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HERMITE-HADAMARD TYPE INEQUALITIES FOR
MULTIDIMENSIONAL STRONGLY /-CONVEX FUNCTIONS

MENGIIE FENG, JIANMIAO RUAN* AND XINSHENG MA

(Communicated by S. Varosanec)

Abstract. We establish some Hermite-Hadamard type inequalities for strongly /-convex func-
tion on balls and ellipsoids, which extend some known results. Some mappings connected with
these inequalities and related applications are also obtained.

1. Introduction

In 2007, Varosanec [26] introduced the concept of /-convexity, which has received
extensive attentions in recent years, see e.g. [3, 10, 15, 19].

DEFINITION 1. Let % : [0,1] — [0,e0) be a given function. We say that f: 9 —
R, where 2 is a convex subset of R", is h-convex if for any X,Y € 2 and o € [0, 1],

F(0X 4+ (1 - a)¥) < h(0) f(X) +h(1— ) f(¥). (1)

This notion unifies several other classes of convex functions, s-convex functions
(in the second sense) [4], P-functions [22] and Godunova-Levin functions [9], which
are obtained by putting in (1) k() = o, h(o) = 0*(s € (0,1)), k(o) =1 and h(o) =
I/a (0 < o < 1), respectively.

Strongly convex functions were introduced by Polyak [20] in 1966, and they play
an important role in optimization theory and mathematical economics. Many properties
and applications of them can be found in the literature (see e.g. [14, 16, 17, 18, 20,
23, 25,27, 28]). In 2011, Angulo, Gimenez, Moros and Nikodem [2] generalized the
classes of strongly convex functions and /-convex functions as follows:

DEFINITION 2. Let h:[0,1] — [0,°0) be a given function and A > 0 be a con-
stant. We say that f: 2 — R, where & is a convex subset of R”, is strongly &-convex
with modulus A if forany X = (x1,x2,...,%,),Y = (V1,¥2,-.-,¥n) € Z and o € [0, 1],

floX +(1-0)Y) <h(a)f(X)+h(l—a)f(Y) - Aa(l-a)lX ~Y]*, ()
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where
X = Y2 = (1 —y1) 2+ (2 —y2) oot (=)

In particular, if f satisfies (2) with h(o) = o, k(o) = o*(s € (0,1)), h(a) =1
and h(a) =1/ (0 < o < 1), then f is said to be a strongly convex function, strongly
s-convex function (in the second sense), strongly P-function and a strongly Godunova-
Levin function, respectively.

Convexity and its generalizations have a very important position in pure mathe-
matics and in applications. A famous application of convex functions is the following
Hermite-Hadamard inequality.

THEOREM A. Let f:[a,b] CR — R be a convex function. Then

(552) < gt [ o 2510

In 1999, Dragomir and Fitzpatrick obtained the variant of Hermite-Hadamard’s
inequality for s-convex functions in the second sense.

THEOREM B. [8] Let f:[a,b] CR — R be a nonnegative s-convex function in
the second sense with 0 < s < 1. Then

() <t o S210

In 2008, Sarikaya, Saglam and Yildririm proved the following analogue inequali-
ties for h-convex functions.

THEOREM C. [24] Let f:[a,b] CR — R be an h-convex function on [a,b].

Then
1 a+b 1 b 1
Zh(%)f< ) ) < b—a/a fx)dx < [f(a)-l—f(b)}/o h(x)dx

In 2011, the authors established the following inequality for strongly /-convex
functions.

THEOREM D. [2] Let f:[a,b] CR — R be a strongly h-convex function with
modulus A on [a,b]. Then

gl (52 o
< @+ )] [ ey~ o—a)

Meanwhile, there are large number of works dedicated to study Hermite-Hada-
mard’s type inequalities in multidimensional spaces. For instance, some inequalities
for convex type functions on rectangles can be referred to [1, 7, 12], and on disks can
be referred to [5, 6, 13, 29]. The motivation of this paper is to deal with analogue
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inequalities for strongly /-convex functions on balls and ellipsoids. Compared with
the methods taken on rectangles, which used on balls and ellipsoids are much more
complicated.

In the sequel, unless otherwise specified, R" denotes the Euclidean space of di-
mension n and |E| denotes the Lebesgue measure of a measurable set E C R", do(X)
is the arc length (n = 2) or the usual surface measure (n > 3) in general. For any
points X = (x1,x2,...,%,), ¥ = (y1,¥2,...,yn) € R" and a,b € R, define the product
of vectors by

XoY = (X1y1,%0)2,- -, XnVn) s

the linear combination of vectors by

aX 4+ bY = (ax; +byy,axy + byy, . ..,ax, + by,),

X|= Rttt

B,(C,r) and 6,(C,r) are the n-dimensional ball and its sphere respectively centered
at the point C = (cy,c¢2,...,¢,) € R with radius r > 0. E,(C,R) denotes the n-
dimensional ellipsoid centered at the point C = (cy,c3,...,¢,) € R" with semiaxises
R=(ri,rp,--+,rm) € R", thatis

and the norm of X by

2 2 2
X1 —C Xy —C Xn — C,
(e 21) +(2 22) +---+7(” 2") <1, 0< 71,7, 1 < oo,
rl }"2 Vn

and S, (C,R) is the sphere of E,(C,R). It is well known that

T nrih!
B" C7 = T\ 611 Ca = T=n . a\ 3
|Bu(C.1)| ey 164(C, 1) T+ 3)
nir Ry e
\En(C,R)\:ﬁ7 1S,(C,tR)| =1"""|S,(C,R)|, t >0, (4)
2

where I'(+) denotes the Gamma function.

Throughout the paper, we also assume that the functions % in Definition 1 and
Definition 2 are always Lebesgue integrable on [0, 1] and are chosen such that 7 (%) >
0.

Now we recall some known results. In 2000, Dragomir obtained the Hermite-
Hadamard type inequality of convex functions on disks in R [5] and on balls in R?
[6]. In 2014, Mattoka [13] generalized the conclusions for /-convex functions on disks
in R2. In 2019, the authors [29] extended the above results to the more general cases
as follows.

THEOREM E. [29] Let f: B,(C,r) — R be an h-convex function on B,(C,r).
Suppose that h satisfies

0

1 ! n—1
1 —2nh (5)/z (1 —1)dt > 0. )
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1 1 A (n)
S 1B4(C, 1) JB.(cr fX)aX < 18,(C, )| Jauic.n fXx)do(X),

n fo " h(e)dt
1—2nh (L) fo = "h(1 —1)dr

H (n) = (6)

THEOREM F. [29] Let f: E,(C,R) — R be an h-convex function on the ellipsoid
E,(C,R). Suppose that h satisfies (5). Then
1 1 A (n) >
— O ——— X)dX < 2 X)dGX’,
50O < B Jnicn” O <@ ooy’ (K4 )
where J (n) is as in Theorem E and X = Ro X' +C € S,(C,R).
Furthermore, if f > 0, we have

L FR)
ECR Jricn” N S T5,CR) SO

where

SHCRITGHY ) and = mingri, ras.... ra}. Q)
nmz

ﬁ(R) =1

With these motivations, one of the purposes of this paper is to establish analogues
of the above inequalities for strongly /-convex functions. Now we are in a position to
state our results.

THEOREM 1. Let f:E,(C,R) — R be a strongly h-convex function with modulus
A on the ellipsoid E,(C,R). Suppose that h satisfies (5). Then

1 A|RJ? 1
2h (%) (f(C)+ n+2) < |E.(C,R)| En(c,R)f(X)dX
H ()

-~ 7 i / _ — 2
S 18.00,0] Jayon” (X)do (x') =22 m)IRE,  (8)

where X =RoX'+C € S,(C,R), # (n) is defined by (6) in Theorem E and

N Ln—1p (1
n) = L+n(n+1) [y " h(1 —1)dt ©)

(n+1)(n+2)[ —2nh (L) fiem- lh(l—t)dt]

Especially, if f >0, we have
1 Z (R
[ — f(X)dX < #
[En(C,R)| JE,(C.R) [Sx(C,R)| Js,(c.R)
where . (R) is defined by (7) in Theorem F.

As a consequence, with the aid of (3), we immediately derive that

f(X)do(X) —AA (n)|RP,  (10)
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THEOREM 2. Let f:B,(C,r) — R be a strongly h-convex function with modulus
A on B,(C,r). Suppose that h satisfies (5). Then

1 Anr? 1
2h (%) (f(c)+n+2) < |Bu(C,7)| Bn(C,r)f(X)dX
H (n)

N _ ()2
< 5, (C.0] 6,1(C7r)f(X)dG(X) An (n)re, (11)

where ¥ (n) and ¥ (n) are as in Theorem 1.

In particular, letting A — O, Theorem 1 and Theorem 2 reduce to Theorem F and
Theorem E respectively.
It is easy to check that (5) holds for A(z) = . Actually,

1 1 1 n
1—-2 - n—1 1— —1— / n—1_ .n _ )
;m<2)Az h(l —1t)dt 1100 t")dt n+l>0

And, a direct calculation yields that .7 (n) = 1,.# (n) = . These facts show that

_2
n(n+2)
COROLLARY 1. [If f:E,(C,R) — R be a strongly convex function with modulus

A, then
A|RJ? 1 r(5+1) 21 |RJ?
< Xngin/ X)do(X')— ———,
w2 S TECR) Jeen” S Tt o/ TGy

f(O)+

where X are as in Theorem 1.
Furthermore, if f is a nonnegative convex function on E,(C,R) and r =min{ry, ry,

.y T}, then
1 r(g+1)/ 2A|R?
S — X)dx < —2—— X)do(X) — .
|Eq(C,R)| En(c.,R>f( ) nm2pn! sn(c.,R>f( JdoX) n(n+2)

COROLLARY 2. If f:B,(C,r) — R be a strongly convex function with modulus
A, then

Anr? 1 1 292
C)+ < X)dX < ——— X)do(X) — .
M52 S Baenl nien” ™ S e Jaen MO0 52
When h(r) =%, 0 < s < 1, integration by parts implies that
1 1 (n—1)!
ﬂ*hhﬁm:/t—IWWmZ . 12
/0 (1= 0( ) (s+1)(s+2)---(s+n) (12)

By (12), Theorem 1 and Theorem 2, we get the following inequalities for s-convex
functions.
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COROLLARY 3. Let f:E,(C,R) — R be a strongly s-convex function (in the
second sense) with modulus A on the ellipsoid E,(C,R). If 0 < s < 1 and
2%(s+1)(s+2)---(s+n) > 2n!, (13)

then

20 /1R2> !
2 (e < X)dXx
3 (f( )+n+2 |Eq(C,R)| En(cmf( :
<8 g (R)do 0) -3
8a(0.1)

where X ,r are as in Theorem I and

n2*(s+1)(s+2)---(s+n—1)
25(s+1)(s+2)---(s+n)—2n!"

2 [(s+1)(s+2)---(s+n)+ (n+1)!]
(n+1)(n+2)25(s+1)(s+2)-- (s +n) —2n!]’
C(5+1) 2n(s+1)(s+2)---(s+n—1) T(5+1)

f = n = n f
2 72 25(s+1)(s+2)---(s+n)—2n! nm3 !

= (14)

= (15)

Furthermore, if f > 0, we have

1

Ire— M o 2
|Ea(C,R)] fz"n<c,1e)f(X)dX< 1S.(C,R)| sﬂ(c,mf(x)da(x) AR,
where
F(R) _ F(% + l)‘Sn(C,R)‘ 2n(s+1)(s+2)---(s+n—1) B ‘S"(()?R)‘%/l

nms -l 25(s+1)(s+2) - (s+n)—2n!  [5,(0,r)|

COROLLARY 4. Let f: B,(C,r) — R be a strongly s-convex function (in the

second sense) with modulus A on B,(C,r) and 2,01 be the constants defined in
Corollary 3. If 0 < s < 1 and (13) holds, then

s Anr? 1
2 c < X)dX
5 (f( )+n+2> |Ba(C,r)| Bn(ar)f( :

4 / 2
< 24 X)do(X) — Anrr?.
Bo(C,r)] i T HIIOX) —Antir

The second purpose in this paper is to provide some applications of the Hermite-
Hadamard inequalities for strongly /-convex functions. In [5] and [6], Dragomir stud-
ied some properties of the mappings connected to the Hermite-Hadamard type inequal-
ity of convex function on disks in R2 and on balls in R3. In [13], Mattoka considered
the similar mappings connected to the /-convex function on disks in R%. Recently,
the authors [29] extended the above results to the general high-dimension balls and
ellipsoids in R”".
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THEOREM G. [29] Define the mapping $ : [0,1] — R by
- 1
D)=
O = CR) e
If f is an h-convex function on the ellipsoid E,(C,R), then

(i) the function $ is an h-convex function on [0,1],
(i) foranyt € (0,1],

F(tX + (1 —1)C)dX. (16)

fO) e N,
S <50 <50 o)+ 2n (3 ) a1 an

THEOREM H. [29] Define the mapping H: [0,1] — R by
H(r) ! ftX + (1 —1)C)dX. (18)

[Ba(C)| Juen

If f is an h-convex function on the ball B, (C,r), then the mapping H enjoys the same
properties as §) in Theorem G.

THEOREM 1. [29] Define the mapping & : [0,1] — R by
1
- _— X)do(X), t € (0,1],
&(t) = [Sa(C,tR)| s,,(c,tR)f( Jdo(X) (0.1] (19)
f(C), t=0.

If f is an h-convex function on the ellipsoid E, (C,R) and (5) holds, then
(i) the function &(t) is an h-convex function on [0,1],

(ii) when f >0, forany t € (0,1], H(t) < F(R)B(1),
(iii) when f >0, for any t € (0,1],
% < &) < B(1) {h(:) +2h (%) (1 —t)ﬁ(R)} , (20)

where F (R) is defined by (7) in Theorem F.
THEOREM J. [29] Define the mapping G : [0,1] — R by
1
3 . X)do(X), t € (0,1],
6= | @ Jocon /MO0 1< 01 @
f(C), t=0.
If f is an h-convex fun~cti0n on the ball B, (C,r) and (5) holds, then
(i) the function G(t) is an h-convex function on [0, 1],
(ii) foranyt € (0,1], H(r) < # (n)G(2),
(iii) foranyt € (0,1],
f(C)
(1) A
Now, we will prove some properties of these four mappings assuming that the
function f is strongly &-convex.

<G <G {h(:) +2h (%) (1 —t)%(n)} . (22)
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THEOREM 3. If f is a strongly h-convex function with modulus A on the ellip-
soid E,(C,R) and the mapping $) : [0,1] — R is defined by (16) in Theorem G, then

(i) 9 is a strongly h-convex function with modulus - +2 IR|?> on [0,1],

(i) foranyt € (0,1],

1 A|R|*t?
2h (%) (f(c)+ n+2 ) (23)
<500 < 601) 10 +20 (5 ) 1 )| - MR 1~y 111

As a consequence, we have the following conclusion.

COROLLARY 5. If f is a strongly h-convex function with modulus A on the
ball B,(C,r) and the mapping H : [0,1] — R is defined by (18) in Theorem H, then H

enjoys the same properties as in Theorem 3 with |R|> = nr’.

THEOREM 4. Let the mapping & : [0,1] — R be defined by (19) in Theorem I.
If f is a strongly h-convex function with modulus A on the ellipsoid E,(C,R) and (5)
holds, then
(i) the function &(t) is a strongly h-convex function with modulus Ar* on [0,1],
(ii) when f >0, forany t € (0,1], H(t) +AK(n)|R|*> < F(R)&(1),
(iii) when f >0, for any t € (0,1],
1

S F@ €+ AT wIRee] 4

N

(R)
(1) [h(t) +2.7(R)h (%) h(1— z)} — AK(n)[R*h(1 —1) — Ar%t (1 —1),

G

<6(1) <

where r =min{ry,ry,...,r,}, Z(R), A (n), J?(n) are as in Theorem 1 and

— 1

H ()= — [1 +2(n+2)# (n)h (%)] .

THEOREM 5. Let the mapping G : [0,1] — R be defined by (21) in Theorem J. If
S is a strongly h-convex function with modulus A on the ball B, (C,r) and (5) holds,

then
(i) the function G(t) is a strongly h-convex function with modulus Ar* on [0,1],

(ii) foranyt € (0,1], H(t) < # (n)G(1) —ln%f;/(n)r2t2
(iii) foranyt € (0,1],
2

f(c )+?Lnf(n)r 1?
(<00 =)

(}()[ t)+2.4 (n h() 1—z} Ar2[1(1—t)+n;?(n)h(1—z)},

where ¥ (n), ( ) and ,%/(n) are as in Theorem 4.
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2. Proof of the Theorems
2.1. Proof of Theorem 1
(i) The facts of £(C) = f(%+25%) and

/ F(X)dX = F(2C - X)dx
En(C.R) En(C,R)

suggest that
1 X 20-X
C)= ——— = )adx
O |Eq(C,R)| En(c.,R>f<2 2 )
<1 [h (1) fX)+h (1) fec—x)— u 2(X —C)]*|dx
= EW(C,R)| JE(cR) 2 2 4
2n (4
_ _2(y) f(X)dX — A IX|2dX. (26)
|Eq(C,R)| JE,(cR) |Eq(0,R)| JE, (0.8)
On the other hand,
/ \X‘ZdX:/ xl—l—xz—f— c4x )dxlde dxp, 27
En(0,R En(0.R)

and (4) implies that

dxd --d. =2— /r" ( ——) i d.

X dx dx X, Fpe-TIy— X, X,

/n( | ) n 1 2 n r(n 1 1) 1 1 2 n
T

where B(-,-) denotes the Beta function. It follows from the basic properties of the
Gamma function and the Beta function that

' B(S n+l> r'r T(3)r(=L) n?
r(4) 2 I(

which tells us that

3 E,(0,R
T r1---rn71rZ=Mrﬁ. (28)

2
dxydxy -+~ dx, =
/n(o7 xn X1axy Xn n+2
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With the aid of (27) and similar arguments as in (28), we have

1 2 2 R2
ORI X[Pax = it RE
|Eq(0,R)| JE,(0.8) n+2 n+2

Therefore, the first part of (8) is obtained by (26) and (29).
(i) Now we turn to prove the second part of of (8). It is not difficult to see that

[ reoax

Ey(C,R)

S / f(RoX +C)dX
B,(0,1)

(29)

=rir:- //01 t(RoX'+C)+(1—1)C)t" 'do(X")at
s {/ G )dt/é(01)f(R°X/+C)dG(X/)

A 2
M- 1 ! !
C)[8,(0,1) |/ h(1 7@“)(“2)/&(071) [RoX'| dG(X)}.

On the other hand, it follows from (29) that

R|?
n+2

EO.R)| = [ xPax
E,(O,R)

1
rlrz---rn/ t"“dl/ |ROX/|2dG (X/)
0 8:(0,1)

rir Iy, 2 /
= T 5 RoX'|"do (X ,
l’l+2 5’1(071)’ | ( )
which means that
RoX'|*do (X') = |B,(0,1)||R]. 20
/5,,(0,1)’ | (X") = [B(0,1)]|R| (30)
Due to (30) and the inequality
2h(%)

f(0) < f(X)dx — —\RF

|Ex(C,R)| JE,(C.R)

we finish the proof of the right part of (8).
(iii) Next we will prove inequality (10). Since f >0 and r = min{r,r2,...,r,},

/Sn<c R) fX)doX) = /s,l(o,mf (X +C)do(X)

>/ f(EoX—kC)dG(X)

6,(0,r) r

=1 RoX'+C)do(X").
r /3’1(071)1‘( oX'+C)do(x')
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That is

v 1
X)do (X') < / X)do(X). 31
/5,1(071)f( ) ( ) =1 $u(C.R) f( ) ( ) 3D
By combing (8) and (31) we complete the proof of Theorem 1. [

2.2. Proof of Theorem 3
(i) Let 71,1 € ]0,1], and o, > 0,00+ B = 1. It follows from (29) that

(ot + Brr)
= m En(C,R)f(a X+ (1 —1)C)+ B [X + (1 —1)C])dX
ha) h(B)

f(nX+(1—1n)C)dX + fX +(1—-1)C)dX

= |E.(C,R)| JE(cR) |EA(C,R)| JE,(c.r)

2
[En(CR)| JE(CR)

2
= W(@)S(0) +h(B)AE) ~ T o o)

which means that §) is a strongly /-convex function with modulus n’lﬁ IR|?> on [0,1].
(ii) For any fixed ¢ € (0, 1], taking the substitution n = (11,M2,---, M), Where
n; =tx;+ (1 —1)c;, we have

- 1
)= ———— tX+ (1—1)C)dX
O = R Jeyen X HIIO)
_ 1 ‘8(x1,x2,...,xn) dn
‘EH(C7R)‘ En(CJR) 8(771’”27""”}1
1
- t"|En(C,R)‘ En(CJR)f(Tl)dn
= ; f(X)dX. (32)

‘En (C7tR) | En(CtR)
Then Theorem 1 gives us that
1 A -
— C+—R2t2)<5§t.
iy (10 5 kPR <50
In this way the first part of the inequality (23) is proved. ~
It follows from the first inequality of (8), the definition of $ and (29) that

. h(z) At(l—1)
< 00 M=
O S ECR] Jeen ECR) Jenicn

<hH)-+a0 -0 |20 (5) 500 - ] - MOk
A|R|?

< [h(,mh (%)h(l _t>]sa<1>— S (1 (1),

F(X)dX +h(1—1)f(C) X —C*dX
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which completes the proof. [J

2.3. Proof of Theorem 4
For any 7 € (0, 1], it follows from (4) that

1
1S(0,2R)| Js,01m)
1

= 7|Sn(07R)| S,,(O,R)f(tX—i_C)dG(X)'

B(1) = f(X+C)do(X)

(i) Let t1,5 € [0,1] and o, >0, oo+ = 1. Then

&(at; + Bra)
1
T IS 0.R)] Js, (o,mf (o (X +C)+ B (X +C))do(X)
ha) h(B)
S (0B Js,on | X TOIAOX) + sy [ S (X FC)doX)
—QLOC[} (ll—lg)z 1 ‘X‘sz(X)

1S,(0,R)| Js,(0.r)
< h(0)®(11) +h(B)&(12) — Arfap (1 — 1)

This concludes the proof of (i).
(ii) For any given 7 € (0, 1], the identity (32) provides us that

~ 1
O = (5 Car)] Jesican EX:

Since f > 0, by Theorem 1, we claim that

1 f( R) =22
_ X)dX < X)do(X)—AK R|~.
EnCaR)] Jeyicom T XV S @R Jsyicom T FIIOX) ~AKMICIR
That is B
B(1) < F(R)B() — ARMIRE?, 1€ (0,1,
where

|S»(0,2R)| i
5,0.m] "

On the other hand, it is clear from (3) and (4) that

ZF(1R) =

Z(tR) = Z (R).
This observation implies that

H(1) < F(R)&(1) — AK(n)|R|*H? (33)
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holds for all 7 € (0, 1]. We complete the proof of (ii).
(iii) Since the first inequality of (25) is easily reached by Theorem 1, (32) and
(33), it remains to prove the second part of (25).

Recalling that
- 1
&) = o 0.R)] sn(o,R)f(tX+C)dG(X)’
we have
~ 1
&) = m Sn(07R)f(t(X+C)+(1 —1)C)do(X)
h(t)
< 7|SH(O,R)| 5.0 SX+C)do(X)+h(1—1)f(C)
X2
< h()B(1) + ( )h (1—0)&(1) — AK(n)[R[*h(1 —1) — Ar*(1 —1)

:65(1)[( +2.%(R () 1—4 AK(n)RPPh(1 —1) — Ar¥t(1 —1),
which completes the proof. [

2.4. Proof of Theorem 5
Since (i) is a special case of Theorem 4 (i), it remains to prove (ii) and (iii). With

the aid of (3), we can arrive at
~ 1

G(t)= 500 Sn(O,l)f(trX +C)do (X'). (34)

As a special case of (32), we easily to see that
~ 1
H() = ————— X)dX. 35
0= B e ™™ o

Thus Theorem 2 means that

- Ji/(n) —
) < 5 e / IO (X) An A ()P
= 2 (0)G(t) — AnA (n)i*r (36)

holds for all 7 € (0, 1], which completes the proof of (ii).
Now we will prove (iii). According to (35), (36) and the first part of (11), we can
deduce that

f(C) + n}f‘:12t2 :

> (2) <H(t) < (n)G(1) — AnK (n)t*r* 37)
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forall 7 € (0,1]. Especially,

£(C) < 2h (%) 2 (n)G(1) — jir; 1+2(n+2)% (n)h (%)}

=2h (%) A (0)G(1) — AnA (n)r. (38)

On the other hand, (34) and (38) tell us that
1

G(t) = —— f((rX'+C)+(1—-1)C)do (X)

164(0,1)[ Js,(0.1)
1

18,(0,1)] J&,(0,1)

= h(t)G(1) +h(1=1)f(C) — At(1 —1)r?

< G(1) [h(t) +2h (%) h(1 —t)f(n)] — A1 — 1) — An A (n)r*h(1 —1).

[h(t)f (rX'+C) +h(1—1)f(C)] do (X') — At(1 —1)r?

Thus we finish the proof of Theorem 5. [J
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