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IMPROVED FRACTIONAL HARDY
INEQUALITIES FOR DUNKL GRADIENT

V. P. ANOOP* AND SANJAY PARUI

(Communicated by I. Peric)

Abstract. We prove an improved fractional Hardy inequality in the Dunkl setting for the weighted
space L” (RN duy(x)). Also we prove a similar inequality for half-space.

1. Introduction and main theorems

A classical Hardy inequality is of the form

_ p 14
/ VulPdx > IN—p| / |u(x)] dv,
RN p RN ‘x‘l’

for u € C7(RY) or u € C7 (R \ {0}) respectively with respectto 1 < p <N or p>N.
It is known that the constant (%) is sharp and never attained in the corresponding

spaces W, (RV) or W, (R \ {0}) respectively. In a remarkable paper [7], Frank and
Seiringer have proven the sharp Hardy inequality with a remainder term. Their result is
as follows: for p > 2 and 0 < s < 1 and for some positive constants Cy,, and ¢,

NP u(x)[”
fo ks | s~y [ -

S e / / )P dx dy 0
p RN JRN ‘x y‘N+ps ‘X‘N ps)/2 ‘y‘N ps)/2’

where v := |x|V=P9)/Py The result is true for all u € C5(RV) if ps < N and for all
u € Cg(RV\ {0}) if ps > N. The same authors proved a similar fractional Hardy
inequality on half-space in [8], which states that: for p > 2, 0<s <1 and ps# 1

Dl u(x)|”
~/RN ~/RN |x y|N+p\ dXdy_DN:p’S‘/RN x][\?]s dx

+

c// VIP  dx dy 2)
s RN JRN |x y|N+P5 ](Vl_pS)/Zy](Vl_pS)/27
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where Dy, and ¢, are positive constants and v := xg\}*p /Py More generalized
version of (1) and (2) in the Dunkl setting are studied in [4]. Combining the results due
to Abdellaoui et al. in [1, 2, 3] we can get an improved fractional Hardy inequality for
1 < p < oo which is stated below.

Let0<s<1,ps<N,1<qg<p<eo and Q CR" be a bounded domain. Then

we have
Ju(x)|”
/RN/RN x— y‘Ners d dy — P7S/ |x|Ps dx

c/ >Vd@7 3)

|x y|N+qs

for all functions u € Ci’(Q). The constant Cy,, s is the sharp constant in the fractional
Hardy inequality obtained by Frank et al. in [7] and the constant C is positive and
depends on N, g,s and the domain Q. Unlike in [7] the result is true for all 1 < p < oo
and the remainder term here is a p-norm of a fractional gradient.

In the proof of fractional Hardy inequalities mentioned in (1), (2) and (3), various
properties of the kernel of the form |x — y|‘(N *+8) with § > —N play an important role.
When it comes to the Dunkl case we use a generalized kernel ®5, & > —d; which
is defined in (13). The kernel @ is defined through the Dunkl translation operator
defined in Section 3. The kernel ®5, 6 > —d; was introduced by Gorbachev et al.
in [9] to study Riesz potential and maximal function for Dunkl transform. Authors of
the article [4] proved certain generalized optimal fractional Hardy inequalities for RY
half-space and for the cone. Our main aims of this paper is to prove a generalized
version of (3) in the Dunkl setting. Our first main result is recorded in the following
theorem.

THEOREM 1. Let Q C RN be a bounded G -invariant domain. Let 1 < g < p < oo,
ps <dy and 0 <s < 1. Then for all u e C3(Q)

u(x)|”

[ 1005) = )Py )i (i) A [ 5
RN xRN
> [[ a0~ u)P @)@ dm(y). @)
QxQ
where 1
Adpsp = 2/ P51 11— r(dk*P'Y>/1’|Pd>(r)dr, (5)
0
with
sink—2 9
-d0 for N>2
CI)(r) = \/—F dk 3 fO (172rcose+r2)ko2rm I

(n@|ﬂpﬂ+ﬁxwﬂﬂﬂym for N=1

and C is a positive constant depending on Q. dy,q and s.
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We have adopted the ideas introduced in [1, 2, 3] and in [7] to prove Theorem
1. A slight modification of the techniques of the proof of Theorem 1 will lead to the
following improved fractional Hardy inequality for half-space.

THEOREM 2. Let Q C Rﬁ be a bounded G -invariant domain. Let 1 < q < p < oo
with ps <1 and 0 < s < 1. Then for all u € C;(Q)

u(x)[”
] 10 0 s i) = K [ )
RY xRY
> [[ 1u0) ~ u(y) Py (e )@ di ). ©)
QxQ
where Ad sp IS given as
iy TO+ps)/2) 1 e dr
Adsp =412 Ar((dk+ps)/2)/o‘ T T ™

and C = C(Q,dy,q,s) is a positive constant.

By choosing the multiplicity function £ =0 in Theorem 2 we obtain the following
corollary. As far as we know, this inequality is not known in the Euclidean setting.

COROLLARY 1. Let 0 < s <1 and ps < 1. Also let Q be a bounded domain
of RN. Then for all 1 < q < p < e and for all functions u € C5(Q) the following

inequality holds:
/ / [u) — U g / )
]RN ]RN |)C y|N+p5 N.p,s RIX xx\'
|u(x) —u(y)|”

The constant Dy p s is sharp and is given by

Ty o e ar
_ i) R )
DN,p7s—CN1F(N+p_Y)[) 1—r 7 | TEEE )

. N3 12 . ..
with cy—1 =277 [pvare WI2dqy' . The constant C is positive and depends on N,q,s
and the domain Q.

The paper is organized as follows. In Section 2 we give a brief introduction to
the Dunkl theory. In Section 3 we prove Picone’s inequality and some lemmas on
weighted Sobolev spaces. Section 4 is devoted to the proof of improved fractional
Hardy inequality on LP (RN, d i (x)). We use a slight modification of this idea to prove
a similar Hardy inequality on the half-space in Section 5.
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2. Basics of the Dunkl theory

In this section we give some basics on Dunkl theory which we will be using in the
coming sections. The preliminaries of the Dunkl analysis can be found in [5, 11, 12, 13].
Let (-,-) denote the standard inner product on RY and |-|:= +/{(-,-). For a non-zero
element ¢ in R the reflection in the hyperplane (o) is defined as

DEFINITION 1. Let R C R¥\{0} be a finite set. Then R is called a root system,
if

() RNRa = {+xa} forall o €R

(2) 0¢(R) =R forall @ € R.

A root system can be written as the disjoint union R+ U (—R.) and this R} and
(—Ry) is separated by a hyper plane passing through the origin. Here R, is the set
of positive roots of the root system R. The subgroup G = G(R) C O(N,R) which
is generated by reflections {0y, : o € R} is called reflection group (or Coxeter-group)
associated with R. For the convenience of the calculations we assume that R is normal-
ized, thatis (o, ) =2 forall & € R. A G-invariant function k defined on R, that is
k(go) = k(o) forall g € G, is called a multiplicity function. An example of a root sys-
temon RY is Ay = {+e;}, where {e;: 1 <i < N} is the standard basis for R . In this
case O, send e; to —e; leaving other vectors e; fixed and the corresponding Coxeter
group is Z’zv . Given any function k' defined on R we can always define a G-invariant
function k by k(x) = ¥ k(0xx).

acR

For j € {1,2,...,N} the differential-difference operators T} (the Dunkl operators)
defined by

Tif () = 9;f (1) + Ejf (x). f€C'(RY),
where E;f(x) = 2 k(a)ajW and o = (0,0, ..., 0y). The Dunkl opera-
tors Tj’sare a generahzatlon of the partial differential operators in the classical analysis.
As in the classical case we can deﬁne the Dunkl gradient V, = (T}, T», ..., Ty) and the
Dunkl Laplacian Ag as Ay = TN =1 , .
One of the important properties of the Dunkl operators is that they commute, that
is ;Tj = T;T;. Also forevery f,g € C'(R") and for every 1< j <N, one can see that

Ti(f, g) Ti(f)g+ fT;(g) when at least one of the functions is G-invariant.
Fix a reflection group G and a multiplicity function k. We can define the G-inva-

riant homogeneous weight function /7(x) = [T |(x,a)|*(® of degree 2y, where
OER L
Y= Y k(a).
aER

Throughout the paper we denote the weighted measure A7 (x)dx as dpy(x). Fur-
ther we use the notations dj := N + 2y, and A := % .
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If for g € . (RN ), the space of Schwartz class functions, and a bounded f €
C'(RN), then

/Tf ) (x /f Tjg(x)dp(x).

For a fixed y € RV, it is known that there exists a unique real analytic solution f(x) =
Ei(x,y) for the system T;f = y;f, 1 <i< N, satisfying f(0) = 1. The kernel Ej(x,y)
is called the Dunkl kernel and it is clearly a generalization of the exponential functions
¢)Y . Dunkl kernel enjoys many properties similar to classical exponential function.
We refer [11] and the references there in for further reading on Dunkl kernel.

Dunkl transform is defined as a generalization of Fourier transform. For u €
L' (RN, duy(x)), its Dunkl transform is defined by

Fiu(&) = ¢ [ ) EL(~i& (),
]RN

where c,?l = [ eI/ 2dui(x). Dunkl translation operator is defined through the
Dunkl transform. The Dunkl translation ‘L';‘f is defined by fk(rff) (&) =E(iv, &) Ff(E)

and it makes sense for all f € L*(RY,du (x)) as Ex(iy,&) is abounded function. Dunkl
translation has the property T}If fx) =15 f(-y).

3. Fractional Sobolev spaces and some auxiliary lemmas

We begin the section by stating three algebraic lemmas which we will use later to
prove the main theorems.

LEMMA 1. [7, Frank, Seiringer] Let p > 1. Then forall 0 <t <1 and a € C
one has

la—t? > (1—=1)?"Y(ja’ - 1). (10)

For p > 1 this inequality is strict unless a =1 or t = 0. Moreover, if p > 2 then for
all 0 <t <1 andall a € C one has

la—1P > (1—0)""(|a|P —1) +ept?la—1]7, (11)
with 0 < cp, <1 and cp is given by

‘= mi 1—1)P =17+ ptP 1. 12
i i, (1= 0" =74 pe™) (12

For p =2, (11) is an equality with co = 1. For p > 2, (11) is a strict equality unless
a=1ort=0.
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LEMMA 2. [10, P. Lindqvist] Forany 1 < p <2 there exist a positive constant ¢
depending on p such thar for all a,b € RN we have:

2
P — |bl? — plbfP2{b,a by > e 2L
(la| + |b])>—7
and for p > 2
2
P_|plP_ p—2 M

LEMMA 3. [2, B. Abdellaoui, F. Mahmoudi] Let 1 < p <2 and 0 <t <1 and
a € R. Then for some positive constant ¢ depending only on p we have the following
inequality:

la— 1)t

a—tlP—(1=P"(al? —=1) > ¢
famtlP = (1= (" 1) > et

3.1. Weighted Sobolev spaces
Define the kernel @5 with 6 > —d;

Ds(x,y) = ;/ws@_lrk(e_s"‘z)(x)ds (x,y) #(0,0).  (13)
’ T((dx+8)/2) Jo ' ’ ’ ’

The kernel @g(-,-) was first considered by Gorbachev et al. [9] in connection with the

study of Riesz potential and maximal function for Dunkl transform. If the multiplicity

function is identically zero, thatis k =0, then dy = N and ’L'}]f reduces to the Euclidean

translation operator and hence from the integral formula

1 ] (d—0)/2-1 s
= S ds
|yld=e d «)/2) "

the kernel ®g(x,y) becomes the kernel |x—y|~¥~%. From this understanding we define
fractional Sobolev space in the Dunkl setting by using ®g(x,y).

Let Q be an open subset of R containing origin. Let s € (0,1) and 1 < p < co.
Then we define the fractional Sobolev space W,f P(€) with the kernel @, as

W) 1= {u e LP(@udue(0) : [[ o) = ) Py o) dpe (x)dpa () < =1
QxQ

and the norm is given by

leellysr ) = (/Qulpduk(X)) % " @//”(X)—u(y)”%x(x,y)duk(x)duk(y));
xQ

Let Cy(Q) be the set of compactly supported smooth functions on €. We define the
Sobolev space W, (Q) as the completion of C(Q) with the norm ||. lejv”(g) .
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PROPOSITION 1. Let Q C RN be open and G-invariant. Let u € W'’ (Q) and
let A C Q such that A is compact and u is supported in A. Define an extension ii on
RN as ii(x) = u(x) when x € Q and ii(x) = 0 when x € RN\ Q. Then ii belongs to
WP (RN) and

allysr@yy < C(Q,A, dr; p,s) [[ullysr -

Proof. By the definition of 7 it is clear that i € LP (RN, dy(x)). Since @, is
symmetric on x and y, we can write

o L 16 = 700 Py 5. 3) () )
-, / ) = ) "y (5. y) e () )
2 ( Lo e 1 O i) ))duk(x)- (14)

Since u € W'’ (Q)

[ 1) = )P ) () 0) <
Also u is supported in A and hence for any y € RV \ Q

| (x) [P Dps (x,y) = [u(x)[7 x4 (x)Pps (x,).
Now by [9, Lemma 2.3]

dk+pv

Oplen) = [ (E+bR=200m) 7 i),

where pyf is a probability Borel measure whose support is contained in Co(G), the
convex hull of G-orbit of x in RY (see also [11]). It is easy to see that for any 1 €
Co(G)

1
2 .
(b + 15 = 20vm))” > min|oy ],
ocG
Using this and the fact that ; is a probability measure we get
—(dx+ps)

D , <(m'n0 — )
ps (X, ) celc‘ y— x|

Since Q is G-invariant we find that y € RV \ Q implies oy € RV \ Q for any
0 € G. Using the fact that A is compact and and Q is bounded we have dist(cy,dA) >
dist(dQ,0A) >0 forall 6 € G and y € RV \ Q.

But mingeg |0y — x| > mingeg(dist(cy,dA)) and hence we can write

/Q (/RN\Q ”(x)”Cl)ps(x7y)duk(y)>duk(x)

= I (Qdw(x) Jpnyq dist(9Q, A )4k trs
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Since dist(dQ,0A) > 0 and dy + ps > dy the integral

1
d
/RN\Q dist (092, JA)&+ps He()
is finite. Finiteness of the above integral together with (14) we find that
”’zHW,f‘"’(RN) < C(dk’P’SaAyg)H”HW,‘{“’”(Q)'
For 1 <p<eand 0<fB < @ we define the kernel K,@ as

QPS()C’Y)

KB X,y) = .
P ()= Tpypp

We also define the weighted fractional Sobolev space W, PP (Q), with 0 € Q, as

Wb (@) {EU’ (@ 44 fzﬁ // () — ()P (x,y) e (v >duk<y><oo}

endowed with the norm

Ielygos gy = (o) P"‘;’;ﬁ )
g/ 1660 -t B s )

dr—qs qs

Forl<g<pand 0<f3 < we define the space W;’p’q’ﬁ (Q) as follows:

wra? )= {ue i, 2 dﬂk // () ) PRE 1) ) 3) < = .

where the norm is given by

iy (/| |pdﬁk2ﬁ )
@1// WIPKE (x,y)d s (x )dﬂk(Y))%~ (15)

Let us denote W, g”q’ﬁ (Q) as the completion Ci () with respect to the norm of
WP Q).

Let Q C RY be a bounded G-invariant domain with 0 € Q. Using similar ar-
guments used in Proposition 1 we can say that, if u € C7(Q), with a compact sup-
port A C Q, then there exists a function #, which is an extension of u, belongs to
W,i’(’;’q’ﬂ (RN) such that

Hﬁ”W:%qﬁ(RN) < CHMHW;\P“Iﬁ(Qy (16)
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where C = C(Q,A,dy, p,q,s) is a positive constant.

REMARK 1. If Q is abounded G-invariantdomain of R", we can attach W, (Q)
with an equivalent norm ||. H‘W,f‘é’

el (ﬁ// ) )@, e au)) - a7)

To prove the equivalence of the norms H'”WE‘”(Q) and |H.\HW,§:§(Q), we need to prove
a Poincaré type inequality, ||u||L,, Q) S C|H”|HW;§(Q) for u € Cy(Q) and some

positive constant C. We denote the extension 7 of u to RV as u itself.
Let B, C RV\ Q and let &(B,) be the G-orbit of B,. Since Q is G-invariant and
bounded we have ﬁ’( ;) CRY\ Q. For x€ Q and y € O(B,), write |u(x)|? = |u(x) —
u(y)[P@ps(x, )P, '(x,y). Since Q is G-invariant and ®,(x,y) > (maxgeg |0y —
x|)~(tP9) we can write

1 (O(B))[u(x)[” < sup q’;f(x,y)/, u(x) = u(y)[P®ps (x, y)d e (y)
xeQ,yeO(By) 0(By)

dy+ps
< s (maxloy—ol)" [ w0 POy )
x€Q, yeO(By) ocG O(By)

< s ey ) ) s () )
x€Q, yeO(By) 0(Byr)

<dian(QUO(B,) | 1)~ OBy (e )it ()

Now by integrating both sides over Q with respect to x, we get the desired Poincaré
type inequality.

3.2. Picone’s inequality

Picone’s inequality (Lemma 2.3) for the Sobolev space on RY was proved in
[2]. We need to prove Picone’s Inequality for the Sobolev space W, sPaB (Q) defined
through the fynction ®,,;. Now for w € W, " B (RN), we define

= PV, [ 1wl = wl(3) |7 2(0(0) = ()RS () e ()l )
and for v,w € W, ’(‘f’q’ﬁ (RN), we have

0= [, L 60 =) 2000 = w0)) ) = V)R ) e ().
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THEOREM 3. Let Q = RN x RN\ (¥Q x €Q) and w be a positive function in
W,‘;’g’q’ﬁ(g) with L(w)(x) > 0 for all x in Q. Then for all u € C5(Q) the following
Picone’s inequality holds:

. / [ 1ut5) =)0y P > (100, .

Proof. Let v(x) = Ll

(L00),) = [ v00) [ W) = w72 (w(x) = wl) KD () ()

= [ [ ) = )72 00) < wOE () () )

Since Kﬁ (x,y) = Kﬁ (y,x), we can write

2= Jl (s~ i)

x w() = w() [P (wlx) = wi)KP (x.y)d iy (x)d s (7)-
Define the function g = u/w and obtain
(ls@)IPw(x) — lg)IPw(y))
w(x) = w() [P~ (wlx) = w(v)KY (x. y)dpte () d e (v)
[ [0 = ur)l” = (e KE (o) dpe () dpe ),

= X N =

©Q

where

9(x,) = lu(x) —u)IP = (|g(x)|"w(x) = [g()1Pw))Iw(x) = wE)P2(w(x) —w()).-

It is enough to prove ¢ > 0 to get the desired inequality

<3 / [ ) = ) PR (e 3) )y ).

Since ¢ is symmetric we can assume that w(x) > w(y). Putting t = w(y)/w(x), a =
u(x)/u(y) and applying the inequality (10) we see that ¢ > 0.

LEMMA 4. Let 0 < B < 9% 1 <g<p<o, 0<s<1 andlet 0< o <

d"pq%lzﬁ. For w(x) = |x|~%* we have the following equality for a.e. non zero x in RN
wP~1
L(w) = A(a)my

where A(a.) is a positive constant.
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Proof. For w given in the statement, we have
=PV, [ o) =) 200(6) = wl)KE ().

Let 7= |x| and p = [y|. Also let x = rx’ and y = py’ with ¥,y € S¥"!. With this
setting, we can write

_ [ |ria_pia‘p72(ria_pia)q)qS(rx/_Py/) 22441 /
x)_/o /SN—I 7B pP p~* " doy(y)dp.

Let t = p/r. Using [9, Lemma 2.3] we have the following properties for ®@g

D5 (ry', py) = r 4005 (¥ 1y) (18)
and
I"(d—") ™ sin% =29
P(l) = N q)qs(xlvtyl)dck(yl) = %kal / dita
S VAL(2=) 10 (1 - 2rcos 0 +12) ™2

With these properties, we can write

wP~1(x)

L(w)(x) = PR

roed / T =1 — )PP dr = A(ar)
r2B+as  J

where A(a) = [ @(t)dt with @(t) = |1 —t=*[P72(1 — = *)?4F1=BP(r). Now we

need to check the convergence of the integral [;” ¢@(r)dr. With the change of variable

t — L and using the fact that P(}) = t%F%P(t) we can write

:
/Ol o(t)dt = —/lw(t“ — PP () ar
and with this, A(c) becomes
Alo) = /lm(t“ — 1)PLp(e) (¢ P alp=l) gBrasTy gy, (19)

Observe that P(z) is similar to tﬁ%w as ¢ tends to « and P(z) is dominated by a

constant multiple of as ¢ tends to 1. Together with this understanding and

| 1‘1+q3
using the assumption on o and 3, as t — « we have

1
t1+B+gs

(tOC _ l)p—lP(t) (tdk—l—/i—oc( 1) tﬁ+qs 1) (20)

and as t — 1 we have

(1% — 1)P7LP(r) (¢ 1P epm ) yBras=ly o (p qypoioas, 1)
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One can easily see that the similar function written on the right-hand side of (20) and
(21) are integrable on the intervals (2,e) and (1,2) respectively. This gives A(o) is
finite. Now since 0 < at(p— 1) < dp —gs — 2P,

(tdkflfﬁfa(Ffl) _ tﬁ‘“{‘v*l) >0

and hence from the expression of A(c) in (19) we conclude A(cr) > 0.
We have just proved above that under the given assumptions

wp~1

Lw) = A0 g

Now Picone’s inequality proved in Theorem 3 for this w gives that

2(@) [ ) = (100 'Z”1>
< [ o)~ u)IPKE eydmduely).  @2)

RN xRN

REMARK 2. Now choose € to be a bounded G -invariant domain containing ori-
gin and let u € Ci’(Q). Then as we described earlier we have an extension function i

of ue w" P (Q). Using (22) for i together with the equations (15) and (16) we find

@) [ | ;;H,} y< ] 1)~ m0) RS (e ) () )

RN xRN

< ”ﬁwapﬂﬁ(RN)SECHunfpﬂﬁ(Qy

4. Hardy inequality on RV

In this section we give the proof of Theorem 1. The following lemma is needed
for proving Theorem 1.

LEMMA 5. Fix o0 = @,ﬁ = 4P and let w(x) = x| 7%, Ler u € Cy(RV) and
define v(x) = u(x)/w(x). Then for all 1 < q < p < e and for a given positive constant
C the following inequality holds:

J] 1 v PKE (e )y )

RN xRN

>C [ 1) = )Py e y) g () ().

RN xRN
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Proof. Let

fixy) = [v(x) = v(y)[PKE (x,y)
w)ulx) —wx)uy)[”

= [ (I)S(x,y)
(wem()®
e — 0 el (0o
= () ) = 22 ) - w)| (22) @it
Observing the symmetry of fi(x,y) we define f>(x,y) in the following way
oy K (e E
o) = ()~ ) = 225 o) = wia)| (52 ) st

Now the integral

)= [[ ) =0 K ()i () ()
RN xRN

can be written as

) =5[] () + f)dm@au).

RN xRN

Also let

4

P P GAC) L)) S R <@)g+ (M)g

w(x)P +w(y)? w() w(x)

It is clear that Q(x,y) < C and Q(x,y)D(x,y) =1 forall x and y. So for p > 2 we can
apply the Lemma 2 to obtain the following inequality

fi(y) > CO(x.y) (%) ’ [u(x) () Py ()

~ plu(x) —u<y>|P—2d>qs<x,y><u<x>—u<y>,%<w<x>—w<y>>>

el () <) P ) e3)
and for 1 < p < 2, again by using Lemma 2, we can write

fi(r) > CO(x.) (%) ’ [|u<x> () [Py ()

T pl) — ()P Dy (. 3) u(x) — u(y), %(w(x) wo)|. e
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Now combining equations (23) and (24), we can write for 1 < p < oo,

fite) > cote) (22 )~ )Py

W)
—pCQ(x,y)<%>gu(X)—u(Y)l”l%s(x,y)’%‘IW(x) ).

Similarly, we can calculate

Al > ot (25 ) o) - )@y

v
00 (23 ) o) — )l )| 25 ) w0 |-
Now by using the estimates of f; and f, we obtain
)>C / / 10(x) — ()| PP (5, ) d i (V)1 ()
RN xRN
-G / (hl(xay) + hZ(X’y))d.uk(x)d.uk(y)? (25)
RN xRN
where
(1) = 00) (42 ) o) — )~ )| 222 ) )
and
o) = 0069) (200 ) lute) =)l s)| 505 ) < w)
Since Ay (x,y) = hy(y,x) we have
/ hy(x,y)d g (x)d e (y) / o (x,y)d g (x)d i (). (26)

RN xRN RN xRN

Therefore, it is sufficient to estimate one of the integral. Now by Young’s inequality we
can write

/ / B (x, y)d g (x)d g (y) < € / / |u(x) — u(y) |PDgs (x,y)d e (x)d e (y)
RN xRN RN xRN
+cle) |, / Gl )k (i), e

RN xRN
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where
p

Wx) = w(y)|P Pys (x,y)-

G(x.y) = Q(x.y)" (%) | ux)

The proof will be completed if we can establish

J] cendm@du <c [[ e =) KE xduodm ). @8)

RN xRN RN xRN

w(x)

Let us calculate

G(x,y)duy(x)dui(y)

RN xRN

u(x)Pw(x)? P~V |w(x )—W(y)\pq)
(w(x)P +w(y)r)”

qs (X,y)d.uk (x)d.uk (y)
RN xRN

_ M()C)p/ Hx‘a_‘y‘ ‘p‘y‘ap pil)q) ()C )d[.l ( )d[.l ()C)
RN RN (x[@P + |y|or)P qs\ X, Y )AHE\Y ) A i (X).

Let |x| =r and |y| = p with x=rx' and y = py’. Also write t = p/r and doy(y') =
h2(y')do(y') with do(y') as the Eulidean surface measure on the sphere S¥~!. Then
we have

/| Gtendux)ancty)
RN xRN

p N‘ra_pa|ppap(pil)+2lk+l / ! !
= [ [ i Lo @l py)d0 (3 )dpdin ()

u(x)p 0o |1 _tot‘ptotp )+24+1
:/]RN x| 45 /o (1+41op)p / s (¥, 1) d (Y )drdx

-1 4" ),

N ‘x‘q.\

with

oo |1 — 4@ ptocp(p—l)+27Lk+1
I:/ | | P(t)dr.
0

(1ror)p
Here we set

— /SN?I @ (x' 1y )dor(y')
and used the property of the kernel ®,(rx’, py’) = r %4 d,(xX',1y') (see [9, Lemma
2.3] for a proof). By proceeding with the similar steps used in Lemma 4 we get [ is
dp—ps
finite. Since we chose w(x) = |x|7kT and u = vw we have

/ G(x,y)du (x)du(y) = / Mx)l” gt () ek (%)

RN |x|qs+ dy—ps
RN xRN
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Set fy = 48 S < @ and apply (22) for v, to get

/| Gl o)
RN xRN

< [[ Mo -0 cendmodm»).  @9)

Thus we proved our claim in (28). Now by considering the inequalities (25), (26), (27)
and (29) we get the desired inequality

1) = )P ) e ()
RN xRN
<[] 1) =) K (e (od )
RN xRN
Let Q be a bounded G-invariant domain on R containing origin. Also let u €
C7(Q) and 7 be its extension to RY as explained earlier (see Proposition 1). As u=vw

we let the extension of v as ¥ and i = ¥w. Now using (16) and Lemma 5 together, we
get

J[ 10 v PKE (e y) ) )

QxQ

> ] 1560 = 0 PR (ey) i)

RN xRN

>C [ 1) = 0P @y e y) it ) )
RN xRN

> [ 1u() = w0 y) i () dpu ). (30)
QxQ

4.1. Proof of Theorem 1

The main idea of the proof is to show that

J[ 1) =) P b )~ Ay [ )
RN xRN
> [[ v =) KD (eon)dp0d). 6D

QxQ

for some positive constant C. Then by using Lemma 5 we reach the desired inequality.
In order to prove (31) we need to consider two different cases p >2 and 1 < p < 2.
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Case 1: p=2
From [4], we have
u(x)|?
[ [0 = )P i i)~ Caap [, )

di(x)  dp(y)
p
> Cp /RN /RN W @ps(x,7) |x|(@k=ps)/2 |y|(dk=ps)/2”

But for Q C RY bounded, we have ®@,(x,y) > C(Q)®@y(x,y) on Q. Using this we
can write

due(x) ()
/]RN /RN D) Pps(x,7) |x|<dklip.v>/2 |y|<dkk—ps)/z
Q) [[ () —v)PKE (x.3) )i )
QxQ

and it gives the claim given in (31) for p > 2.

Case2: 1 <p<?2

We define f; and f, same as described in the proof of Lemma 5. We split the
domain Q x Q in accordance with the values of w(x) and w(y) as

Dy ={(x,y) € QxQ:w(y) <w(x)}and D, = {(x,y) € A x Q:w(x) <w(y)}. (32)

Now

C(Q)Hq(v) := / V(x) = v(y) PR (x,y)dpte (x)d g ()
QxQ

://f1 (6, y)d e (X)d g ()

QxQ

~ [[ Atyaman) + [[ plxsdneaun)
D Dy

=L+

We will first estimate the integral in /; . We can write

) = () ) ~ 225 () )| (225 )
| ((y) = u(x)) — 225 (w(x) = w()) |” (w ) ) g
() = ()| + |45 (w(x) = wiy)) |7

x [u(x) —u(y)| + l@ (w(x) —w(»)) [ rk

w(x)
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Now applying Holder’s inequality, we obtain

LI <Ly xIp. (33)
Here we denote
4O (w(x) —w(y)) | g
_w0) w(y) . .
ha= <// |+’w\))c)) (w( x)_w(y))’(%p) w(x) Dy (x, y)d g ( )dﬂk(y)>

and

2-p
4

o= (] 1000) =) = 225 (009 = w00) P i)l )
Dy
From (30), we get

1 < [ 1)~ u )Py ) e () )

QxQ
)
/ 15551 PPy (5, ) e (5)dpa ()
/ / V) = V) PKE () A (i) = CQ)Ha(v). (34
QxQ
Thus we arrive at
2-p
lip <C(Q)H G (v). (35)
' (@)
An application of Lemma 3 with ¢ = %, a= % we find for (x,y) € D;

|(@0) = u) = S () WO wiy)
|I/L(x) - M(y)’ + ’ u((y) (W(x) _ W(y)) ’(2717) W(X

w(x)

W@ )[Pla— 1P
(la—]+ [1—1P7)

<w@)P )P (Ja—t|P — (1—1)P""(|a|? —1))
=w<x>P|v<y>P()@—@)”_ (1 200y () MD
y

~—

v(y)  wi(x) w(x)
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Further using (34) and (36) the first integral /; ; in (33) becomes

c@r’y
<[ ) = w0 ) e () )
RN xRN
// ('” O "p)| (1) = WP 2(0(3) — w(2)Pgs (3, )t ()l
WoyeT )@ = w(x)—w s (%, Y)d i (x)d g (y)
- // ) ) Py e 3) s (it ()~ Ay [ ). 37
RN xRN
This gives that
I =//f1 (x,y)d i (x)d e (y)
D
<c<9>H§Tp )
(] 10 =)0 )i i)~ A [, D )
RN xRN
(38)
The same arguments allow us to write
L= //fz(x»y)dﬂk(x)d#k(y)
D,
gc@ﬂﬁ@
(] 10 =0 )~ A [, D )
RN xRN
(39)

Now put (38) and (39) together with the fact C(Q)Hq(v) =1 + L, to get

2—p

Ho(v) < C(QHG (v)

x( J[ 1) = @it i) ~ A | '“(x”pduk(x))j

N ‘x‘l’s
RN xRN
and hence

(@) [ 1) =)l @) )

RN xRN

[u(x)|”
— Adpp /R )
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Now the case 1 and case 2 together provide the claim

P ()1
[ 103) )Py 5 )l ()t (0) = g [ 7 )
RN xRN
> @) [[ W) = 0IP KD () (dmely). @0)

QxQ

for all 1 < g < p <. Hence the desired inequality (1.4) stated in the Theorem 1
follows from (40) together with Lemma 5.

5. Fractional Hardy inequality on half-space

Let R be aroot system on RV~! and k be a multiplicity function from R to (0,co).
Define the root system R; on RY as Ry := R x {0}. We use the same notation G for
the corresponding Coxeter group. Also extend the multiplicity function k to k; by
defining k;(x,0) = k(x) where x € R. With the root system R; and the multiplicity
function k; on RY we can write the kernel @4, on RY with 1 <g <o and 0 <s <1
as

1 < oAt g2 _d2
d S — 7 sy =yn[= 2k (o =5117Y () s
s (X,) F((dkl —|—qs)/2)/0 s e Ty (e )(xX)ds

For an element x € RY we write x = (x,xy) where ' € R¥"! and xy > 0. Using
the properties of Dunkl translation and gamma function we can perform the following
calculations

/RN—l q)qs(x7y)dﬂk(y')
1 oo dk1+q.r71 b ) e
= 2 sy —ywI= gk (o=l | Nds d /
T a7 o]y o (e ) () ds die()
oo dkl +qs . _S(|XN yN|2+|J€ . ‘ )
/RN 1/ ds du(y')

du(y')

Ptn = yn[? 4 [ = y'?)
1

T'((dy, +qs )/2)

kl +qs

RN-1
(

N-2
=[IS"" Ik

- 1 oo tdk—z
= IS¥2 / di

|xN _ yN|1+qs (1 N t2) dk12+fls
. L T(dy — 1)/2T((1 4+ g5)/2)
=SV ! : 41
I e AT~ Ty, +9)/2) “0

The constant ||[S¥=2|; in (41) is given as

~1
Ck

2= [ dm) = L
19 51e= [t = 5%
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Let Q C RY be an open G-invariant subset and let wy € W, ’g’q’ﬂ (Q). Define

Lo(w0)(0) = PV [ o) = w0l 000) = w03 g ) b ),
where ®
Kyte) = Pl
NN

Also let Q C RY be bounded and we denote Qg = RY x RY \ (6Q x €Q). Then by
the same arguments as in the proof of Theorem 3 we can conclude a Picone’s inequality
for half-space, that is

2ﬂw )Py ﬂwgﬁ“>@mm%i> @)

Wo

for all functions u € C(";’ (€2) and for all positive function w € W i"" Fla).

Let 0<B <58 0<a< = — 55 2ﬁ and wo(x) = xy*. Then for almost every
non zero x € RV we have

(43)
for a positive constant Ag(ct). The proof of this can be done with similar steps of the

proof of the Lemma 4. Denoting r = xy, p = yy and using the calculations in (41), we
get

v-2y D((dk, = 1)/2)T((1 +45)/2)
IS™ 1

Lo(wo)(x) = T {(ds, +05)/2)
< | —Pia|p72(ria - pia)q)qx(rxlapyl)
></o rBpBlr—p|i+as -
Setr=r/p,
Loy T(di, = 1)/2)T((1+gs)/2) =Pl pe= || — = @|p=2(] — ¢~ %)
L _ SN 2 1 /
o(wo)) = I8 = =05 72) B o B e
wP—1(x
— (o)t
XN

where the constant

v—2y D((dy —1)/2)T((1+gs5)/2) [=[1—t %P 2(1—1"%
Ro(e) = 18"l |
(i, +45)/2) 0 Pl

It remains to show that Ag(a) is positive. Splitting the integral in to two domains;

(0,1) and (1,°) and use the change of variable + — 1/¢ on (0,1) we can write Ag(ot)
as

dt.

oo(ta_l)p—l a B .
/\O(a):‘/1 m(l B-alp 1)—Zﬁ+q l)dt.

dt
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A repetition of same arguments in the proof of Lemma 4 will show that Ag(c) is

positive.
Use the identity (43) and the Picone’s inequality for half-space given in (42) to-

gether to see that

2o(e) [, () - <z@<wO>, "g,'_'l>
+ XN W,
< [ 1) = w0 PR e ().

RY xRY

LEMMA 6. Fix oo = f§ = % and let wo(x) =xy*. Let u € C3(RN) and define
v(x) ;== u(x)/w(x). Then forall 1 < q < p < oo and for a given positive constant C the
following inequality holds

J] 100 v KL e (o0 v)
RY xRY
>C [ 1) = )7y (. y) e ().

RY xRY

Proof. We will prove the lemma by following the proof of Lemma 5. Replacing
K and w by Ky and wy we can define the functions f; and f; as:

Ailwy) = () —vO)IPKE o (x.)

b)),
(wo(x)wo (y))?
= —Uux)) — u(y) WolX) —Ww ’ WO(y) g X
= () =) 2% ) <o) (25 ) i)
= ux)—u — M(X) w e ! WO(X) % X
o) 5= () =) = 2 ) <o) [ (220) s )

Proceeding with similar steps of the proof of Lemma 5 we arrive at

|| @)

RY xRY
X)Pwol( wo(x) — w P
- ] 0wo) 0O s,y () )
AR )P +wo(y) )
ap(p—1)

e [ PRI g e b)dm), @)
- RN“'X RN (ap+y(xp)p qs x7y ‘Lka ‘ukx7
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where

p

U 1) — wo(3) [Py (1,):

wo(x)

)’

Glx,y) = Q(x,y)P (
By the definition of the root system we can write

1 °° dk+qr71 _ ko o—sl 2, s
Dys(x,y) = —F—— / s shey [ T' SHYY () ds.
qS( ) l_,(dk;q_\) 0 ( )( )

Using this and the properties of Dunkl translation(see [ 13, Proposition 2.4]), the integral
become
1)
g — v lP yap P
D (x,y)d
/]RN ( Np+y ) qs( y) “k(y)

ap(p-1)

1 /°° oy — NIy
T4y oo (" +yy")

© dy+gs
X/ / s *lefs‘XN*)’N‘zrkll (ef‘yl'lz)(xl)dsd‘ukl O )dyn
RN—I 0 y

~1
_ 1 /w X% — y%|Py p(p—1)
F(@) 0 (xx? + PP
° dy+qs /
></ / s bt —1 p=shay=yn[*+y \zdsdukl /)dyn. (45)
RN-1.Jo
Using the polar coordinates and integrating, we have
1
/ 2 2y dte (')
by =P H2)
* 1
) d -2
=||s¥ ||k/O dkm k2dr
(v —yw[?+r2) 72

1 /°° 1%
N-2
= dt
| ”k\xzv—yN\Hqs 0 (142)%"
) 1 T((de — 1)/2)T((1+ g5) /2
L T 1/AT - g0/2) o
oy — yn |+ T((dk+4gs)/2)
Here the quantity |[S¥~2||; is the volume of the unit sphere in R¥~! with respect to the

weighted measure d; restricted to the sphere. Also by using the gamma function we
obtain

! /MSM—l sy -l P) g
(i a9)/2) Jo

1
= — (47)

d,
(v — w2+ =y 2) 7
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Substitute the equations (45), (46) and (47) in (44) we get the integral

_ -2y, k= D/2T((1 +5)/2)
RN{éNGu,y)duk(x)duk(y)—||§N e

~1
o [ ey = g —y@lPyn Y dywdp(x)
RNMX 0 P +y2P)p oy —yn |
+ N TYN N — VN

Set t = yy/xy, then

T((di —1)/2)T((1 +g5)/2)

J| Gy = 18"k

I'((dx+gs)/2)
RY xRY
b [ % =gl dywdp(x)
X u(x) T R
RY 0o (NP v — [
u(x)?
=1 d (%),
Joy )
where

-2y, U= D/2T(U +49)/2) /w L
- T T(di+99/2) 0 (LFeoP)P[l—¢|lres

Following the similar steps used in proving Lemma 4 we get

//nyd‘uk d‘u /N q\+l ps

RY xRY

=[] 1) =) P KL (k3 (9)d v)
RN xRN
and the inequality (see the proof of Lemma 4 and the beginning of Section 5 for more
understanding)

J[ 1) = a0y ) < €[] Ky dm o).

RN xRN RN xRN

5.1. Proof of Theorem 2

We follow the similar steps of the proof of Theorem 1. As in that case we have
two cases p > 2 and p < 2.

Case 1: p >2
From [4], we have
|u(x)|”
17 p—
/RN /RN V) [P s (x,y)d i (x)d e (v) — Cay 5. /R A dpy(x)

dg(x)  d(y)
+c / / WP @ps (x,y) = — 5
RY JRY Xj(vl ps)/2 y}; ps)/2



HARDY TYPE INEQUALITIES FOR DUNKL LAPLACIAN 153

But since Q C RY bounded, we have ®(x,y) > C(Q)®y(x,y) on Q, and

d d
/RN /RN O)PPps(x,5) (dftk;(m)/z (dilkzgw)/z
// ) = O KD o ) e () e ).
QxQ

The proof of Theorem 2 for p > 2 will be completed by applying Lemma 6.

Case2: 1<p<2

Let f; and f> be as in the proof of Lemma 6 and define D; and D; as in (32) just
by replacing w by wy. Now we have

J[ i)+ [ 6 odu)
D Dy

= (@) [[ b0 v ) () ()
QxQ
= C(Q)HQ()(V).

A similar calculations from (33) to (37) yield

//fl (v, y)d e (x)d g ()

—P
2

o)

<CQH,
(] 1) =Pt =S [ o))

RY xRY
(48)
Similarly for f>
//fz x,y)d . (x)d g (y)
_I’
<CQ)HG, (v)
, 0 ()] :
(] 1) =) Pl () = A [ el )
RY xRY N

(49)
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Combining (48) and (49) we arrive at

Hao(v) <CQ) [[ 1) = () @y ) dte (e v)

RY xRY
0 u()[”
X _Adk,s,p/éﬁ x];\?]s d.uk(x)'

Putting both cases together we can write

I )= s ) = S [ it

N RN
RY xR

> (@) [[ ) =0y ey)dpe (i) (50)
QxQ

A direct application of Lemma 6 and (50) we get the desired improved farctional Hardy
inequality

] 1065) =) P ) )i )= A )

RY xRY

> [ ) = ) Py (5. 3) i )y ).

QxQ
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