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SPLITTING OF OPERATORS FOR FRAME INEQUALITIES

DONGWEI LI

(Communicated by J. Pecari¢)

Abstract. In this paper, we obtain some new inequalities for frames, which are parametrized by a
parameter A € % . By suitable choices of A, one obtains the known results as special cases. Our
new results also make the underlying mathematical structure that gives rise to these inequalities
more transparent than previous approaches: our results show that the main point is the splitting
S =81 +S> of a positive definite frame operator S into the two positive semidefinite operators
S 1 and Sz .

1. Introduction

Frames in Hilbert spaces were first introduced in 1952 by Duffin and Schaeffer [6]
to study some deep problems in nonharmonic Fourier series, reintroduced in 1986 by
Daubechies, Grossmann and Meyer [5], and today frames play important roles in many
applications in several areas of mathematics, physics, and engineering, such as coding
theory [12, 15], sampling theory [20], quantum measurements [7], filter bank theory
[10] and image processing [4].

Let S be a separable Hilbert space and I a countable index set. A sequence of
vectors {fi}ics of A is a frame for 7 if there exist constants A, B > 0 such that

AlFIP < TSP <BIAIP, Vf et
i€l
The numbers A, B are called lower and upper frame bounds, respectively. If A = B,

then this frame is called an A-tight frame, and if A = B =1, then it is called a Parseval
frame.

Suppose {fi}icr is a frame for .7, then the frame operator is a positive self-
adjoint invertible operator, which is given by

S:H — A, Sf=Y{f.f)fi
icl
The following reconstruction formula holds:
f=2 087 =287 ) £
icl icl
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where the family {f;}ic; = {S™'fi}ies is also a frame for ¢, which is called the
canonical dual frame of {f;};c;. The frame {g;}ic; for 7 is called an alternate dual
frame of {f;}ics if the following formula holds:

=X 1) gi= 2 (f.8) f
iel iel
forall f € S (see[9]).
Let {fi}icr be a frame for 7, for every J C I, we define the operator

Sy =Y (f fi) fis
il
and denote J“=1\J.

In [1], the authors solved a long-standing conjecture of the signal processing com-
munity. They showed that for suitable frames {f;}ics, a signal f can (up to a global
phase) be recovered from the phase-less measurements {|(f, fi)|}ic;. Note, that this
only shows that reconstruction of f is in principle possible, but there is not an effective
constructive algorithm. While searching for such an algorithm, the authors of [2] dis-
covered a new identity for Parseval frames [3]. The authors of [8, 19] generalized these
identities to alternate dual frames and got some general results. The study of inequal-
ities has interested many mathematicians. Some authors have extended the equalities
and inequalities for frames in Hilbert spaces to generalized frames [13, 16, 17]. The fol-
lowing form was given in [3] (see [2] for a discussion of the origins of this fundamental
identity).

THEOREM 1. Let {fi}ier be a Parseval frame for 7€ . For every J C I and every
f €I, we have

2 2

S+ ||fH2 (1)

iceJ

PRVNON

ieJe

=Y f £l +

ieJe

D (ffi) fi

icJ

Later on, the author in [17] generalized Theorem 1 to general frames.

THEOREM 2. Let {fi}ier be a frame for 5 with canonical dual frame {f,-},-g.
Then for every J C I and every f € €, we have

SR +Y| (s ) = 3 1) +2\<ijﬁ> NI

ieJ icl ieJ¢ lEI

THEOREM 3. Let {fi}icr be a frame for S and {gi}icr be an alternate dual
Sframe of { fi}ic1. Then for every J C I and every f € F, we have

2

2 <f7gl>ﬁ

icJe

Z<fagl>ﬁ

icJ

2
=Re(z <f,g,->m) N

icJe

Re (z <f,gi>m) N

icJ

3 2
> I 3)
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2. Results and new proofs

First, we give some results for a operator which has same properties of frame
operator.

THEOREM 4. Let S: 7 — ¢ be a positive definite operator. Furthermore, let
81,82 : F — I be positive semidefinite with S = S|+ Sy. Then the following are
true:

1. For i€ {1,2}, we have 0 < S;S™'S; < ;.
2. We have Sp+ 5157151 < S.

3. We have $1871S1 + 5,518, < S.

4. S5+ 815718 =81 +85,571S,.
5

. If p, g € R are chosen such that p(a):==a*+a-(q—p—1)+1—q >0 forall
a € [0,1], then we have

P-Si4q-S2<S+5571s).

6. If p, g € % are chosen such that n(a) = a* —a(l+p)+q+p >0 for all
a € [0,1], then we have

S1—81S71S1 < p-Sr44q-5>.

7. If p, g € # are chosen such that t(a) :=a*+a- (5L —1)+ Tq 0 for all
a € 0,1], then we have

P-S1+q-5 <8158 +85,57'S,.

In all of these statements, we write U <V for all operators U,V : 7 — 7 if U, V
are self-adjoint, and if furthermore V — U is positive semidefinite.

Proof. We first prove the following elementary fact: if P: 7 — 2 is a bounded
positive definite operator, then a self-adjoint, bounded operator X : .7 — J is pos-
itive semidefinite if and only if PXP is positive semidefinite. Indeed, if X is posi-
tive semidefinite, then (PXPf,f) = (XPf,Pf) for all f € 5, so that PXP is pos-
itive semidefinite. Conversely, if PXP > 0, we can apply what we just showed with
P~ ! instead of P to see X = P~'(PXP)P~! > 0. Overall, this means YU, V : /& —
S self —adjointand P: 7 — I positive definite , we have

U<V & PUP < PVP. 4)

Note that S~!/2 is positive definite and bounded, so that the operators U := $~1/25,5~1/2
and V =851/ 2S2S’1/ 2 are positive semidefinite and bounded. Furthermore,

UtV =8512(8+8)8 V2 =5"1255712=1,,. (5)
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Now, we properly start the proof:

(1). Since U, V are positive semidefinite, we have 0 < U < U +V =1, and thus
Iy —U>0. Since I —U and U commute, this implies U U2 U-(ILy —U) >0,
ie., 0 <U?<U. Inview of (4), this implies 0 < S'/2U28'/2 < §Y/2Us'/2. Since
SI/ZUSI/2 Sy and /202812 = 5,871, this implies the claim of the first part for
i = 1. The proof for i = 2 is similar.

(2). In view of (5) (with P = S~1/2), in view of the definition of U, V and because
of V=1, —U (see (5)), we have the following equivalence:

S+ 851571 <SS V+UU <Ly

But we saw in the previous part that U?<U,sothat V+UU <V +U = 1, does
hold.

(3). Part (1) shows S;S~'S; < S; for i € 1,2. Hence, S;S7!'S; + 5,518, < 81 +
Sy=S.

(4). By multiplying from the left and from the right by S™'/“, we see that the
claimed identity is equivalentto V+UU = U +VV . Because of V =1, — U, this is
in tun equivalent to

1/2

Ly —U+UU=U+ Ly —U)(Ly - U),

which is easy seen to be true by expanding the right-hand side.
(5). In view of (4) (with P = $~1/2), from the definition of U, V, and because of
V =1, —U (see (5)), we have the following equivalence:

P-Si+q-5<8$+8S 1S, p-U+q-V<V4+UU
SpU+tqly—qU<IlLy-U+UU
SU+U-(g=p—1)+(1-q)Lr >0
< p(U) 20.

But in the proof of part (1), we saw 0 < U < I, . Since we have p >0 on [0,1] by
assumption, elementary properties of the spectral calculus (see e.g. [1 1, Theorem 4.2])

imply that p(U) is positive semidefinite, as desired.
(6). Just as in the proof of the previous part, we get the following equivalence:

S1—=8S1S7'S1<p-S1+q-SeU—-UULp-V+q-Ly
SU-U*<(p+q)- Ly —p-U
SU>—(1+p)-U+(p+q)-Ly =0
<nU)=0.

Again, just as in the proof of the previous part, we see that n(U) is indeed positive
semidefinite, since 0 < U < I and since 11 > 0 on [0, 1] by assumption.
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(7). Just as in part (5), we get the following equivalence:

P-Si+q-52<818S '8 4+885 1S = p-U+q-VSUU+VV
©pUtq Ly —U)<UU+ Ly —U)(Ly —U)
G20+ U-(q—p—2)+1p-(1—¢)=0
< 1(U) =0.

Again, just as in the proof of the previous part, we see that 7(U) is indeed positive
semidefinite, since 0 < U < I and since 7 >0 on [0, 1] by assumption. [

THEOREM 5. Let S: 5 — S be a bounded, self-adjoint positive definite opera-
tor. Furthermore, let S,Sy : 7 — H be bounded, self-adjoint, and positive semidef-
inite with S = 81+ S». Then for any A € # , we have

A2 A2
(l—T)-SH—(l—T) S < S+ 8515718 =8, 4+ 5,857'S, <S. (6)

Proof. The middle identity is a direct consequence of part (4) of Theorem 4. Like-
wise, the final estimate follows directly from part (2) of Theorem 4.

To prove the first part of the equation (6), we want to apply part (5) of Theorem
4 with the choices p = A — 72 and g=1- ’ITZ . With these choices, the polynomial p
from Theorem 4 takes the form

play=a*+a-(q—p—1)+1—¢q

22 A\’
= 2— _— = _—
=a" —Aa+ ) (a 2) ,

so that p(a) > 0 for all a € [0, 1], as required by part (5) of Theorem 4. An application
of that part of the Theorem 4 completes the proof. [

By choosing S to be the frame operator, and by choosing S; :=S; and S, := Sy,
we see that S, S; and S, are positive semi-definite, that S is positive definite, and that
S =81+ S>. Furthermore, directly from the definitions, we see

(S£f) =D
el

Sif ) =S MWE LI (Safof) = DM (7)
ieJ ieJe

(SS7ISif i) = (S(STI8i£), 87\ = SIS IS P =12

iel
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COROLLARY 1. Let {f;}ics be a frame for 7 with frame operator S. Then for
any A € Z, forall J C I, and any [ € H, we have

(+-2) Sirpe+ (1-2) s i

ieJ ieJe
< S+ SIS sr )
eJe el
—XJ,Hffz I +ZH S7Ussef )|
1€
<N ®)
iel

Proof. We choose S, S» as outlined before equation (7). In view of the “trans-
lation table” in equation (7), and by the definition of the relation “U < V' for self-
adjoint operator U, V, the equation (8) is equivalent to (6). By Theorem 5, the result
holds. [J

REMARK 1. If we take A = 1 in (8), Corollary I is equivalent to Theorem 2. If
we consider S as a fusion frame operator in Theorem 5, we can easily get the [14,

Theorem 3]. If we consider S as a HS-frame operator in Theorem 5, we can easily get
the [17, Theorem 3.5].

THEOREM 6. Let S: 5 — J¢ be a bounded, self-adjoint positive definite opera-
tor. Furthermore, let S,Sy : 7 — & be bounded, self-adjoint, and positive semidef-
inite with S = 81+ S,. Then for any A € # , we have

2
OgSl—SlS1S1<(7L—1)-S2+<1—%) 8. )

Proof. The first estimate of equation (9) is a direct consequence of part (1) of
Theorem 4. To prove the second estimate, we want to apply part (6) of Theorem 4,

2
with p=A—1 and g = (1 — %) =1-1+ %2. With these choices, the polynomial

n from the Theorem 4 takes the form

n@)=a*—a-(1+p)+q+p

22 A\’
— 2 _ — _Z
=a 7La—|—4 (a 2) ,

so that n1(a) > 0 forall a € [0, 1], as required by part (6) of Theorem 4. An application
of that theorem thus finishes the proof. [J



SPLITTING OF OPERATORS FOR FRAME INEQUALITIES 427

COROLLARY 2. Let {f;}ics be a frame for 7 with frame operator S. Then for
any A € Z, forall J C I, and any [ € H, we have

<SIARIE =S8 1

icJ iel

anﬁ+(u~) I AP

ieJe iel

Proof. By choosing S = Sy and S, = Sjc, and by using the “translation table”
given in equation (7), we see that the claim is equivalent to (9), and result holds by
Theorem 6. [

REMARK 2. If we consider S as a fusion frame operator in Theorem 6, we can
easily get the [14, Theorem 5]. If we consider S as a g-frame operator in Theorem 6
for Hilbert C*-modules, we can easily get the [18, Theorem 2.4].

THEOREM 7. Let S: 5 — ¢ be a bounded, self-adjoint positive definite opera-
tor. Furthermore, let S\,Sy : 7 — & be bounded, self-adjoint, and positive semidef-
inite with S = 81+ S,. Then for any A € %, we have

A2 A2 1 1
21—7—1 -S1+ 1—7 Sy <SS S 852858, <S. (10)

Proof. The second of these inequalities is a direct consequence of part (3) of The-
orem 4. To prove the first estimate, we want to involve part (7) of Theorem 4 with

p=2A— %2 —landg=1- 7“72 . With these choices, the polynomial 7 from Theorem
4 takes the form

2 q—D I—gq
Ta)=a +a- | ———-1)+—=
(@) =a"+a ( 2 ) 2

2 2
:az—ka—l—%: (a—%) ,

so that 7(a) > 0 forall a € [0, 1], as required in part (7) of Theorem 4. An application
of that theorem thus finishes the proof. [

COROLLARY 3. Let {f;}ics be a frame for 7 with frame operator S. Then for
any A € Z, forall J C I, and any [ € 4, we have

(zx_%z—1> S +(1——) PR NAI

ieJ ieJe

<SS S+ NS S0e £
i€l i€l
<X IrmI?

icl
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Proof. By choosing S; = S; and S, = Sjc, and by using the “translation table”
given in equation (7), we see that the claim is equivalent to (10). Then the result holds
by Theorem 7. [

REMARK 3. If we consider S as a continuous fusion frame operator in Theorem
6, we can easily get the [14, Theorem 2.13]. If we consider S as a g-frame operator in
Theorem 6 for Hilbert C*-modules, we can easily get the [18, Theorem 2.4].

Next, we give a new type of inequality of frames of Theorem 3. We first need the
following lemma.

LEMMA 1. Let U,V be two bounded linear operators in 7€ and U +V =L,
then for any A € % , we have

UU+A-(V4+V) 2 A2 —A) L.

Proof. Since U+V =1, , we have

UU+AV +V)=UU—-AU*+U)+2A-Ly
=UU—A-(U4U)42A Ly + 2> Ly — A% 1y
=(U—A-Ly) (U—A-Ly)+AQ2—1) Ly
ZAQ2=A)Ly. O

THEOREM 8. Let {fi}icr be a frame for S and {gi}icr be an alternate dual
Sframe of { fitic1. Then forany A € Z , forall J C I, and any f € 7, we have

2

2 <f7gl>fl

ieJe

m@mﬂﬁ@+

iceJ

> (24 —12)-Re <2<f»8i>m>

iceJ

+u—ﬂym<zwxﬂfﬁ)

icJe

Proof. Forany J C I and f € 77, we define operators U,V as

icJe icJ

Clearly, U, V are bounded linear operators and U +V = [ . From Lemma 1, for any
f €, wehave

U UL +AVE)+AVEf) = QA=A L f,f)

and then,

[UFI>+2ARe (V £, f) = A —AMRe (L f, f)
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which implies

IUFI? = 24 =A*)Re (L f,f) —2ARe(V f, f)
= (Q2A—=APDRe(U+V)f,f) —2ARe(V S, f)
= (24 —AHRe (Uf,f) — A*Re(Vf, f)
= (2A=A*Re(Uf,f)+ (1= A%)Re(Vf,f) —Re(Vf,[).
Hence
|UfI*+Re(Vf.f) = (22 —A*)Re(Uf, f) + (1 - A*)Re (VL f),
thus
2
Re (Z <f,gi>m> I3 (foa £ =@A—2%) Re (Z <f,gi>m>
ieJ ieJe ieJ

+(1—7L2)-Re<2<f,gi>m>- O

icJ¢

In the sequel we give a more general result. Consider a bounded sequence of
complex numbers {a;};c;. In Theorem 8 we take

Uf=Y ai(f.g)fi, Vf=20-a){fg)f

icJe icJ
We can get the following result.
COROLLARY 4. Let {fi}ici be a frame for 7 and {g;}ici be an alternate dual
frame of { fi}ic1. Then for all bounded sequences {a;}ic; we have

2

Zal 1,8 fi

ieJ¢

Re (Z(l —ai) (f,8) (/i) )

iceJ

>(M—AZ)-Re<2<l—ai><f,gi>m> +(1-2%-R (2% fr8i) fﬁ>>

ieJ ieJe

REMARK 4. If we take A = % Theorem 8, we can obtain the inequality in Theo-
rem 3.
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