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ON A MERCER LIKE INEQUALITY INVOLVING
GENERALIZED CSISZAR f-DIVERGENCES

MAREK NIEZGODA

(Communicated by M. Praljak)

Abstract. In this note, an upper bound for values of a convex function f is shown for some
specific arguments of the function. Thus a Mercer like inequality involving generalized Csiszar
f-divergences is obtained. Special cases of the result are studied.

1. Introduction

We begin with the following result due to A. McD. Mercer [10].

THEOREM A. [10, Theorem 1.2] Let f be a real convex function on an interval
[ar,az], a1 < ay, such that

ay <xp<ay forke{l,...,N}. (D)
Then
N N
flai+a— x| < flar)+ flaz) = D tif (%), 2
i=1 i=1

N
where Y t, =1 with t; > 0.
k=1

Throughout the notation Ry = [0,0) and Ry = (0,0) is used. Elements of the
Euclidean space R" are thought of as row n-vectors.

Given a convex function f: R, — R and two n-tuples p = (p1,p2,...,Pn) €
"+ and q=(q1,92,...,q,) € R, , the quantity
n q;
Cr(p.q) = X, pif (—’) 3)
j=1 P

is called Csiszdr f-divergence (see [1, 2, 3]).
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The following Csiszdr-Korner inequality [2] holds:

i Jf< = ””) Cr(pq). @)

j 1Pj

For properties of f-divergence, see [3, 4, 7, 13].
For example, we now give definitions of some f-divergences (relative entropies)

. . u _ w)l/u_
induced by the convex functions —log¢, tlog?, —% and —% fort >0,
as follows
n .
— 2 pilog ki (relative entropy), (5)
i=1 Di
C qi qi
Si(p.q) = Y, pi (—)IOg (—) =S(q,p), (6)
i=1 pi Di
()
z pi——— b , u€(0,1], (Tsallis relative entropy), (7)
and

(parametrized Tsallis relative entropy),

®)

1/u
n [1 —v+v <p1> ] —
~3 p

“ v

where v,u € (0,1] (see [5, 6, 12, 16]).
For a convex function f: Ry — R and for three n-tuples p = (p1,p2,-..,pn) €

R, 4=1(q91.92,...,9,) €R", and ¢ = (cy,c2,...,c,s) € R’ the generalized Csiszdr
f-divergence of p and q with respect to ¢ is defined by

Cr(p,g:c) ZC;P;f( ) ©9)

(see [8]).
We say that an n X m real matrix R = (rj;) is nonnegative (entrywise), written as
R>0,if rj; >0 forall je{l,....,n} and i€ {1,...,m}.
In what follows, we use the symbol R” to denote the transpose of a matrix R.
THEOREM B. [8] Let f: R4y — R be a convex function on Ry.. Let p =

(plaPZa"'7p") € Rz—-&-’ q= (fll’fIZ;---,fIn) S Rrj,_.:,. and d = (d17d2a~~~7dm) ERT_
Let R be an n x m nonnegative (entrywise) matrix. Denote

=pR, q=¢qR and c=dR’. (10)

Assume p € R
Then
Cr (P, q;d) < Cr(p,gic). (1D



ON A MERCER LIKE INEQUALITY 105

It is interesting that inequality (11) is a generalization of the Csiszar-Korner in-
equality (4). Namely, it can be observed from (10) that if m =n and R is the matrix of

onesandd:%(l,l,...,l)eRﬁ,thenc:(l,l,...,l)ER’i,ﬁz (lej,..., lej)
j= Jj=

n n
eRY. ., q= ( Y g, X qj> € R, . So, in this situation, (11) reduces to (4) by
j=1 j=1

(3) and (9).

The aim of the present note is to develop the above framework in order to establish
an upper bound for some values of a convex function f by using generalized Csiszar
f-divergences. In doing so, we apply a transform of a matrix with nonnegative entries
to obtain a column stochastic matrix. In result, we are permitted to employ Theorem B,
which together with Jensen inequality gives the desired estimate of values of a convex
function (see Theorem 1). Next, we consider some specializations of Theorem 1 in
Corollaries 1-3. Also, we show an application for p-majorization (see Corollary 4).

2. Mercer type inequality for generalized Csiszar f -divergences

For any -tuples a = (a1,...,a) € R, and b= (by,...,b;) € R’ , we denote

b b b 1 1 1
aob=(aiby,...,aib;) , 5:<a_1""’a_j> and 5:<a_1""’a_1>'

An n x m real matrix R = (rj;) is said to be column stochastic if rj; > 0 for
n
j€{l,...,n} and i € {1,...,m}, and all column sums of R are ones, i.e., X rji =1
j=1
forie{l,...,m}.
An n x m real matrix R = (rj;) is said to be row stochastic if rj; > 0 for j €
m
{1,...,n} and i € {1,...,m}, and all row sums of R are ones, i.e., X r; =1 for
=1
je{l,....n}.
An m x m real matrix R is called doubly stochastic if R is both column stochastic
and row stochastic.

We say that an m-tuple y € R™ is majorized by an m-tuple x € R™, written as
y < x, if y = xR for some doubly stochastic matrix R (see [9, p. 33]).

1

LEMMA 1. Letp:(pl7p2a"'7pn) 6Ri’|—+’ q2(‘]1;‘]2a~~~7‘]n) 6Rf’i—+ ﬁz(ﬁlaﬁ27
"'75}1’1) ERTJr Cll’lda: (571’§2w~~,f7m) ERﬂ#»

Let R = (rji) be an n x m matrix with nonnegative entries. Let S = (s;;) be the
n x m matrix such that s j; = rj,-% forie{l,...om} and je{1,...,n}.

(i) If q=qR then N
di_ag

p p

(ii) If p=pR then S is column stochastic.
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(iii) If % = %RT then S is row stochastic.

Proof. (i). Since q = qR, the following identity holds

gi _ v, Pry g dn P oo I forie {1, m).  (12)
Pi P1 Pi Pn Pi P1 DPn
So, we find that
. ~ _ VU%...rlm;;
ﬂ:<ﬂ ‘l_m>:<ﬂ q_n)
p pi’ 7 Pm p1’ pa
rnl%~~~rnm5:1
S11 -+ S1m
p17 7pn . . . p
Snl «+« Snm

(ii). In light of the equality p = pR, it is not hard to check that

n
;lpj”ji
St s = ri 2 = =1 forie{l,...m}. (13)
bi Y X opjrii
J=1
For this reason the matrix S=(sj) is column stochastic
(iii). Assume 1 p = IRT Hence p__, = = r,1+ A+ rjm for je{1,...,n}.

In conseqence, we get

Pj Pj
Si1+...+58; —r1~+ A=
J jm Jp Jmp

m

1 1
=pj Tr-1—|—...+~—r'm):1 for je{l,...,n
P./(m J e jed
(14)
That is, the matrix S = (s;;) is row stochastic. [

THEOREM 1. Let f:Ry — R be a convex functionon Ry . Let p=(p1,p2,...,

p) €ERY L q=(q1,92,...,qx) €ER",, d= (d1,da,...,dn) €RY, dy >0, pp =
k) (k)
( (

| 2N ,...,pﬁ,]f)) eRY,, k= (qgk)7q£k)7...,q,(,f)) eRY,, = (c(lk),cék),...,cgk)) €
R%, ke{l,...,N}
Let R, = (rﬁ?) ke{l,...,N}, be an n x m nonnegative (entrywise) matrix such
that
pi=pPRi, qu=qR; and ¢, =dR! forkec{l,...,N}. (15)
Then, for any t, >0, k€ {1,...,N}, with g tr = 1, the following inequality
k=1

holds:

N n k) 4qj N  m—1 q(k) N t R
f(E’kE%- ;J,— Dt X ﬁ) <>X—w (Cf(p,q;ck)—cf(pk,qk;d)>,
(16)
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where A% is the Jjth row sum of the matrix Sy, = (s.(ﬁ)> with

S%C):r%)% for je{l,...,n} and i € {1,...,m}, (17)
and pr=(p\" 1, p® ) eR™ Go= (g ,qP, .. .q® ) e RS, d= (dy, b,
1) R

Proof. It follows from Jensen’s inequality that
(k) (k)
<Zrkq'“ ) Ztkf<"’”> (18)
k=1 pm DPm

It is easily seen from Lemma 1, part (i), and from (15) that

Y _ g, for ke {1,...,N}. (19)
P P
On account of Lemma 1, part (ii), and (15), the matrix S; is column stochastic
Applying (15)—(16) leads to
m n q
Z == forke{l,...,N}. (20)
i=1 p, j=1 !

m k . .
> rﬁ.i)% for je{l,...,n}, qx =

i

In fact, because of the equalities A ;
m}, we can write

aR; and ¢ = 3 Vg, forie{1,...,
="
S 209N (0P 9 Wa _ el 3w L
DRV DIl B W e Tl M sV R T Vs
j=1 J j=1 \i=1 P J i=1j=1 P =l p; " j=1 i=1 p;
Therefore (20) yields
(k) n m—1 (k)
qm" (k) dj q;
O<W‘§47‘j o2  forke{l...N}, (21)
pm’ =1 I =1 p;

whence
X g Y, -
M X | =7 XuXh I)—(—Ztkz |- (22)
j I k=1 =1 p;
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On the other hand, by virtue of Theorem B, for any k € {1,...,N}, we have

Cr (P, qi;d) < Cr (p, g k), (24)

m ®\ n
>dipf (%) <Y p,f( ) (25)
i=1 D; j=1 pj

1

that is,

Hence, for any k € {1,...,N},

an 1 q g
N <—wm Zc p,f( ’) Edp, )
Pm dmpm J=1 pi

and further,

N qﬁrlf) N n (k)
Zka<m><Zﬁ<z ¢; p,f( ) Zd, D; < )) 27
k=1 P k=1 dmpm j=1 p

1

By combining (21) and (27) we obtain

N n )4 m—1 q(k)
t AWy i (28)
kgl ©f ng Iy 2 g

i=1 p

Ee (o) B2

1

Simultaneously, by (9) we have

(k)
(P, q; k) Ec pjf< ) and Cf([’kaqu) Edpl ( )
p

i

Now, we deduce from (23) and (28) that

N n (k) m—1 (k) N o~
F{ Zaxa IR <2 (cqu,cw ¢ (Prdd) ),
k=1 j=1 k=1

k=1 i=1 pl 29

completing the proof. [J

REMARK 1. Itis easy to verify by (21) thatinthecase N=1, k=1, =t =1,
inequality (16) takes the form

Cr(p1,q1:d) < Cr(p,qer) . (30)
In other words, inequality (16) includes (30), as a special case.

We now investigate some special cases of Theorem 1.
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COROLLARY 1. Let f: R4 — R be a convex function on Ry . Let = (q1,492,
--:C]n) € Rt’i—+’ d= (dladza'“)dm) S Rir dm > 0! qrx = (q(lk)?qgk)aaq}g’lk)) R’_ﬁ+,
cp = (c(lk),cgk)7...,c£lk)) eRY, ke{l,...,N}.

Let R, = (rﬁ?) , ke {l,...,N}, be an n x m column stochastic matrix such that
@ =qR; and ¢, =dR] forke{l,...,N}. (31)

N
Then, for any t, >0, k€ {1,...,N}, with Y t, = 1, the following inequality
k=1
holds:

n m—1 N n m—1
(ka (2 -3 f”)) <y E <2c§»k>f<q,->— > dif (qE“)) ER)
-1 j=1 i=1

i=1 k=1"m

(k) . . .
where 1! : ) is the Jjth row sum of the matrix Ry.

Proof. We consider the vectors p=(1,1,...,1) e R" and p;y = (1, 1,...,1) e R™.
Since R; is column stochastic, it follows that

pr =pR; for ke {l,....N}.

We introduce the matrix Sy = (sﬁ?) with s( )= El) Lifor je{l1,...,n} and i €

{1,...,m}. Therefore we have S; = Ry and S; is column stochastlc forke{l,...,N}.
So, we are allowed to apply Theorem 1. By inequality (16) we obtain

N n . m—1 (k)
Gl £5)

N n m—1 (k)
Ik k qj k 4q;
<Y 5 (2 Wpjf (p—’) ~ Y aply (,,U«))) . (33)

i=1 i

Since p; =1 and p(k> =1 for je{l,...,n} and i € {1,...m}, (33) reduces to

1

inequality (32), as claimed. [J

COROLLARY 2. Let f:R;i — R be a convex function on Ry . Let = (q1,9>,

) €RL, qr=(gP g0, dyerm, ke {1,... N}

Let Ry = (rﬁ?) , ke {l,....,N}, be an n x m column stochastic matrix such that
QG =qR¢ for ke {l,...,N}. (34)

N
Then, for any t, >0, k€ {1,...,N}, with Y t, = 1, the following inequality
k=1

holds:
(B (g2

M=
i Mz

\
HM:
N

\-A

(Z D=5 s (q?“)) ES
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where A j(k) is the jth row sum of the matrix Ry.

Proof. We take d = (1,1,...,1) € R” and ¢; =dR! for k € {1,...,N}. Hence
= A, where Ay = (kl(k k), ,/I,Ek)) is the vector of row sums of the matrix R;.
(

So we have ¢t = kjk) for j € {1,...,n}. Thus all assumptions of Corollary 1 are
fulfilled.
In this situation inequality (32) takes the form (35), as wanted. [

REMARK 2. Similar results to (35) can be found in [14].

In the rest of this section we assume that m = n.

COROLLARY 3. Let f:R; — R be a convex function on Ry . Let = (q1,492,

K (k k
cam) ER™ =gV, qP,. gy erm, ke {1,...,N}.
Assume that
QG <q forke{l,...,N}. (36)

N
Then, for any t, >0, k€ {1,...,N}, with Y t = 1, the following inequality
k=1
holds:

m N m—1 ®) m N m—1 ®)
ADWIENOWAN EDWINED WO WAC L (37)
i=1 =1 =1 j=1 =1 =1

Proof. Due to (36) there exists an m x m doubly stochastic matrix Ry such that
qr =qRy forke{l,...,N}. (38)
It follows from the double stochasticity of the matrix R; that

Ae=(1,1,....1)€R™ for ke {l,....N},

ie., /l}k) =1 is the jth row sum of the matrix Ry for j € {1,...,m}.
For this reason inequality (35) becomes the following

m—1 N m m—1
(2& (261 — Z q\ )) <Y (Ef(qj)— Ef(qgk)>> . (39)
=1 \j=1 i=1
which easily implies (37). O

By setting m = 2, we conclude from (37) that

N
f<611+612—2lk61§k)> < flq1) + f(q2) Ztkf 611

This is the classical Mercer inequality (see Theorem A).
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REMARK 3. Corollary 3 is equivalent to Theorem 2.1 in [11]. Because Corol-
lary 3 follows from Corollary 2, the latter extends this theorem from doubly stochastic
matrices in [11] to column stochastic matrices in the present paper.

Let p=(p1,p2,...,pm) €RT beagiven m-tuple. Following [9, Definition B.1.,
p. 585], we say that an m x m matrix R = (r};) is p-stochastic, if

(i) rjiZOforj,iG{l,...,m},
(i) p=pR,
(iii) e =eR”, where e= (1,1,...,1) € R™.

We say that an m-tuple q € R™ is p-majorized by an m-tuple q € R™, written as
q <p q, if g = gR for some p-stochastic matrix R (see [9, Definition B.2., p. 585]).

In the special case when p = e, the p-stochastic matrices are exactly doubly
stochastic matrices, and, in consequence, the relation of e-majorization <, becomes
the standard majorization < on R [9].

Itis interesting that the relation q <p, q holds if and only if the following inequality

Sov (%)< ow(2)

j=1 Dj

is satisfied for all real convex (continuous) functions ¥ on R, where q = (q1,¢2,
.qm) € RT, and q = (§1,92,---.9m) € R (see [15, Proposition 4.2] and [9,
Proposition B.4., pp. 586-587]).
With the aid of the above conditions (i), (ii) and (iii), observe that the statement
(40) is of the form (11) (see Theorem B for details).
We finish this section by providing an application of Theorem | for p-majorization.

COROLLARY 4. Let f:Riy — R be a convex functionon Ry . Let p = (p1, p2,
m m k k k
»pm) S R++ beﬁxed' Let q= (5117512»~--751m) S R++! qr = (CIE )7q§ )vvcb(n)) S
R?, for ke{l,...,N}.
Assume that

qx <pq forke{l,...,N}. 41)

N
Then, for any t, >0, k€ {1,...,N}, with Y t = 1, the following inequality
k=1
holds

N m (k) m—1 (k 1 N f L
H(Zadapi-s, Z <—Cr(p.a)~ X, —Cr(B.a@),  (42)
=1 j=1  Pi =1 Pm i—1 Pm
where lj(k) is the jth row sum of the matrix S; = (sﬁ?) with s.(,»]f) = rﬁf)% fori,je

-~ m— ~ k k k m—
{17"'7m}r Cll’ldp: (plap27"'apm—1) ER++1 and Qk: (QE )7q§)7aq;(n),1) 6R++1
forke{l,...,N}.
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Proof. We deduce from (41) that there exists a p-stochastic matrix R such that
G =qRy, p=pR; and e=eR! forke{1,...,N}. (43)

For k€ {1,...,N} with m =n, we introduce p; =p, s =d=e=(1,1,...,1) €
R”, and p; = (7, p, .. oW e RT L d = (d1,da, ... dw) €RT, ¢ = (D,

.,cﬁ,’f)) € R’!. Hence, pgk):p,- forie{l,...,m},and cﬁ-k) =dj=1for je{l,...,m}.

From this we get py = (pgk)7pék)7...,p£f)_l) e RY, d= (dy,day...,dy—1) €

R7 d=¢= (111: .., 1) e R™ 1 Moreover, Cy (p,q;¢;) and Cf(ﬁk,fik;a) become
Cr(p,q) and C¢(p,qy), respectively. Furthermore, (43) ensures that

@ =qRi, pi=pR; and ¢, =dR] for ke {1,...,N}.

So, we can utilize inequality (16) in Theorem 1 to obtain (42). This completes the
proof. [J

REMARK 4. The results of the present paper can be demonstrated for convex
functions on R} = [0,e0) and for q € R, . However, this extended approach does not
include the standard divergences (entropies) generated by the minus logarithm function,
etc., (see (5)—(8)).
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