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CONVERGENCE IN MEASURE OF FEJER MEANS OF
TWO PARAMETER CONJUGATE WALSH TRANSFORMS

USHANGI GOGINAVA* AND SALEM BEN SAID

(Communicated by I. Peric)

Abstract. Weisz proved-among others — that for f € LlogL the Fejér means 6,5{;,7 ) of conjugate
transform of two-parameter Walsh-Fourier series a. e. converges to £ . The main aim of this
paper is to prove that for any Orlicz space, which is not a subspace of LlogL, the set of functions
for which Walsh-Fejér Means of two parameter Conjugate Transforms converge in measure is of
first Baire category.

1. Definitions and notations

We shall denote the set of all non-negative integers by N, the set of all integers
by Z and the set of dyadic rational numbers in the unit interval I:=[0,1) by Q. In
particular, each element of @ has the form 2% for some p,n e N, 0 < p <2".

Denote the dyadic expension of n € N and x € I by

n= Eanj, nj=0,1
Jj=0

and

In the case of x € Q chose the expension which terminates in zeros. n;,x; are the i-th
coordinates of n, x, respectively. Define the dyadic addition + as

xty= Y [ —yel27*FD.
k=0

Denote by ¢ the dyadic (or logical) addition. That is,

kdbn:= Z |ki—ni|2’,
i=0
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where k;,n; are the ith coordinate of natural numbers k,n with respect to number sys-
tem based 2.

The sets I, (x) :={y €1:y9 = x0,...,Yn—1 = Xy—1 } for x € I,1, :=1,(0) for 0 <
n €N and Iy(x) :=1 are the dyadic intervals of I. For 0 < n € N denote by |n| :=
max{j € N:n; #0}, that s, 2 <n < 21 Set e :=1/2/%1, the i th coordinate
of ¢; is 1, the rest sre are zeros (i € N).

The Rademacher system is defined by

rp(x):=(=1)" (xel, neN).

The Walsh-Paley system is defined as the sequence of the Walsh-Paley functions:

||
w0 = [T )™ = (-1)""

k=0

oo

, (xel,neN).
The Walsh-Dirichlet kernel is defined by

n—1
Dy (x) =Y wi(x).
k=0

Recall that (see [12])

[ ifxe[0,27)
Do (x)_{o, ifxe2™1)" M

The o -algebra generated by the dyadic intervals {I, (x) : x € G} is denoted by
A", more precisely,
A":=0o{l,(x):x€G}.

Denote by f = (fn,n € N) martingale with respect to (A",n € N) (for details see, e. g.
[16, 17]). For a martingale

=3

f~Y (fa=fac1), fo1=0

n=0

the conjugate transforms are defined by
FO ¥ (@) (o= fam1) s
n=0

where ¢ €1 is fixed.
Note that ]’F(o) = f. Asis well known, if f is an integrable function, then conjugate
transforms f(t ) do exist almost everywhere, but they are not integrable in general.
Let
po(t) :=ro (1), pr(t) :=ry (1) if 271 <k < 2"
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Then the nth partial sums of the conjugate transforms is given by

n—1 N
SV )= T ) FRwelx) (€T, neP).
k=0

The conjugate (C, 1)-means of a martingale f are introduced by

n—1
a@@#ﬁ=%2$Wmﬁ (el neP).
k=0

Set
n—1
5 (cf)=0u(uf) =1 S () (neP).
k=0

We consider the double system {w,1 (x') x w,2(x*) : n',n* € N} on the unit square
2 =1[0,1)x[0,1).

Foraset X # @ let X? be its Cartesian product X x X taken with itself. The Carte-
sian product of two dyaduc intervals is said to be a dyadic rectangle. Clearrly, the dyadic
rectangle of area 2~ x 2~ containing (x',x%) €eI*is givenby I,1 (x') x 1> (x*) The
o -algebra generated by the dyadic rectangles {1,1 (x') xI» (x?) : x!,x* € I} will be
denoted by A" (n',n* €N). Let (f,1,2:n',n* €N) be two-parameter martingale
with respect to (A"lv”2 ‘nln?e N) (for details see, e. g. [16, 17]).

We denote by Lo(I%) the Lebesgue space of functions that are measurable and
finite almost everywhere on I%. g (A) is the Lebesgue measure of the set A C I2.

We denote by L, (]12) the class of all measurable functions f that are 1-periodic
with respect to all variable and satisfy

I/p

Iflpi= | [irr] <o

Let Lo = Lo(I?) be the Orlicz space [13] generated by Young function Q, i.e. Q
is convex continuous even function such that Q(0) = 0 and

im 29 e i 20
U——eo Y u—0 U

=0.

This space is endowed with the norm

Il = inflk>0: [ QUUfI /K < 1).
]12

In particular, if Q(u) = ulog(1l+u), u > 0, then the corresponding space will be
denoted by LlogL.
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For a martingale

oo

f~ Z (fnl7n2 — o2 = 2 +fn1—17n2—1)7 o=t 1=f1-1=0

nl n2=0

the conjugate transform is defined by the martingale
2) o
t ! z ( ) ( 2) ( nl n? _fnl—hnz —Jnln2-1 +fn1—17n2—1)’
n2—=

where ¢!,1> € T are fixed. Note that f(%0) = f. As is well known, if f € LlogL (I?)

then the conjugate transforms f(’l”z) do exists almost everywhere, but they are not
integrable in general.
If f €Ly (I*), then

f(n'n? /f 7 W 0w, (7)dy' dy?
]12

is the (n',n?) -th Fourier coefficient of f.
The rectangular partial sums of double Fourier series with respect to the Walsh
system are defined by

N'-1N%2—1

Sni N2 (xha%f) = 2 2 F (' n?) wo (2w, ().

=0 n?=

It is easy to see that the sequence {Sznl 2 ()= f 2 :nln? €N } is two-para-

meter martingale.
Then the (n n ) th partial sum of the conjugate transforms is given by

05 g z_ j (Y P (P) F 02w () w ().

The conjugate (C,1,1) means of the function f are introduced by
~ (' 2 oo t t2
A W) =i 8 S S ),
: o 2

The rectangular partial sums of the Walsh-Fourier series S,,1 .2 (f), of the function
fE€L,(I?), 1< p< e convergein L” norm to the function f as n',n* — co, [11, 19].
In the case L; (]Iz) this result does not hold [6, 12]. But in the one-dimensional case
the operators S, are of weak type (1,1) [15], that is the analogue of the estimate of
Kolmogorov for conjugate function [8]. This estimate implies the convergence of S, (f)
in measure on I to the function f € L; (I). However, for double Walsh-Fourier series
this result [5, 14] fails to hold.



CONVERGENCE IN MEASURE 119

Classical regular summation methods often improve the convergence of Walsh-

Fourier series. For instance, the Fejér means o1 2 (f) := 5}5?’22 (f) of the Walsh-

Fourier series of the function f € L; (I?), converge in norm L; (I?) to the function f,
as n',n? — o [9, 19, 7].

In 1992 Méricz, Schipp and Wade [10] proved with respect to the Walsh-Paley
system that

1 nl—1n2—1
Gnl,nz(f)zm Z ZSvl7v2(f)_>f
vl=0v2=0

a.e. for each f € Llog™ L(I?), when min{n',n?} — . In 2000 Gt proved [4]
that the theorem of Moricz, Schipp and Wade above can not be improved. Namely,
let 8 : [0,+) — [0,40) be a measurable function with property lim;_...6(¢) = 0.
Git proved [4] the existence of a function f € L;(I?) such that f € LlogL§(L), and
0,12 (f) does not converge to f a.e. as min{n',n?} — eo. That is, the maximal con-
vergence space for the (C,1,1) means of two-dimensional partial sums is LlogL(I?).
On the othar hand, the (C,1,1) means of two-dimensional partial sums of the function
f €Ly (I?), converge in norm L; (I?) to the function f, as n',n* — e which imply
converge in measure of the (C, 1, 1) means for all functions f € L; (]12) .

Almost everywhere convergence of conjugate (C,1,1) means of two-parameter
Walsh-Fourier series was investigated by Weisz [18]. In particular, he proved the fol-
lowing theorem.

THEOREM W. Let t', 1> €T and f € LlogL(H2). Then
(12 ~(;1 2
5 () = T (,2)

a. e. as n',n* — oo,

The main aim of this paper is to prove that when ¢!,7? are dyadic irational then
the Walsh-Fejér Means of two parameter Conjugate Transforms does not improve the
convergence in measure. In particular, we prove the following

THEOREM 1. Let t', 1> ¢ Q and Q(L) (H2) be an Orlicz space such that

Q(L) (I?) € LlogL (I%).
Then the set of function from the Orlicz space Q (L) (]Iz) with Fejér means of conjugate

1.2
~\t . . .
transform Gn(l ';2 ) (f) of two-parameter Walsh-Fourier series converges in measure on
5

12 is of first Bairy category in Q (L) (]Iz) .

COROLLARY 1. Let t',¢> ¢ Q and ¢ : [0,00) — [0,) be a nondecreasing func-
tion satisfying for x — oo, the condition

0 (x) = o(xlogx).
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Then there exists a function f € L, (Hz) such that
a) [ (|f(x17x2) }) dx'dx? < oo

2

b) Fejér means of conjugate transform of two-parameter Walsh-Fourier series of f
diverge in measure on 17.

2. Auxiliary results

THEOREM GGT. [3, 2] Let {T,,}7>_, be a sequence of linear continuous oper-
ators, acting from Orlicz space Q (L) (I?) in to the space Lo(1%). Suppose that there
exists a sequence of functions {&}7_, from unit bull Sp(0,1) of space Q (L) (I?) and
an increasing to infinity sequences {my}y_, and {2}, such that

g = irlgf,u{(xl,xz) € |Ty & (xl,xz) | > A} >0.

Then the set of functions f from space Q (L) (I?), for which the sequence {T,,f}
converges in measure to an a. e. finite function is of first Baire category in space

Q(L)(I).

THEOREM GGT2. [3, 2] Let ® (L) (I?) be an Orlicz space and let @ : [0,0) —
[0,00) be a measurable function with the condition @ (x) =0 (®(x)) as x — . Then
there exists an Orlicz space ® (L) (I?) such that ® (x) = o(®(x)) as x — o, and
o(x) =@ (x) forx>=c>0.

3. Proofs

Proof. Since t' and ¢? are dyadic irrational there exists two sequences of integers
{a:ien} and {p:ie N}, k=12 such that

0<a <pl <al <l <<l <l <
and
1 itd® <j<p®
T 0pM < iogh + 512
0,0, <j<a;,
Set

k)

(k) ._ k k
AA = Ih/(\k)Jrl .X](S’...,X];Ek)il,o,xl;sk)+l,...,x k)il,o,x 11 .
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and
£ (6t 2) = ) () ) (),

where yr is characteristic function of the set E.

T ) ) (4050
e t t 2
nl 2 (x X fA) ( hy )Snz (xlah,%)>
we obtain
~(r'.) 12y =) 1,0 %) 2.,(2)
622h1(41)+l’22b1%2)+1 (x * ’fA) - O-zzh/gl)ﬂ (x g )O-zzh/(f)ﬂ (x o ) 2)

Since for 271 <k < 2™ (S,-1(f) =0)

S (f) = po mwin (Sy (f) = S31 (f)
+momuw%mu»
Zn (Syr (F) = Syt (F)) + 7 (1) (St () — Sym-1 ()

we have
~(1) 1 2batl 2701
62217A+1 (f) = 22bA+1 Z Z S (3)
m=1 jf=pm-1
| 2batl
= 27T > 2" IA(QI,Z ' (f)
m=1
22bA+1 Z rm (t (27”02'" (f) =2"" opm (f))
—W Z Im ([)2m_ S2m—l (f)
m=1
Set
O 1 1 1
x €A I +1 <x07 7xa(1) lvovx 51)+17 X (l)_1707x (1)+17'”7
1 1 1
xa(l) lalvxa/(\l)+17"'7xb/(\l)_l7l)
Then from (1) we have
Syn-1 (xl;hﬁ,”) - / 1 (5) Dyt (x" 5) ds )
I
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if m > agl) + 1. It is well known that (see [12])

sz 1 /h sz 1 x +S)d

where

| =

K2n (x) =

(2"D2n (x)+ i 277" Don (x + ej)> :

Jj=0

Let m > bEl) +2. Then hgl) (s) # 0 imply that there exists at least two coordinates in
x!' 5= (yo,¥1,...,) which are equal to 1. Consequently,

Gyt (xsh) =0 5)

when m > bgl) +2and x! € KEI).
Let x! € A" Then Combining (3)~(5) we obtain

(! 1
0-2(2b1(4)l)+1 <)Cl,hl(4 )> ’ (6)
2041
1 ] m1g(t") (1.,0)
| X 28 ()
At m:b(-l)+3
1 m— 1 (1)
22b Z 27 S 1( s )
| bV 42
1 _ 1
—2217(71)1 <2m 0_2'71 (xl’h‘g)>‘+2m 1‘0_2111—1 (xl,h/g)N)
A =

I (1
—2%722'“ St (511

Since
’Szm 1 (x h( )>

from (6) we have

§0), (en)) | Jo (30 | <27

2ml

~(") 1., (1)
622I;gl)+l (x ’hA ) (7)

o DRYETDIE

ST
2°% n=b\") +3
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Now, we estimate S'gfn) (x%h&”) when m > b(l) + 3. It is easy to see that

1

S‘gm sh /h 2,,, 1 x —|—s)d

where

We can write

1 m
2m 1 = > (1-211) (Dyi (x) = Dy1 ()
=1
m—2
= (1 —Ztm)ng (x) -2 2 (l‘l —tl+1)D21 (x) .
=0

Then from (1) and (8)—(10) we obtain

§§:)1<x1;h2”>

= _2%—,2 (1 —t141) Sy (xl;hgl)>
=0
-8 oo () a5, (<)
#2510, (¥)
=2 [ (g 0l ) 2 (g )

V424 1 (1)
+2°% u([a(l)_l(x)ﬂAA ~

i

It is easy to calculate that

iV —alV 2-2(a—k+1)
(1) 2°4 % _raV20a-k)—1
(1, () = E e =

and
pl (b,(cl)—l) —[2(A=k)+1]

ZA
u(%y(f)ﬂAQO::

_ b -2(a-k)-1

b +1

123

®)

€))

(10)
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Hence
)
SRICCY
_ li |:2a V4240 —al—2(a-k)-1 _ 5V +1+245 b -2(a-k)-1
o +2ay-alV—2(a-)-1
2% 42
=
when B
m>b" +3andx' €AV, i=12,... A
Consequently, from (7) we get
1 ) ~
6(;()1) l(xl;hg”) > 2% when x' €AV i=12,.. A
2%a
Analogously, we can prove
2 . ~
5(;()2) 1 <x2;h£‘2>> > c¢12%, when x' EAg.z), j=12,... A
2%t

Combining (2), (11) and (12) we have

1.2
6_[,[)

1.2, 2i+2j
>
Ko 2 (¥ fa) | = o2
when (x',2%) € AV x AP i j=12,.. A
Set

! A A(2)

Qa:= J A x4
i,j=1

Now, we prove that

(fioe

Indeed,

')

1.2
X,X%;
221;5,‘1)“ 22bf)+1 ( ’ ’fA)

( 12) '
‘ ({( 1 ) e 2 21 22b1&2)+1 (xl’xzva) >
(tl t2) '
2 u ({( 1 ) S QA 2 ﬁ\l)+l.22b/(\2)+1 (xl’x27fA)

Il
< M>
=
N
——
—
Xb—‘
e
\_.\/-)
m
B>l

~ ~ (2
(1 3@ |5t )
J D
2°7A

2/\

(1)

12)
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Hence (13) is proved.
Next, we prove that there exists (y},y7),..., (yL(A),yi(A)> €2, p(A):=[2/cr4]
+ 1, such that
p(4) o 1
pl U @+0509) | =5 (14)
j=1
Indeed,
p(4) s
ul| U @+ (j09) (15)
j=1
pA) p o
=1-pu| ) <QA+ (y},y?))
j=1

- /HﬁA (" ol 0 9d) oI, (5 w8 H 02y ) ds'ds?
12

Interpreting I (S Fyl s 4_),%) Rl foye (sl 4‘)’11;(/4)752 +YZ(A)> as a function of the 2p (A)
+2 variables s',s%, (y{,y7) ..., (y; ) yi( 4)) and integrating over all variables, each
over I?, we note that

/"'//Hm (s" + 1,87 +31) - I, (S”ry,l,(A),sery,z,(A))

12 12 12

ds'ds*dyldy? - 'dy;m)dyzzv(m

= [ [1a, 6" b2 oD avlard

12 2

/HQA <sl +y,1,(A>7s2 -i-yi(A)) dyll?(A)dyIZ?(A) dslds?

= (1 (@)™ = (1 - (@)™
1

s (l‘pm))( <3

Consequently, there exists (y{,y}),..., (y;( 4y yi( A)> € I? such that

—_—

/Hm (5" Hobs o) Ty (5 by 2 ) ds'ds? < 5. 16)
12

[\S]
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Combining (15) and (16) we conclude that

p(A) s 11
u LJI(QA‘i‘(yj»yj)) 21—525-
j=
Hence (14) is proved.
Set (s:=s'+5* 1)
12 1w 1; 2 1.1 .25 2
Fy (x'x%s) == ST - lﬁ/ (s'+57) fa (5! Fyjx% +57)
j:
_LP(A) ()f(l—l-l 24_ 2)
= ,'zlrj s)fa(x +yj,x"+yj).

Then it is proved in ([1], pp. 7—12) that there exists so € I, such that

/}FA (x!, 2%, 50) | dx'dx* < 1 (17)
I
and
1.2 2 | =) 1,2 1
: : P
u {(x X)) elr: G22b£‘l)+1.22b/(\2)+1 (x', % Fp)| > cAp > 3 (18)

From the condition of the Theorem 1 we write

Consequently, there exists a sequence of integers {Ay : k > 1} icreasing to infinity, such

that ( " )
. Q2T
o g, 0 1

0 (24Ak)

24A k

and
> 1. (20)

Set
24Ak7 1

)= oy

Fy, (xl,xz;so) .
Now, we prove that
18kl < 1- 21

Indeed, since
Ifac ]l <2,

u (0<u<u’),
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24A &

— R <
Q(24Ak) ” k||oo

24AL
and

I&low < 5 /Q (218 (x2)|) de'd® + 1

we can write

1 24Ak
18kll oy < 7 /Q( ) |Fy, (' So)|>dx dx* +1
1 o 24Ak 244
< 3 / 2 Q) |Fa, (x',x? so)|dx dx* +1
< L
Hence (21) is proved.
On the other hand, from (18) we have
12y o2l |=00) 2 cAR2M 1
g (x',22) e ?: v 217;2)“( s&)| > 0w (3§ (22)
27N 2T

Combine (19), (21) and (22), from Theorem GGT we complete the proof of The-
orem 1.

The validity of Corollary 1 follows immediately from Theorem 1 and Lemma
GGT2.
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