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CONTINUITY OF GENERALIZED RIESZ
POTENTIALS FOR DOUBLE PHASE FUNCTIONALS

TAKAO OHNO AND TETSU SHIMOMURA

(Communicated by I. Peric)

Abstract. In this note, we are concerned with the continuity of generalized Riesz potentials
I, 4 f of functions in Morrey spaces L®"X(X) of double phase functionals over bounded non-
doubling metric measure spaces.

1. Introduction

The double phase functional introduced by Zhikov ([27]) is studied intensively by
many mathematichans. Regarding regularity theory of differential equations, Baroni,
Colombo and Mingione [1, 4, 5] studied a double phase functional

O(x,1)=1" +a(x)?, xeRY, 1 >0

where 1 < p < g, a(-) is non-negative, bounded and Hélder continuous of order 6 €
(0, 1]. We refer to [10, 26] for Calder6n-Zygmund estimates, [12, 15] for the Sobolev’s
inequality and e.g. [3, 7, 8, 9] for other double phase problems.

In the present note, relaxing the continuity of a(-), we consider the case ®(x,7) is
a double phase functional given by

D(x,1) =17+ (b(x)1),

where 1 < p < ¢ and b(-) is non-negative, bounded and Holder continuous of order
0 € (0,1] (cf. [4D).

For 0 < o < N and a locally integrable function f on RV the Riesz potential I, f
of order « is defined by

laf (@) = [ le=yI" () dy:

In [13] we discussed the continuity of Riesz potentials /I, f of functions in Morrey
spaces L®V(RY) of the double phase functionals ®(x,?) in the case ap < v < (& +
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0)p and (o —1)g < v < aq. We refer to [15, Section 5] for the L® case and [14] for
the LPV case.

In the present note we shall extend [13, Theorem 4.1] from the Euclidean case to a
non-doubling metric measure setting. We denote by (X,d,l) a metric measure space,
where X is a bounded set, d is a metric on X and p is a nonnegative complete Borel
regular outer measure on X which is finite in every bounded set. We often write X
instead of (X,d, ). For x € X and r > 0, we denote by B(x,r) the open ball in X
centered at x with radius r and dx = sup{d(x,y) : x,y € X }. We assume that

u({x})=0

for x€ X and 0 < u(B(x,r)) < oo for x € X and r > 0 for simplicity. We do not assume
that ¢ has a so-called doubling condition. So our results are for non-doubling metric
measure spaces. Recall that a Radon measure p is said to be doubling if there exists
a constant ¢g > 0 such that u(B(x,2r)) < cou(B(x,r)) forall x € supp(it)(=X) and
r >0 (see [2]). Otherwise u is said to be non-doubling. For examples of non-doubling
metric measure spaces we refer to [19, 22].

To obtain general results, we consider the family (p) of all functions p satisfying
the following conditions: p : (0,00) — (0,0) is a measurable function such that

r d
[ p6) S < e
0 S

for all sufficiently small » > 0 and there exists constants 0 < k < 1, 0 < k; < kp and
Cp > 0 such that

kor ds
sup p(3) <Gy [ p(s) < ()
17

kr<s<r s

forall r >0 (e.g. [6, 23]). We do not postulate the doubling condition on p.

EXAMPLE 1. If p satisfies the doubling condition, that is, there exists a constant
C >0 suchthat C™! < p(r)/p(s) <C for 1/2<r/s <2, then p satisfies (1) whenever
k=1/2 and 2k; = kp. If p is increasing, then p satisfies (1) with k =1/2, k; =1
and k» = 2. If a > 0 such that

p(r):{r“ 0<r<l1)

e (r=1) (r=1),

then p satisfies (1) with k =1/2, k; = 1/4 and k, = 1/2. See also [18, Lemma 2.5],
[20, 23] and [25, Remark 2.2].

For a function p € (p) and 7 > 1, we define the generalized Riesz potential
Ipyucf of f by
pd(x,y)f ()
I, X)= | ——F————~d ,
Pl = J B ey 4

where f € L' (X). We write Iy y o f =g cf When p(r)=r® for a >0.1If p(r) =r%,
0 < a <N and X = R" with the usual distance and the Lebesgue measure, then I, ;, ¢ f
is equal to Io f'. We refer to [21, 24] etc. for the study of I, ; ¢ f.
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Our aim in this note is to discuss the continuity of generalized Riesz potential
I, uof of functions f in Morrey spaces L®V:¥(X) of the double phase functionals
over bounded non-doubling metric measure spaces X (Theorem 1), as an extension of
[13, Theorem 4.1].

2. Statement of the main Theorem

Throughout this paper, let C denote various constants independent of the variables
in question.

For v>0, k > 1 and 1 < p < oo, Morrey space LP""*(X) is the family of mea-
surable functions f on X satisfying

1/p
rV
||fLP~V~’<<X>:< sup 7/3( )lf(y)”du(y)> < oo

xeX,0<r<dy H (B(x,xr))

(cf. see [16]).
‘We consider a function

D(x,1) : X X [0,00) — [0,00)
satisfying the following conditions (® 1) and (P 2):

(®1) ®(-,7) is measurable on X for each t > 0 and ®(x, -) is convex on [0,eo) for
each x € X ;

(®d2) there exists a constant A; > 1 such that

A< D(x,1) <A forallxeX.

For v >0 and k > 1, the Musielak-Orlicz-Morrey space L®V"¥(X) is defined by

L(D7V7K(X)

1%
={fell.(X): su ri/ @(,—f(y”)d < oo forsome A >0 ;.
{f oeX) 8P B ) Sy T\ 2 ) O

It is a Banach space with respect to the norm

[(D‘v‘rcx—lnf A>0: sup 7/ @(,— d <1
”fH 0 { xeX,0<r<dy ”(B(x» K}")) B(x.r) Y A ,LL(y)

(see [11, 17]).
In what follows, set
D(x,1) =17+ (b(x)1)4,
where 1 < p < ¢ and b(-) is non-negative, bounded and Holder continuous of order
0 € (0,1] (cf. [4]).
Our result is the following.
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THEOREM 1. Let p € (p). Assume that there are constants 1 > 0,1 > 1 and
Co > 0 such that

‘ py) ) ’<C0<d<x,z>)" p(d(,))
u(B(x,td(x,y))) u(B(z1d(z,y))| = \d(xy)/) wu(B(x,1d(x,y)))
whenever d(x,z) < d(x,y)/2. Abbreviate
6kyr 6kyr dkodx Ky
vy = [ o) S [ ap(e) St [P i

klr N

4kydy d 4k2dX d
+r”/ S—V/p—n+9p(s)_+,,n/ S—V/q—np(s)_s
2k1r s 2]{1}’ s

2

for x € X and 0 < r < dx, where k| and k are constantsin (p). If | <k <min{z,1},
then there exists a constant C > 0 such that

16X o f (X) = b(2)lp o f ()] < Cy(d(x,2))

for all x,z € X and measurable functions f on X with || f|[ ev.xy) < 1.

When p(r) = r%, we obtain the following corollary.

COROLLARY 1. Assume that there are constants 1 > 0,1 > 1 and Cy > 0 such
that

d(x,y)* d(z,y)" d(x,z2) ) T dxy)” 3)
u(

w(B(x,1d(x,y)))  H(B(z1d(z,))) ’ . (d()@y) B(x,1d(x,y)))
whenever d(x,z) < d(x,y)/2. Suppose
max{op,(c—n+0)p} <v<(a+0)p

and
(a—m)g<v<og.

If 1 < Kk <min{1,1}, then there exists a constant C > 0 such that

}b(x)laﬂu’ff(x) - b(Z)Ia7ﬂ,Tf(Z)| < C{d(x7 )%V | g (x, Z)a—v/q}
for all x,z € X and measurable functions f on X with ||f|| evxx) < 1.

Compare this with [13, Theorem 4.1] and [15, Theorem 5].

REMARK 1. Assume that there are constants 1 > 0,1 > 1 and Cy > O such that
(3) hollds. Suppose
(a—n)p<v<ap.

If 1 < k <min{t,1}, then there exists a constant C > 0 such that
oo f () = T2 f (2)| < Cd(x,2)* /P

for all x,z € X and measurable functions f on X with || f{|zpv.xx) < 1. Compare this
with [13, Remark 4.2].
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REMARK 2. The referee kindly suggested that the case of p : X X (0,e0) — (0, )
can be treated to discuss the continuity of more general Riesz potentials. But we do not
go into details any more.

3. Proof of Theorem
Before giving a proof of Theorem 1, we prepare the following lemma.

LEMMA 1. Let B €R and p € (p). Let [ be a nonnegative function on X such
that || f||pvx(x) < 1. If 1 < & < 7, then there exist constants C > 0 such that

p(d(x.y)f () B )
/Bm)u(B(x,rd<x,y>>>d<x,y>ﬂd“(”“/o P @

and

p(d(x))f0) s g
Joaon FBd G MO SE[ PR T

forall x € X and 0 < r < dx, where k; and k, are constants in (p).
Proof. Let f be a nonnegative function on X such that || f{[zpvx(x) < 1. Take

y € R such that 1 < y < min{t/x,1/k,2}. If y € B(x,y/r)\ B(x,y/"'r) and j € Z,
then a geometric observation and (1) show

plty)  _  max{Ly¥)
B S — —Tp  Sup p(s)
H(B(x, 7d(x,)))d(x,y)P— u(Bx Y1) (V=10 ity
max {1,y P}
< . . sup  p(s)
[,l(B(X7 ’yj_lrr))(yj_lr)ﬁ kylr<s<yir
Cpmax {1,77P} Yier ds

s) —

S WB P e (P Sy P
by y< 1/k. Using y < 7/K, we obtain
p(d(x,9)f()

/ B 7ir)\BLe 1) ;( (r, 7d(x, y)))d(x 3 W)
Tkyr
< Cpm;j({ll P /y/yklj m /B VRO
B dlyr
< Cpm;j‘{ll s }/y,yklj m/lg(xwr)f(y)du(y).
By Holder’s inequality, we have
/ Blxyir\Bayi=1r) 1L (B (5 (jd(zcjy)));;g()m)ﬁ w0
s

C B Ikyr
- pmax{l y }/Y 2
(¥=1r Yfklr

s 1 1/p
(W ~/B(x7yfr) f(y)p d‘LL (y))



720 T. OHNO AND T. SHIMOMURA

Cpmax{l y Al /Y’kzr (vir) v/p
(¥1r Ykr

. Yior ds

— B\ (yip—Vv/P—B =

Cpmax{l,y }(y r) s $) =

)ﬁfkr
gCpmax{l,yﬁ}max{kr/pw,k;’/pw}/ ’ s*"/p*ﬁp(s)é.

’yjklr N

Let jo be the smallest integer such that k /k; < y/0. Using (6), we obtain

p ()1 ()
S 280 s e P )

< p(d(5,3))/0)
=3 L sonater -1 T e )P O

= v kr d
SCpmax{1,)//3}max{lc}'/pw,lc;/’ﬂr Z/ sV Bp(s) L s
j=0

Jklr S

00k r
<C,,max{l,yﬁ}max{k}'/’”ﬁ,k;/’#ﬁ / 1 s‘v/“"ﬁp(s)é

Jklr

d
gmax{I,Zﬁ}ijomax{kr/ﬁﬁ,k;/pw}/ s_v/p_ﬁp(s)—s

0 s’

which proves (4).
Let j; be the smallest integer such that dy < yjl r. If we use (6),
p(d(x,)f(y)
du(y
Joaten TT A TP 10
p(d(x,y))f(y)

. ) du(y
2 ooty BB s P O

8 vipeB inid PR g 48
<Cpmax{l7y }max{kl }z~/)/lk1r P=Pp(s) .

J1

<

0 ki 1
ngmax{l,yﬁ}max{kr/Hﬁ V/P+ﬁ}z/y ls_v/p_ﬁp(s)é

Ykir N

2y kor
<Cpmax{l7yﬁ}jomax{k‘l//p+ﬁ7k2v/p+l3}/ ’ s*"/p*ﬁp(s)é
Ykir
<max{1 2’3}C j max{kv/pﬂ3 kv/p+ﬁ}/4 vl ﬁp()
X ’ pJO 1 s Ry . s

Thus, (5) follows. [

(6)
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Proof of Theorem 1. Let f be anonnegative functionon X such that || f|| e.v.x(x) <
1. First note from (2) that for x,y € X and r = d(x,z)

|b(x)1p,u,rf(x) - b(Z)Ip,u,rf(Z)|

p(d(x,y)f(y)
< b(x) A(x72r) md“()})

p(d(2.3)0)
Q) [, sty O
p(d(z.y

o [ —(B‘E 2 )() (>))) du ()

Z
p(d(x,y)) p(d(z,y))
+b(x>/);\B(x,2r) ,U( ()C Td( v - f(y)d[,[(y)

) u(B(z,1d(z,y)))

p(d(x))f )
“{”(x’/mmu( Blx, wd(xy) 0

p(d(z,y)f(y)

00 [ A By M)
p(d(z,y))f(y)

1 | e BBl O

p(d(x))f0)
S0 [ BT "’“(”}

=C{L(x)+1(z) +h(z)+5(x)}.

For I (x), we have

9 [ e b(x) =60 F0) ()

~

p(d(x,y))
+/ B(x.3r) mb(y)f(y) du(y)

x,))f(y pde )b f()}
<C/X3, B(x Td (%,y))d(x,y)-® d”(y)+/19(x,3r> LB tdly)  HW)

=CI(x) +11(x).
By (4), we obtain

6kyr
111 (x) <C/ ’ S_V/p+9P(S)§7
0 s
and
6kor d
Ia(x) <C / sap(s) <,
0

For I»(z), we have by (5)
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Finally, for I3(x) we have

p(d(x,y))
13(x) < rn /);\B(x,2r) ‘U(B()C, ld(x,y)))d(x,y)” |b(x) —b(y)|f(y)d[,l(y)
p(d(x,y))
o /X\B<x,zr> (B 1d(x.y)))d(x.y)"
p(d(x,y))f(y)
<o /X\Bu,m (B, 1d(x,y))d(x,y)
p(d(x )b F)}
\8(x20) 1L(B(x, 1d(x,)))d (x,y)
= Clgl(x) +132(x).

Note from (5) that

+r T du(y)

4k dy ds

131( ) < Cr”/ Siv/pinJrep(S) —

2k r S
and

4k2 X dS

I3(x) <Cr”/2 sTV/4 Mp (s )

kll’

Collecting these facts, we obtain

’b(x)lp%rf(x) - b(Z)Ip,p,rf(Z)’ <Cy(r).

Thus this theorem is proved. [
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