOSITION 2. Let p,q,r € R, P,,Q, and He(q,p;r) be defined by (3), (4)
and (10). Suppose that m;M € R are such that mp; < q; < Mp;, i € N, then inequal-

ities
2
- ( e r,q,)
n
and
M— Qr 2 @r —m 2 1
1— = (1-vM)"— —H ; 12
oy L V) (1= VM) — - He(q,pir) (12)
B S (R S S o (- 2) (2
P.(M —m) m i) \pi
hold.
Proof. For f(t) = (1—+/7)*, t >0, we have
qp’ 2”[71(1_“_) zrl\/_ \/_) He(qpr)
and
L= sup ' ' max{ ! '1 ! ‘}
1 RV vm|'| VM
:max{m—ﬁk M—x/m}.
m M
So, inequalities (11) and (12) follow from (5) and (6). O
The o -order entropy known as Rényi divergence [17] is given by
Rea(q.p) Zpl %qff, o€ (1, +eo). (13)
We generalize (13) by
Req(q,p;r) Zr, Imoge reRL. (14)

For this generalized entropy we have the following result.
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PROPOSITION 3. Let p,q,r € R", P., O, and Req(q,p;r) be defined by (3),
(4) and (14). Suppose that m,M € R are such that mp; < q; < Mp;, i € N, then
inequalities

o
Req(q,pir) — P! (Z,Viqz') < aMa_eripi’%_ar (15)
i=1 i=1 !
and
M-Q 1
D Sy ey (i) (16)
200M¢ 1 n ; ;
S -2) (30
P, (M m Pi Pi
hold.
Proof. For f(t) =t%,t>0, o« > 1, we have
+(q,p:r) Enpl (q’.) Zrzpl *q{ = Req(q,p;1),
and
L= sup |at® =0 sup [t* =M,
te[m,M) t€[m,M)
so we obtain (15) and (16) from (5) and (6). [
The next interesting result is concerned the y?-divergence defined by
n 2
qi — Di
D,2(q,p) =Y, g VRS
i=1 i
For generalized y?-divergence
L (qi—pi)? n
sz(%p;l’):zriip_ , reRY (17)
i=1 i

we give the following statement.

PROPOSITION 4. Let p,q,r €RY, P, O, and D,(q,p;r) be defined by (3), (4)
and (17). Suppose that m,M € R are such that mp; < q; < Mp;, i € N, then inequalities

2
2(q,pir) — (2% ) gzmax{\m_u,w_u}zr,-p,-%

i=1 i
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and
M_ar 2 @r_m 2 1
—(m—1 - (M-—-1)"— 1
12+ 1 D) (19)
4 Qz) (CIi )
< ————max{jm—1[,|M—1 rpi|M—=— || —=—m
P (M —m) { -l HZI g ( pi) \pi
hold.

Proof. For f(t) = (t—1)%, t >0, we have

2 n
qi — Pi
r(q.pir) = Zrzpz <—_ ) ZETi%:DXZ((LP;r)
i=1 4

Since f'(t) =2(t — 1), we have

L=2 sup [r—1]=2max{|jm—1|,|M—1|}.
t€[m,M)

Inequalities (18) and (19) follow from (5) and (6). U

The Shannon entropy of a positive probability distribution p = (py,...,p,) is de-
fined by

H(p) = - pilog(pi). (20)
i=1

It is easy to see that (20) is a special case of (1) for q = (1,...,1) € R’ and function
f(t) =logt, t > 0. We can also generalize Shannon entropy with a weight r € R”},

(p r Zrzpzl()g Pz) (21
i=1

PROPOSITION 5. Let p,r € R%, P, and H(p;r) be defined by (3) and (21). Sup-

1
pose that m,M € R are such that m < — < M, i € N, then inequalities

pi
|H (p;r) = Plog(0,)| < zr,p, -~ 0, 22)
and
M_Qr Qr_m 1 .
M_mf(m)+ _mf(M)—EH(P,r) (23)

<2 7))

_ 1 &
hold, where Q, = P 2 7.
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Proof. For f(t) =logt, t>0and q=(1,...,1), we have

n l n
Cr(1,p;r) = Y ripilog (;) = — Y ripilog(pi) = H(p;r).

i=1 i=1

. 1 N S .
Since f(1) = . the Lipschitz constant in this case is

1 } {1 1} 1
,|—|p=maxq —,— p = —.
m M m

Inequalities (22) and (23) are following from (5) and (6). [

il=mee{ls
L= sup |—|=maxy |—
1€[m,M] m

3. The mappings of H and F
In this section, we study discrete general case of the mappings called H and F

introduced in [7] and [8]. For a given function f: I CR — R and for a,b €I, a < b,
S. S. Dragomir consider the following two mappings H,F: [0,1] — R defined by

H(t)zbia/ubf<tx+(1—t) erb)dx

b b
F(t):ﬁ/u / Fltx+ (1 — 1)y)dxdy

and

for all ¢ € [0,1]. Under assumption of convexity of f, mapping H and F have been
tested on convexity on [0, 1], monotonicity and other properties. On this lead, Cho et
al [3] are also studied generalized functions of this type.

In this article, we consider f to be Lipschitzian function and dealing with discrete
generalization, so our next results come naturally. We prove some of the properties of
the functions F' and H, such as Lipschitz property.

THEOREM 3. Let p,r € R", and q € R" and f: [a,b] CR — R be an L-Lipschi-
tzian function. For a mapping H: [0,1] — R defined by

me ( U—MQ) (24)

we have the following:

1. the mapping H is Ly -Lipschitzian on [0, 1], where

LS (45
=5 EI piri (pl_ Q,) (25)
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2. the inequalities

VS, (4 B
‘H(l)—;r;lnp,f<pi) <(1-A)Li, 26)
‘f(%imn)— M| <L @7
ri=1

and

(1-A)Ly  (@28)

A a ; _
D= Srms (2) - 1-20@)| <24
ri—1 i

hold, for all A € [0,1].

Proof. For A1,2; € [0,1], we calculate
|[H(A2) —H(A1)]

=7 ﬁ‘,pm [f (lzq—iJr(l—lz)@r) —f<llfji+(1—ll)§r>]|
(M— (1—7@)@)—f(xll%iw—ma)‘

12; (1-22)0, xlg—u—m@,

'z ,,|——Q

and get |H(Ay) —H(A)| < L1|A2 — Ay, for Ly defined by (25). For A; =1and 1, =21,
left hand side in (26) is equal to |H(A) — H(1)|. Since we already proved H is L;-
Lipschitzian function, inequality (26) hold. Analogously, (27) follows for A; = A and
A2 = 0. Finally, inequality (28) follows from (26) and (27),

‘H(?L) — % _nzlr,-pif (;”7) —(1=2)f(Q,)

A 6]i> 13
A)— — iDi — —(1=A — idi 1-A)H(A
) Prigirpf<l7i * f<Pri§Irq>+( ) ()'
<2A(1-A)L. O

2
Lt

"U|h< "U|

iri

L|/12 —/11

THEOREM 4. Let p,r e R, q € R" and f: [a,b] C R — R be a L-Lipschitzian
Sunction. For a mapping F: [0,1] — R defined by

)= 3 S prwns (12 +0-2)%) 9)

i Pj

we have the following:
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. the mapping F is symmetric, i.e. F(A)=F(1—21), A €0,1]
the mapping F is Ly -Lipschitzian on [0,1], where
L n n l q,
2 Pitipjrj|— — — (30)
P? 21,21 e p

. the inequalities

1o L
‘ Zmep,rjf[i (—_ —)] <72|2/l—1\ G1)

Vll/l

P ZW’ (1%)

Proof. The first property follows immediately from the the definition (29). For

and

<Lymin{A,1—2} (32)

holds for all A € [0,1].

proving next property, let 11,4, € [0,1]. Then we have

[F(A2) = F (1))

R qi qj) < qi qjﬂ
= — iripilri A—-i- 1—7L — | — z,——F l—l —
Pr2 izijﬂp Pt [f<zpi ( 2)Pj / 1Pi ( l)pj
S Gy B (T
Przl 1124plrz,p,r, (M i—|—(1 lg)pj) f(llpi—l-(l M)pj)’
L\?Lz—ll| q;
< iripjrj|—— —
R ;;jzp P " s
= L| A — Aq).

1
Inequality (31) follows from Lipschitzian property of F for A; = 3 and A, = 4. So,

1 1 L
we have [F(A)—F <§>’ < LA — §| = 72\1 — 1]. Analogously, (32) follows for
M=1,A=Aand A; =1, 4, =1 —A. Namely, by combining

and

[F(A)—F(1)| = |F [A-1f=1-2

(2

F(1=A)~F(1)| = |F(2) ~ F(1)| < [L-A— 1| = A

we get (32). O

The next result offer us the relation between the mappings F and H, defined by

(24) and (29).
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THEOREM 5. For mappings F: [0,1] = R and H: [0,1] — R defined by (29)
and (24), inequality
[F(A)—H(A)[ < (1-A)L, (33)

hold, for all A € [0, 1], where Ly is defined by (25)
Proof. The inequality (33) hold as follows

F()-H
(1—%)@)

) zp’r’ ( pi

prlpjrjf< i +(1

8 —
M:
M= >

- P” i=1j=1
= iripiri |f A=+ (1=2)2L ) —f(2=+(1-2)0,
|2 o (AL ra-nD)-r(aLa-2
AN 9 q,-> ( gi _)
S iripiri |f [ A=+ (1 =)L) —f(AZ+(1-2)0,
Przigij;p ripjrj f( Di ( )Pj f 3 ( )Q
L &x i i _
< o7 2 DL PiTiDjT PR NI B A LG . BTo}
b i=1j=1 i Pj Di
U T T T
= P Zil?z”t P o, = (1 A)Ll. [l

4. The Zipf-Mandelbrot law

[10] Zipf-Mandelbrot law is a discrete probability distribution
yoo-}s 1 €]0,00) and v > 0, and it is defined by

DEFINITION 1.

depends on three parameters N € {1,2
1

i=1,...,N,

i;NJ,V =g
(Z)( ) (l+t)VHN,t,v

where
N
H, =) —-
e ,; (+0)
When ¢ = 0, then Zipf—-Mandelbrot law becomes Zipf’s law.
Now, we can apply our results for distributions on the Zipf-Mandelbrot law
Let p,q be two Zipf-Mandelbrot laws with parameters N € {1,2,...}, t;, 1, >0

and vy, vy > 0, respectively. It is
¢ (i;N,t ) ! =1 N (34)
| — LINJILVL) = o s 1=1,...,0V,
b b (i+n) "Hy gy vy
(35)

1
i=1,...,N,

and
| — l,N, ,Vv2) = — )
qi=0( ) (T2 v,
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where

N
1
ks Vi thl (]"‘tk) k

Then the generalized Csiszdr divergence for such p,q, and for r € R} is given by

((l:+tl)leN,t1,V1) ) (37)
l-l—tl (l +t2)V2HN,t2,v2

1
HN7t17V1 i=1

Mz

Cr(q,pir) =

Using (34) and (35), we have the following expressions for (3) and (4)

b= i Ly " (38)
r= = (i+11) l[{]\/,l vy HN7II7V1 = (i+1)"
N i N ri
_ =1 (T2 A H N
0, — (it12) | Nipvy _ ANnw & (l+t%) 2 . 39)

N ri N T
Lo T, ven Eni g
For m and M from Theorem 2 we choose

= (1 +t1)V1HN-,t1~,V1
(N+t2)V2HN7t27V2
and
= (N+tl)V1HN~,t1~,V1
(1 +t2)V2HN-,t27V2 .
Thus we have the following results.
COROLLARY 1. Let p,q be two Zipf-Mandelbrot laws with parameters

Ne{l,2,...}, t1, 12 >0 and vy,v2 > 0, respectively, and r € R'.. If C¢(q,p;r),
P. and Q, are defined by (37), (38) and (39), respectively, we have

— L N ri i+ z t+t
Chlamn) 20| € =3t [ - o + ,
and
i ri ((N+tl)vl _ZﬁvlaJW)f((Hn)“HN,,m ) (40)
Al [\ ) 5, o )T \ W oy,
(

n Z l+[2) 1 +tl)vl f ((N"‘tl)leNthl )
e (1+22)"2Hy 15,1,
) Crla.pir)

- ((N+tl)v1 ~(In
5 Vi i ((N+tl)vl B (i+tl)V1> ((i+t1)V1 B (1+;1)v1)
I‘IN,2 vy i l-l-tl (I+n)2  (i+n)» (i+6)2 (N+n)2/)’

(o2 (N+n)
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Proof. Inequality (40) can be obtained from

N ri
(N411)" Hy v, _ Hy ., Zici (l+t2) f < (L+11)" Hy iy, )
(1 +t2)V2HN7t27V2 Hy 2.2 Z, 17 ,+,1)11 (N+t2)V2HN 12,v2

N
Hy v i=1 (i+tz)' (L+1)" Hyy, v, f<(N+t1)VIHNJl7V1>
HN 5 v, z (N+t2)V2HNJz v

=1 l+t1) (1 +t2)V2HN,tz7vz
N
B Cr(q,p;r
(1 +t2)V2HN712,V2 (N+t2)V2HN7127v2> f(q P )
N

=1 (i+n) 1HNtum (1+t2)V2HN~,t27V2 (i+t2)V2HN=t27"2

X <(l+t1) YNy Ut 0" H ) (|
(i+1) V2HN 15 v, (N+t2)V2HN~,t2~,V2 .

X B <(N+tl)V1HNJl7V1 (1+t1)V1HN7117V1
i=1 (i+n VIHNH vi

Now, we will give some examples of the Zipf-Mandelbrot law for special f
divergences. If p,q are two Zipf-Mandelbrot laws with parameters N € {1,2,...}, 7,
tp 2 0 and vy, v2 > 0, respectively, and r € R’ , for the generalized Kullbach-Leibler
divergence we have the following expression

1 N . ; t le
KL(q,p:r) = y 1o <({+ 1)v N,tl,vl>
Hy v, i=1 (i+n)» (i+1n) 2Hy 1y v,
The following results hold.

(41)

COROLLARY 2. Let p,q be two Zipf-Mandelbrot laws with parameters
N e{1,2,...},

b, ti,tp >0 and vy, vy > 0, respectively, and r € R, If KL(q,p;r) is
defined by (41), then inequalities

. N ri HN7t1~,V1
HN,IZ,VZKL(qapvr)_ 2 (i+l2)v2 IOg

S ey
+log S —
i=1 HN7t27v2 = l z{ ( "
< max{ Fn.nom

+s1log(141) —volog(N+1)+ l’,
HNZZ Vo
thvl

+vilog(N +1) —valog(1l+2) + 1‘}
HN[Q,VZ
N

log ————

log ————

ri

N T
(i+n)" iz Gryr
i=1 (l + tl)Vl

(i+n)2

)

21_\/ T
i=1 (i1)"1

and

l+l1 N+l1 n N
N—|—l2

Mz

1+1‘2 VZ ] l—|—t1

] (l—i—tz) )

N—l—ll)vl ri (l+l1) N ri
MCETSE (2 T Wrnm 2 )

et (l—|—l1)v1
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(N-l—ll)vl (l—l—ll)vl
—H — KL ;
N,ty,vy ( (1 IQ)VZ (N tz)vz (q7p r)

<2max{ log NIV 4y log(1411) — valog(N +12) + 1],
N,tr,vo
Hy iy v,
log —="L +vilog(N+11) —valog(l+1)+1
N v

& (NAe)" ([ +0) ()" A+
X T <<1+rz>vz - (i+fz)V2> ((im)vz - (N+12)V2)
hold.

For p,q two Zipf-Mandelbrot laws with parameters N € {1,2,...}, 71, 7 > 0 and
vi, v2 > 0, respectively, and r € R, the generalized Hellinger divergence has the
following representation

T : 2
(q P r) ! g‘,r,- (\/(l+t1)V1HN=t1=V1 - \/(l+t2)V2HN’t2’V2) .

. . (42)
HNtthHNtz V2 =1 (l+[1)V1 (l+t2)v2

The following results hold true.

COROLLARY 3. Let p,q be two Zipf-Mandelbrot laws with parameters
Ne{l,2,...}, t, n 20 and vi,v2 > 0, respectively, and r € R',. If He(q,p;r)
is defined by (42), then inequalities

N N r
He(q,p; - S
q p 1:21 l+tl IHNthvl g{ (l+t2)V2HN7t27V2

< max{ }

N

2

(N+t2)V2HN-,t2~,V2
(1 + tl)leN:tla"l

(1 + t2)V2HN7t27V2

1—
(N"‘ZI)VIHNle

71_

ri

N i
XY (i+n)" X | T
S (i+0)"1 Hy gy v,

(i+n)2 3V T

and

=

I

(N+u)"
(1+12)" ;

2
- i ' (1+01)" Hy gy,
] z+t1 = z+t2 (N+12)"2Hy 1, 1,
2
n i ri - (L) i (N+11)"" Hy 1, v,
= (i+n)2 (N+np)» = l+l‘1 (1 +t2)V2HNJ27V2

(N-l—ll)vl (1+t1)V1
—H, — H ;
o ( TETSTR STy Rl
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(1 +t2)v2HNJ27V2

}

< 2HN7117V1 max { |1 — (N+t2) 2HN gy v, 1=
N, vp (L+01)" Hy gy, | (N +10)"" Hy 1y v,
XE (N+u)" (z+t1)”) (i+r)"  (L4n)"
z+t1 (L+n)2  (i+n)» (i+n)2 (N+n)»
hold.

Analogously, for p,q two Zipf-Mandelbrot laws with parameters N € {1,2,...},
t1, 1 20 and vy, v2 > 0, respectively, and r € R, the generalized Rényi divergence

has the following expression

HY LN () (0D
Req(q,pir) = == Y rim— , o€ (1,400). (43)
¢ Hﬁhwz ZI ! (i+1p)o

The following results hold.

COROLLARY 4. Let p,q be two Zipf-Mandelbrot laws with parameters
Ne{1,2,...}, t1, tn = 0 and vi,v, > 0, respectively, and r € R".. If Req(q,p;r)
is defined by (43), then inequalities

HN 1, V2R N e N ri ’
eq(q,p;T) Z 71_’_“) ZI 7(i—|—t2)V2

Ntl Vi =

. N i
(i+u)" i= 1(,+;—2)

P
(i + t2) z lJ;;

a—1l)yy N
< (X(N-i-tl 2
(1410w & l+t1

and
(1 +tl)av1 (N-l-tl v1 i i i T
(N+1)22 \ (1+n)2 & l+t1 = (i+n)»
(N-l-tl)avl N i 1—|—l‘1 v N i
(1 +t2)av2 1 (i—|—l‘2) N—|—l‘2 V2 = l—|—t1

Hi,zlvz ((N+t1)vv1 (L4 )Rea(q,p;r)
Hy, v, (I+n)2  (N+mn)»
(N+n)etn Xy, (NAn)" ()"
(Tt m)@ 0 & (o) ((1+t2)v2 - (i+t2)v2>
(s _winy
(i+n)?  (N+1n)?

hold.
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For p,q two Zipf-Mandelbrot laws with parameters N € {1,2,...}, 71, £, > 0 and
vi, v2 >0, respectively, and r € R’ , the generalized x>~ divergence has the following

form
N 1 1 2
D ,p;r) = Hyy, ri(i+)" | = — — . (44
XZ((]P ) Nth'VlZI l( 1) ((l+t2)v2HNJ27V2 (l‘i‘tl)leNle) 9

We have the following results.

COROLLARY 5. Let p,q be two Zipf-Mandelbrot laws with parameters
Ne{1,2,...}, t1, tn > 0 and vi,vy > 0, respectively, and r € R, Ifsz(q,p;r)
is defined by (44), then inequalities

PPN L § J— > " 2
2 [N o) - ) . - .
X ?’:1 W i—1 (l+t2)v2HNJz7V2 i=1 (H'tl)leNJth

| | [ )
max - -1
(N+1t)"2Hy;, 1, 1+1) 2HN 1) v

~
Hy 1),
N

. N
xy 1 (i+n)" i1 Gayr
l-:l(i—i-tl)vl

. N i
(i+n)2 IX, L

and

N ri

; (i+tl)"1

i

N i
N+ Zie 1(1+T> <(1+l1)”HN7t17V1 _1>2
(1 _|_t2)V2 z 1+11 (N+t2)V2HN,t2,v2

N i
+ i=1 (H‘gz)"2 (L) <(N+tl)v1HNleV1 — 1)2

2 z+;i) (N+t2)v2 (1+12)"2Hy 1, v,
(N-l—ll)vl (1+t1)V1

Xz(q P r) Nt vy (1 +t2)v2 (N+t2>vz

2 v
< 4(%) max{’m_ ’%_ 1‘}
HNszz (N+t2)V2HNJ27V2 (1 +t2)v2HNJ27V2

xi( d <(N+l1)” (i+t1)”><(i+t1)vl (1+;1)w)

= i+ B

(1 +t2)V2 (i-l-tz)VZ (i—|—t2)v2 (N—th)vz

hold.

Finally, if p is the Zipf-Mandelbrotlaw with parameters N € {1,2,...}, #; >0 and
vi >0, and r € R", then the generalized Shannon entropy H(p;r) has the following
representation
1 N

H(p:r) = ' -1 1) H . 45

We have the following results.
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COROLLARY 6. Let p be the Zipf-Mandelbrot law with parameters

Ne{l,2,...}, 1 >0 and vi >0, and r € R.. If H(p;r) is defined by (45), then

inequalities
N N
ri 2.=1 i
Hygy o H(psr) = ), 7 log | Hnyvy oy 5
o ;(14_;1)\11 o Zﬁlw
1 o Ti ZN, i
< (1_'_1‘1)\11_7171 .
(l—f—tl)vlgi(l—i—tl)w zg\/ﬂm
and
" ZNz ri " ?: Ti v
(N+1)" = 7= [ F (1) Hy ) + | e — (L)
i=1 (41T i=1 (it1;)"1

hold.

[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]

[10]

[11]

Hy )0,

X SN +0)" Hy g ) = [(N+20)" = (1+0)"]H(psr)

N i
Tt o
2
< Vv N ri
(1 +t1) 121‘:1 (i)'

N

X Z{ (l_’_ri;l)vl [(N+e)" = (i4+t)" ) [G+0)" = (L+1)"]
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