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INHOMOGENEOUS LIPSCHITZ SPACES ASSOCIATED WITH
FLAG SINGULAR INTEGRALS AND THEIR APPLICATIONS

SHAOYONG HE* AND JIECHENG CHEN

(Communicated by J. Soria)

Abstract. This note is motivated by Miiller, Ricci and Stein’s work in [29]. We introduce a new
class of inhomogeneous Lipschitz spaces associated with flag singular integrals and characterize
these spaces via the Littlewood-Paley theory. We prove that inhomogeneous flag singular integral
operators are bounded on these Lipschitz spaces.

1. Introduction

The classical singular integral operators are extension of the Hilbert transform,
which have singularity at the origin only. The nature of this singularity leads to the
invariance of these singular integral operators under the classical dilations on R” given
by 6x = (8x1,...,0x,) for § > 0. On the other hand, the Calderén-Zygmund product
theory of singular integral operators on R” is concerned with those singular integral
operators which are invariant under the n-fold dilations: dx = (81x1, 2, ..., Ouxn),
0; >0 for 1 < j <n. The product theory of R” began with the strong maximal function
studied by Zygmund, then continued with the Marcinkiewicz multiplier theorem, and
more recently has been studied in a variety of directions, for instance, product singular
integrals and Hardy and BMO spaces studied by Chang, R. Fefferman, Gundy, Journé,
Pipher and Stein et al. (see [1, 2, 3,7, 8,9, 11, 15, 16, 27, 34] among others).

To be more precise, R. Fefferman and Stein [11] proved the L?(R"*™™) bound-
edness of the product convolution operators for 1 < p < eo. Chang and R. Fefferman
[1, 2, 3] developed a nice theory of multi-parameter Hardy spaces initially introduced
by Gundy and Stein [15], including the atomic decompositions and their dual spaces,
namely the product Carleson measure spaces. Subsequently, Jouriie [27] introduced
product non-convolution operators and showed an L?(R"*™) boundedness criterion,
the T'1 theorem, for the product non-convolution operators, and many works on the
L?, 1 < p < oo, boundedness and H?” boundedness for operators in Journé’s class were
investigated [9, 19, 34]. By the atomic decomposition of H” (R" x R™) and a geomet-
ric covering lemma in [27], R. Fefferman in [9] proved the H? (R" x R™) to L? (R"*™)
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boundedness of Journé product singular integrals. As mentioned by Journé, this method
of R. Fefferman in two parameter case breaks down in the setting of three or more pa-
rameters. To this end, Pipher [34] proved a Journé type covering lemma in higher
dimensions and demonstrated the H” (R™ x ---R™) to L (R™ x ---R") boundedness
for singular integral operators in Journé class by considering directly their actions on
the atoms supported in arbitrary open sets. In addition, Han et al. [19] obtained the nec-
essary and sufficient conditions for the H? (R" x R™) boundedness of Journé’s product
singular integrals. We would like to mention that Ricci and Stein also considered the
product theory associated with the Zygmund dilations in [35] and see also [10, 20].

A new extension of the multi-parameter analysis came to light with the proof by
Miiller, Ricci and Stein [29, 30] for the L? boundedness, 1 < p < oo, of Marcinkiewicz
multipliers on the Heisenberg group H". This is surprising since these multipliers are
invariant under a two parameter group of dilations on C" x R, which do not reflect
any two-parameter group of automorphic dilations on H". Moreover, they proved that
the Marcinkiewicz multipliers can be characterized by the convolution operator of the
form f* K, where K is a flag convolution kernel. See Nagel, Ricci and Stein [31] for
flag singular integrals on the Euclidean space and applications on certain quadratic CR
submanifolds of C". Nagel, Ricci, Stein and Wainger [32, 33] generalized the theory
of singular integrals with flag kernels to a more general setting, namely, homogeneous
group. They proved that on a homogeneous group singular integral operators with flag
kernels are bounded on L”, 1 < p < o, and form an algebra.

At the extreme values of p, p = 1,0, it is natural to hope that certain Hardy space
and BMO bounds are available. However, the flag singular integrals are not invariant
under the n-fold dilations mentioned above, but satisfy instead an implicit multiparam-
eter structure. In [22] Han, Lu and Sawyer developed a theory of the flag Hardy spaces
H;Zlug (0 < p < 1) on the Heisenberg group H" via the discrete Littlewood-Paley
square function, and proved that singular integrals with flag kernels, which include
the aforementioned Marcinkiewicz multipliers, are bounded on H}’la o (H"), as well as

from H}’la o (H") to LP(H"). More recently, Han, Lee and Li et al. [18] developed var-
ious characterizations of the Hardy spaces in the multi-parameter flag setting. At the
endpoint case of p =, Han, Han, Li and Tan [17] constructed flag Lipschitz spaces on
Heisenberg groups and prove that Marcinkiewicz multipliers are bounded on them. For
other results associated with flag kernels, we refer the reader to [4, 6, 21, 24, 26, 38],

among others.

On the other hand, it is well-known that for the one-parameter setting, the classical
Hardy spaces H?(R") (0 < p < 1) are well suited for the applications to PDEs with
constant coefficients. However, the Hardy spaces H”(R") (0 < p < 1) are not stable
under multiplication by test functions and thus it is not well played when it comes to
PDEs with variable coefficients. To overcome those drawbacks, Goldberg [14] intro-
duced the class of inhomogeneous Hardy spaces h”(R") for 0 < p < 1, namely, local
Hardy spaces. Moreover, he showed that a class of inhomogeneous Calder6n-Zygmund
operators with a mild additional size condition are bounded on them.

Motivated by those works, in this article, we first introduced a class of inhomoge-
neous flag singular integral kernel K (x,y) on R" x R"2. Similar to [29], these flag ker-
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nels can be obtained trough a projection of a inhomogeneous product kernel K*(x,y,z)
on R™"*"2 x R"2. To do this, we begin with recalling the definitions of a class of in-
homogeneous distributions on Euclidean space RY. Following closely from [31], a
k-normalized bump function on a space RY is a C* function supported on the unit ball
with C¥ norm bounded by 1. However, the definitions given below are independent of
the choice of k£ > 1, and thus we usually speak of normalized bump functions rather
than k-normalized bump functions.

For the sake of simplicity of presentations, we will restrict our considerations to
the case RN := R™M*72 x R"2,

DEFINITION 1. A inhomogeneous product kernel on RY is a distribution .#" on
RY which coincides with a C* function away from the coordinate subspace x ;=0 for
Jj=1,2,3 and which satisfies:
(1) (Differential Inequalities) For each multi-indices ot = (04, -+, 06, ), B = (B,
“Buy), Y= (M, ",), there exists a 6 > 0 such that

[ (x1,62,63)] < Cmin { (| + o) 772, (o |+ o) 7270
min{|x3\_"2 \x3|_n2_5}'
10298 (x1,x2,63)[ < Clfer |+ o) ™72 717 Bl min { g |72, g | 7270
|08 A (x1,%2,x3)] < Cmin { (x| 4 o) ™72, (i [+ a]) 7727 g |27
195 080 (1,352,33)| < Cll |+ o) 17721 Pl g 70271, M

(2) (Cancellation Condition)
(i) For each multi-indices o, B and any given normalized bump function ¢ on
R™ and any r > 0, there exists a 0 > 0 so that

\An%(X1,xz,X3)¢(rX3)dX3l <Cmin { (|| + o) 772, (| + )0} ()
2

and

\/ 9% A (x1,x2,33) 9 (rx3 )| < C([xy | + [ )12l =18, 3)

(ii) For each multi-index y and any given normalized bump function ¢ on R*11"2
and any r > 0, there exists a § > 0 so that

| H(x1,%0,%3)Q(rx1,rx0 )dx1dxy | < len{\xg\ "2 s 5} %)

RrR™M +ny

and

| AL (x1,%2,%3) @(rxy, rx2)dx1dxz| < Clxs|™ m={y, 5

R”l*"

(iii) For any given normalized bump function ¢ on R"17%2 x R"2 and any ry,r) >
0, we have

\/Rnﬁnz anJ{(xthm)(p(rlxhr1x2,r2x3)dx1dx2dx3| <C. (6)
X
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Moreover, the corresponding constants that appear in these differential inequalities are
independent of the scaling parameters and depend only on o, 3,y and §.

We will rephrase Definition 2.3.2 in [31] of a flag kernel in the inhomogeneous case as
follows.

DEFINITION 2. A inhomogeneous flag kernel on R"! x R"2 is a distribution %~
on R™*™ which coincides with a C* function away from the coordinate subspace
x1 = 0 and which satisfies:

(1) (Differential Inequalities) For each multi-indices ot = (04, -+, 06, ), B = (B,

-,Bu,), there exists a regularity exponent & > 0 such that

| (x1,52)| < Cmin { Py |7, x| 770 bmin { (g |+ [xa]) 72, (| + |x2]) 7270 )

|08 (x1,x2)] < Clet |71 min { (x| + xa]) 72, (x| + |xa]) 270}

108 (x1,x2)] < Cmin { g |70 [y |70} (x| + o) 727 1B

10898 A (x1,x2,x3)] < Claeg | 7171 (x| + o) 72711, (7)
(2) (Cancellation Condition)

(i) For every multi-index o and any given normalized bump function ¢ on R"
and any r > 0, there exists a 6 > 0 such that

|/an H (x1,22)@(rx2)dxy| < Cnin { x|, |y |18} ®)

and
|/]R"2 3xofe%/(x1,m)(p(rx2)dx2| C‘xl|—n1 lor| ©)

(ii) For every multi-index 8 and any given normalized bump function ¢ on R”
and any r > 0, there exists a 6 > 0 such that

|/Rnl H (x1,22)@ (3 )dxy | < Cmin { x| ™2, |1y 28} (10)

and
/ aﬁf (x1,%2)@(rx )dx| < Clxa| ™"~ 1Bl (a1

(iii) For any given normalized bump function ¢ on R 2 and any ry,r; > 0, we
have

s H(x1,%0)Q(r1x1,rx0)dx1dx;| < C. (12)
As mentioned by Nagel, Ricci, and Stein in [31], the bump functions in Definitions 1
and 2 (2)-(iii) can be replaced by the tensor product of normalized bump functions on
R™+"2 and R"2,
The following theorem is similar to Proposition 3.2 and Lemma 4.5 in [29], which
reveals the relation between the inhomogeneous product kernel and the inhomogeneous
flag kernel.
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THEOREM 1. Let % be an integrable function on R"*"2 x R™ and which is a
inhomogeneous product kernel as in Definition 1. Then the function

H(x1,x0) = /R"Z ,%/ﬁ(xth — X3,X3)dx3 (13)

satisfies (7)—(12) with constants that depend only the constants in (1)—(6) and not on
the L' -norm of 4.
Conversely, given # € L1 (RM*72) satisfies (7)—(12), define

X2

1
'%/n(xlax27x3) = W}C ( )%()Ch)@ +x3)7

il

where ) is a non-negative smooth function supported on [1/2,1]"2 such that [y = 1.
Then J#* is an integrable function on R"™ x R" such that (13) holds and satisfies

(D)—(6).

Note that convolution with a inhomogeneous flag singular kernel is a special case
of product singular kernel. As a consequence, the L”, 1 < p < oo, boundedness of
inhomogeneous flag singular integrals follows directly from the product theory on
R™ x R"2 . A basic question arises: Can one establish the endpoint estimates of in-
homogeneous flag singular integral operators on Lipschitz spaces? The goal of this
note is address this question. To be more precise, we will establish a theory of the inho-
mogeneous flag Lipschitz spaces on R" x R"2, that is, in a sense, intermediate between
those of the classical Lipschitz spaces on R ™2 and the product Lipschitz spaces on
R™ x R™ . For more about the classical Lipschitz spaces and multi-parameter Lipschitz
spaces, see [5, 17, 23, 25, 37, 39].

We will characterize the inhomogeneous flag Lipschitz spaces via the Littlewood-
Paley theory and prove that the inhomogeneous flag singular integral operators are
bounded on these Lipschitz spaces.

Now we introduce the following notation:

A(luﬂ/)f(xlaxz) = f(xl —u,xX3 — V) _f(xlax2)a
Aéfv)f(xl ,X2) = f(x1 +u,xa+v) = 2f(x1,%2) + f(x1 — u,x2 —v),
and

Agvf(xlv)@) = f(x17x2 _W) _f(x17x2)»
AZZf(x1,x0) = f(x1,x0 +w) — 2f (x1,%2) + f(x1,x2 — w).

The inhomogeneous flag Lipschitz space is defined as follows.

DEFINITION 3. Let o = (04, o) with o, 0 > 0. The inhomogeneous flag Lips-
chitz space Lipf,, is defined to be the set of all bounded continuous functions f defined
on R"""2 such that
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(1) when 0 < 0,0 < 1,

AL ] A2 ALAL, LS
g, =11+ swp, o ,)| s '|W|f L uiifi’#oi\(u,v)@fﬁvwz e
where |(u,v)[2 = (Jul? + [v]?)? .
(ii) when o = 1,0 < o < 1,
AL ] A2 f] ALAGE ]
Wl =W 8 Tl 2 ol ¥ 2y s <

(i) when 0 < og < 1,00 =1,

1 2.7 2Z AL
[l = 1ot s ‘A(“”’;‘ wp Ay B B,
flag w0 @)oo Wl o [(ws)]® W]
(iv)when oy = o =1,
MW Al 1
I fllLipe ||fHoo+ sup + sup + —_—
flag (u,v)#£0 ‘( )| #0 ‘W‘ (u,v),w#0 ‘(I/L,V)||W|

When o = (oq,0) with a;,0p > 1, we write o =my;+r; and o =mp + 1)
where my,my are integers and 0 < r{,r, <1 . Then f € Lipﬁ‘ag means that all partial

derivatives 8,{3118B2f(x1,x2) with |Bi| = my, |B2| = my, such that 8)?118[32]‘ belongs to
Lipf,, with r= (ry,72) and

”fHLipgag(ahaz) = 2 ||a£1 a)ngHLipaﬂg-

|B11=m1,|Ba|=ma

In order to establish the boundedness of inhomogeneous flag singular integral operators
on the inhomogeneous flag Lipschitz space Lipﬁ‘ag, we will characterize Lipg‘ag via the
Littlewood-Paley theory. For this purpose, we adapt some notations. Given a function
¢ on R", denote

M, =max{N € N: / P(0)x%dx = 0,a] < N},
]Rn

where N denotes the class of all natural integrals, thatis, N={0,1,2,---}. In what fol-
lows, we use Z(R") to denote the set of all smooth functions with compact support on
R". We begin by recalling the standard local Calderén reproducing formula on R™1172,
THEOREM A. ([36]) Let a radial function qo(()l) € Z(RM*™) satisfy fqo(()l) =1,
and let ¢V (x) = (p(gl)(x) — 2’("1+”2)(p(§1)(§). Then for any given integer M > 0 there
exist two real even functions l//(()l)7 v e (R with M) =M, such that

=Yyl o) s flx), (14)

J=0
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where ‘V,('l)(x) = 2Jlmim)y (1) (2Vx), (pj(-l)(x) = 2/m+m) () (2ix) for j > 1, and the
series converges in L*>(RM*"2), .7 (RM*"2) and .7 (RM+72).

It was pointed by Rychkov [36] that for any positive integer m, the function (!
in Theorem A can be chosen so that M o) = m. We now hope to extend this formula

to encompass the flag structure. Let a radial function (p(()z) € 2(R™) satisfy [ (p(g2> =1
and let @) (x;) = él>(x2) —27™m qoéz)(%). Then for any M > 0 there exist two even
functions l//é2), v € 2(R™) such that M) > M, and

oo

o EW (&) + Y oP 2 e)yP 27 ) = 1.

k=1

Thus, we have the following local Calderén reproducing formula on L*(R™+™): for
feP®RnH™),

)= X wiaxiuxf(x), feLP(RM™),
k=0

where the functions y;; are given by the partial convolution *; in the second variable
only,

l[/j7k(xl,X2) = /an ll/;l)()Chxz — v)l[/,iz)(v)dv,

where y; is yp if j =0, otherwise the dilations of y. @; is constructed similarly.
Observe that the series converges in L?(R"772) . Indeed,

Wik @i f() = (W sy = (01 2 7)) 5 £(x)

= (W 0w (2 5 0) 12 £1x))

implies (15) upon invoking the standard local Calderén reproducing formula on R
and then Theorem A on R"1772,

Noting that ¢; = (p;1> * (p,Ez) € . (RM+72) we will prove that the local Calderén
reproducing formula (15) also converges in both test function spaces . (R™*"2) and
distribution space ./ (R"17"2) as follows.

THEOREM 2. Assume that the functions . and @; are defined above. Then

F) =Yy @i f(x), (15)

J:k=0
where the series converges in . (RMT2) and . (R"2),

We characterize the inhomogeneous flag Lipschitz space by the following theorem.
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THEOREM 3. f € Lipg,, with o= (o1, 00), ou,00 >0 ifandonlyif f € ' (R"*™)
and

@ &% fll L= (i xRm2) < C2 ko

Moreover,

1 llLipg,, & sup 279252 1@ g £ = em -
k=0

It was well known that in the classical one-parameter case, the space BMO, as
the dual of H', can be characterized by the Carleson measure. Moreover, Chang
and Fefferman in [1] proved that the dual of the product H' is characterized by the
product Carleson measure. The generalized Carleson measure space CM OI;M " associ-
ated with the flag singular integrals was first introduced by Han, Lu and Sawyer [22].
They showed that the dual of the flag Hardy space H ﬂa " is CMO”, flag - In particular,
CMO!

Carleson measure space cmo, f1ag Which is defined as the set of f € S (R"M+72) such
that

flag = BM 01 Followmg the idea employed in [22], we introduce the local flag

1
2

swp{ 3 [ S fou ln) Pe)dnds | <o
Q |Q\P JA=07R11IxICO

for all open sets Q in R" x R"2 with finite measures, and I C R", J C R™, are
dyadic cubes with side-length £(1) =27/ and ¢(J) = 2~ U respectively, and where
@; are the same as Theorem 3. As mentioned in [22], we denote bmo 4, by the
space cmo}cl Observe that if f € Lipg,, with & = (01, 02), by Theorem 3, we have

|@j i * f| < C277%127k% Then

Z/ S @i f(xr,x2) P (x) g (x2)dxy dxea
‘Q|Jk>0

QIxJCcQ

gCE 2 272"0"2*2"0‘2/ 2 X1 (1) xr(o2)dx1dxy < oo,
| ‘j7k20 Qp11xJCQ

which means that f € bmoyq, .
Our last main result of this paper is the following theorem.

THEOREM 4. The inhomogeneous flag singular integral operator T is bounded
on Lipﬁ‘ag with oo = (01,00), 04,0 > 0. Furthermore,

1T flliog,, <€l g,

This paper is organized as follows. In the next section, we will give the proof
of Theorem 1. Theorem 2 will be proved in Section 3. Section 4 is devoted to the
Littlewood-Paley characterization of inhomogeneous flag Lipschitz space. In the last
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section, as an application, we prove the boundedness of singular integral operators on
these spaces.

Throughout this paper, the letter C stands for a positive constant which is inde-
pendent of the essential variables, but whose value may vary from line to line. We
use the notation A ~ B to denote that there exists a positive constant C such that
C'B<A<CB.Let jAj bethe minimum of j and j’.

2. Proof of Theorem 1

The main purpose of this section is to show the relation the inhomogeneous prod-
uct kernel and the inhomogeneous flag kernel. One one hand, we first show that if K*
is a inhomogeneous product kernel on R"1*"2 x R"3 | then the function

K(x1,x) = /]R"Z Kﬁ(xl,X2—X37X3)dX3

satisfies (7)—(12). To simplify the notation, we take ¢ = 8 = 0. The extension to the
general case does not present any difficulty.

We prove (7) first. We only verify it for |x;| > 1. If |x;| < 1, the proof below needs
a slight modification, but is even more simple. Let ¢ be a normalized bump function
on R, supported on the unit ball and identically equal to 1 for |x3] < 1/2. Then

K(x1,x) = /an K*(x1,x2 — x3,%3)dx3

- R"2 [Kn()CI,)CZ —X3,X3) - Ku(xlaXZaXB)}(P(XIi)dx:g

—l—/an K*(x1,x2,x3) (x3)dx3 —l—/an K*(x1,x0 —x3,23) (1 — @(x3))dx3
=L+hL+1.

For I; we use the mean value theorem to obtain
| = \/an [K* (1,30 = x3,%3) — K (31, 02,%3)] @ (33 ) s |
<C (bt |+ |2 — Ox3]) 72 s
[x3|<1
< C(|xt|+ peaf) M2

By (2), || < C(|x1| + |x2])~™~"2~% _ Finally,

| < | 12 K (x1,20 — x3,%3)|docs
X3 | =

<C / (1| + [ = 3~ =28 s |23 s
s[>1/2

<Clha |0 (| + o)
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with 6; +6 =6.
Next we prove (10). Then

K(x1,%2)0(rx)dxy = / Kj(xhxz —x3,X3)@(rxp )dx3dx;
RrR™ R JR™

= K*(x1,x2,x3)@(r(x2 4 x3))dx3dxs.
R’lz R’lz
Integrating in du first, we observe that, for each fixed x,, @(r(x, +x3)) is the translate
of a normalized bump function scaled by ». Hence

‘/an K(xl,xz)(p(rm)dxﬂ < C/an min{(\xl\ + ‘Xz‘)*nlfnz’ (‘x1| + |x2‘)*n17n2*5}dxz
< Cmin{|x; |7, |y 7170}

We prove now (11). It suffices for us to check the case where |x;| > 1. Since
|x2| < 1, it has been proved

| [, Keae)p(en)dx] < Chaol ™.

We take a normalized bump function 1 on R"2, supported on {|x|: |x| < 1/2}, identi-
cally equal to 1 on {|x|: |x| < 1/4}, and write

/R”l K(x1,x2)0(rx1)dx;

x
:/R"l s (K (x1,x3,20 — x3) — K* (21, x3,%2)] @ (rx1 )M (—3

) dx1 dX3
%2

—|—/ Kj(xl,x3,x2)(p(rx1)n (x_3> dx1dx;
R JR™ ||

—|—/ Kj(xl,x3,xz—x3)(p(rx1) (1—1‘] <X—3>>dx1dx3
R" JR™ ||
=hL+L+15

Since |x3] < 1/2|xz| in I}, we have
<€ /| . [, min{ () (sl 0 | i
3712

< Cmin{|x,| 2, |x,| 2%} for some &' > 0.

For I, we distinguish between the two cases r < 1 and r > 1. If » > 1, we take a
normalized bump function 7} on R, supported on {|x|: |x| < 1}, identically equal to
1 on {|x|: |x] <1/2}. Then

b :/ Kﬂ(xl,)Q,XQ)(P(V.Xl)Tl ( ) 7 (x3)dx1dx3
R JR™ %2

+ Kj(xl,x3,x2) o(rx1)n ( ) ))dx1dx3
R JR™ x|

=D +1Ixn.
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Since ¢(rx; )n(‘i—zl)ﬁ (x3) is a normalized bump function, (4) implies that

|| < Cmin{|xs| ™2, |xp| 2701

Also,

1 : —n —np—0
2 ny
Iba] < C/\X3|>1/2 /|m<1/r (el pralyrrems mintheal ™, bl 77 pdxidas

< Cmin{|x| 72, |xy| 7279},

If r <1, we take another normalized bump function ¢ on R"', supported on
{|x] : |x] < 1}, identically equal to 1 on {|x| : |x| < 1/2}, and write

~ X
12:/ Kj(xl,x3,x2)(p(rx1)(p(x1/\x2|)n (—3 )dxldxg
R"1 JR"2 |x2\
~ X
[ K e (1 - o/l (i)dxldxz.
R" JR™ \x2|

Then I, can be estimated as in the previous case.
In order to deal with I3, we need a normalized bump function A on R"™ , supported
on {|x| : |x] <1/2}, identically equal to 1 on {|x| : |x] < 1/4}. Then

13=/ / (K (x1,x3,2%0 — x3) — K* (x1,x2,%0 — x3)] @ (r:¢1)
R JR™
« (1 _q (_)) A (;) ddxs
x| x|
+/ Kj(x17x27x2 —x3)Q(rxy) (1 -n <X—3>) A (xz —x3) dxdx;
r SR |2 X2

_|_/ K*(x1,x3,x2 —x3) @ (rxy)
R JR™

<(on()) (2 () s

= I31 + 13+ I33.

Then
ml<ef el x|
X)) — X
ST i<l Jrn (P pealyrm T2
. 1 1 Py
X min ‘)CQ—)C3‘"27|X2—X3|"2+6 X1ax3

< Cmin{|x| 72, x| 7279}

for some 0 > 0. Since (1 —1(x3))A(x2 —x3) is the translate of a normalized bump
function for every x,, we obtain from (2)

1 1
In| < C/ min , dx
el <C [, {<|x1+xz|>nl+"2 (X1|+|x2)"1+"2+5} :

< Cmin{|x| 72, x| 7279},
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Finally,

1 1 1 1
I <C/ ming ——,——— > min
ss| < w32 By s > B { 3|27 [z |2+ } { 2 —x3]12” |y — x3|2td }

< Cmin{ x| 72, x| 7279},

The cancellation condition of (12) follows from Proposition 3.2 in [29] on Heisenberg
group.

We now prove the converse implication of Theorem 1. Suppose that .#~ € L! (R**™)
satisfies (7)—(12). To begin with,

1 _
HH(x1,%0 — x3,%3)dx3 :/ —x (u

R ‘xl ‘"2

= (x1,x2).

) H(x1,x2)dx3

R™2 1

Noting the support of K* and using (7), we have

|7 (x1,%2,%3)|

1 1 1 1
< Clx _”Zmin{ , }min{ , }
il e (ol s Tt (= o+ x )

1 1 1 1
< Cmin , ming ———, —— >,
{ (bt | P2l (g [ 4 o[yt +9 } { 3|27 [xs |20 }

since |x3| < |xo| + |x2 +x3| < C(|x1]| + |x2 +x3|). The other estimates in (1) can be
obtained similarly. The proof of the cancellation conditions (2)—(6) is very similar to
Lemma 4.5 in [29]. We leave the details to the reader. Hence, the proof of Theorem 1
is concluded.

3. Proof of Theorem 2

In order to prove that the local Calderén reproducing formula (15) converges in
both test function space and distribution space, we recall the following well-known
one-parameter almost orthogonality estimates (see, for example, [12, 13]). From now
on, we use the notation j Ak = min{j,k}. For some positive integer N > 1, set

R = {p € S (R"): /an)(x)xadx: 0, <N—1}.

LEMMA 1. Let v, ¢ € S (R") and j k€ Z, j<k. If o € SN(R"), then for
any given positive integer L, there exists a constant C depending only y,@,n,N and
L so that
2-JL

) < 2~ (k=N i )
W/J*(pk(x)‘ C (2—/+\x\)"+L
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To show Theorem 2, we only need to prove that the series in (15) in . (R"1"2) if
f €. (RM*") The convergence in . (R"17"2) then follows from a standard duality
argument. The key for doing this is the almost orthogonal estimates: for any given
positive integers L, N and f € .7(R"™2), there exists a constant C > 0 independent
of j and k such that

1

; SO Al —
‘(Pj,k*f('x)‘ C (l+|x|)L

(16)

Assume that (16) holds for the moment. Given any positive integers M|, M, and
denoting E = {j,k e N:0< j < M;,0<k< M}, by (16),

S | [ 010 IO 30— )]
jkeEe

o / 1 1
<cC ijszkN/
Z R T T (A P o

dyidy>

gc 2 2—jN,2—kN,

—_f N' >0,
e (1 n ‘x‘)L Oor some

since N can be chosen arbitrarily large, which further implies that the local Calderén
reproducing formula (15) holds in .7 (R"17"2).

It remains to verify (16). Note that @; s f = ((pj(.l)
orthogonality estimate on R 1”2

* f)*) (p,Ez) . Thus by the almost

(1) —JjN
@, * f(x)| < C2 (1+ x|yl

which implies

—iN
[pjax f(x)] <C277 (ENFITET=2 (17)
On the other hand, @; ; * f = (pj(.l) x(f*o (pf)) . Arguing as above, we have
|@ja flx)| < €27 (18)

(14 fx[)msma+t?

By choosing a sufficiently large N in (17)—(18) and taking the geometric mean, (16)
follows.

4. Proof of Theorem 3

We first show that if f € Lipg‘ag with o = (o, 00), 0 < o, 00 < 1, then f €
S (RM+12) | To do this, for each g € .7 (R"172) by the local Calderén reproducing
formula (15), we have

gx) = Wikx@jr*g(x),
Jk=0
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where the series convergesin ./(R"*"2). Therefore, for f € Lipf,, with 0 < 0,00 <
1, it suffices to show that ¥ ;o (@ * f, Wjx * &) is well defined for g € &7/ (R"+72).
To this end, we estimate (@ * f, Wjx*g) as follows.

Case l: j=k=0.

wor s =1 [ [ o v ) s = v = w)dwduds
R" xR"2 JR™
< Cflle < Clf i,

This implies that

[{Po.0% f,Wo0%8)| < Cllf lLipg,,

Case?2: j>1,k=0.
(1)

By the cancellation condition on ¢ ;. we have

Qjo* f(x1,x) = // (pj(-l)(u, v)(péz) (W) f(x1 — u,xp — v —w)dudvdw
R xR"2 JR™

:/ / (p}l)(mv)(p(()z)(w)Aéuv)f(xhxz)dudvdw.
R xR"2 JR™ '

The size condition of (pj(-l) and (p(()z) and the fact that f € Lipg‘ag give us that

Q0% f(x1,x2)]

2 )
<CHf||Llpﬂag/‘/l‘gnl R /I‘an |O¢1 2 j+|(M7V)|)nl+n2+l|(PO (W)|dudVdW

< C2 | fll g,

Therefore, we obtain that
(@0 S Wi0* &)l < C277 | flluipg, W0 gl gomsny < C277 | fluigg, llgll-

flag ) S

Case3: j=0,k>1.

Repeating the similar argument as the Case 3, we get

[(Pox* frWor*g)| < C2_ka2Hf”LipgagHgH%
Cased: j>1,k>1.
(1)

Applying the cancellation conditions on both ¢;

and qo,iz) , we have

|(P/,k*fx1,X2)|
//Rnl rm2 Jrm ?j )(” ")‘P( )( )f(x1 —u,xp — v —w)dudvdw|
= | /]R,”X[Rn2 - qoj(. N, v) )(v)AgvA(lw) (f)(x1,x2)dudvdw|

i _ 1 2
<caimiepe [[ [ ol ol )]1() 1wl dudvaw

< 2 imp ke 1/ 1Lipg,
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which yields '
(@jax [ Wiaxg)l < Cz_jO”TkOQ||fHLipg,dg 18-

Combing these four cases, we obtain that

[{@jax [ Wjaxg)| < C27#2752 £ 4,

flag

and thus, (f,g) is well defined. In addition, we also obtain 2/%12%%2|[¢; ; * f| ;= <
CllfllLipg,, forany j,k = 0.

When o = (0, 00) with o =1, 0 < ap < 1, we only need to consider the cases
where j > 1, k=0 and j,k > | since the other two cases are similar. Indeed, if j > 1,

k = 0, noting first that (pj(.l) is a radial function and then applying the cancellation

)

conditions on ¢ i awe have

970 f(x1,x2)]
1 1 2
L Lo ) 15 = )
+ f(x1 +u,x2 +v—w)|dudvdw

1
- §| //]R"l xR™2 JR™ (P;l)(u’V)(p(()z)(W)Az’;vzv)f(xl’xﬁdudw

272
<CHf||L1pﬂag //Rnlxw2 /an 2 T, V)|)n1+nz+2|q)0 (w)|dudvdw

< C29) flluig,,

If j,k>1,then

(ij*f (x1,x2)
/ / » )(w)[f(xl—u7x2—v—w)+f(x1+u,x2+v—w)]dudv
2 R xR an 7
= / / (u,v) @, )( )AWAE;?V)f(x17x2)dudvdw
Rnl XR”Z an )

The last equality follows the cancellations conditions on qog.l)

and (p,Ez) . Hence,

|9k % f(x1,x2)]
e A— 2
<C27275%| | fllipg / /]R _— /]R , 10" ()07 (W) (1, v) [ w] dudvdw

ik
S C2V27 % fllLipg,,-
Thus, (f,g) is well defined and

sup 27252 |y f 1= < CllflLipg, -

Jok=
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All other cases oo = (ay,0) where 0 < oy <1, op =1 or oy = oy =1 can
be handled similarly. For the case where a = (ochaz) with th o, 00 > 1 and oq =

my+ryand op =mp 41y, 0 <rp,r < 1. Set (p, (§ 6) = 27:27&!231 and (I),Ez)(’g' )=

52

(- 271-5 (—2mi&)P2 for j,k >0, where |B;| =m; and |B,| = m;. Then

Qji* f(x1,x2) = P 9B2(¢/,k * f)(x1,x2) = (—1)™" "2 ;. dPLoP2 f(x1,xy),

M, &2

where @ = ¢j *2 (" . Note that 2Jmpkmy @j x satisfy the similar smoothness, size
and cancellation properties as @; x. Therefore, repeating the same proof gives that

@j % f| = [27/m2km (2imigkm .y x 9PLoP2 1]
7 —k o K
< Camimp iy k9P g £l e
— —J —k
=C27/%"12 aszHLipg‘ag'

Therefore, this case can be also handled similarly.
We now prove the converse implication of Theorem 3. Suppose that f € .77 (R"177"2)
satisfying
sup 27412492 | ;¢ f 1= < €
J:k=0

with oq,0p > 0. We first show that f coincides with a continuous function. As men-
tioned,

fen,x2) = 3, Wikx @ik f(xi,x2) in 7 (RMF2).
=)

Then

W @ f(x1,22) | < @ fll= N wiell p < 277127 kaz(sup 2001252 ok f | =)
J.k=0

Thus, the series ;x>0 Wjx * @4 * f(x1,%2) converges uniformly in x,y. Since y;*
@; i * f is continuous in R™*"2 then the sum function f is also continuous in R"1*"2.
Moreover,

Il <C ,sggozf"‘lz"“2||<pj7k*fllvo. (19)
Jkz

Now we show that f € Lipﬁ‘ag. First, if oo = (ot1,00) with 0 < 0,0 < 1, we
then prove that

Ay f(1,x2)| < C|(u,v)[* sup 274125 [, 4 f]| .
' J k=0



INHOMOGENEOUS LIPSCHITZ SPACES 981

From (19), it suffices to consider |(u,v)| < 1. Then
A%u7v)f(xl7x2)

= //Rn1 an[wj’k(xl—u—u/7x2—v—v’)—l//j’k(x1—u/7x2—v/)}(pj7k « f(u' V)du'dv'
J k=0 x

= Z //]R"l RrR™2 /]an A%mv) lVJ('I) (v — wxy —v = w) WIEZ) (w) Qjk* f(”/7 vl)d”/dv/dw'
Ji k=0 x

We now choose a nonnegative integer m; such that 27"~ < |(u,v)| < 27™ , and we
split

|A(1u,v)f(xl 7'x2)|
mjp oo

<A 2*1'0‘12*’6“2// / Al =i o= —w)ylP (w)du'av
(Z(’)/Zf) 1L <R R"2| (u,v)Wj ()Cl u,xa2—v W)Wk (W)| uavaw

+ Sy 2 jeap ke // / Al M) (x —u \xp—V —w @) () |du' dv'dw
e B .

=I+11,

where A = sup; ;- 2/41252 | @; ;% f1| .
’ (1)

To estimate I, applying the smoothness condition on l[/jl

on %52) implies

and the size condition

m oo
1<caS 3 2yt [(4V)
J=0k=0 27

< CA2M =) |y < CAlu|™.

()

To deal with /1, the size conditions on both u/jl )

and 14/,{2 yields

I<SCA Y Y 27imp ke L CA2™™% u| < CAlu|™.
j=m1 k=0
Thus, we obtain that for any (u,v) # 0, (x1,x) € R" 772,
AL f(x1,x0)
(u.v) ’ oy ko
— g S Csup 2025 | ok f -
[(u,v)|™ jk=0 ’

Similarly, for any w # 0, (x1,x2) € R "2 there holds

A2 X1,X2 i
% <€ .S;?fozjalzkaz||‘Pf,k*fHL°°~
J:KkZ

Finally, we prove that

| ARAL ) f (1, x2) | < C ()| w2 S]tlpolfm 25| £l
jik=
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We only need consider |(u,v)| <1 and |w| < 1. Let m;, my be the unique nonnegative
integer such that 271~ 1 < |(u,v)| < 27™ and 277! < |w| < 27™2. Observe that

A%vAEu,v)f(xl ,XQ)

- Z //R"l xR"2 /]an A(luy) lVJ('I) (x1 _u/’xz_V/_W/)Ai WIE2)(W/)(PJ'J€ * f(u/’ V/)du/d‘/dw/'
Jk=0

Now we split the above series by

mi m
! " // / A 2 X _u/’x —v =
(j%l k%z ;E)k%z jzmlkz() JZE)]; R" xR"2 JR"2 (M,V) Wj ( 1 2 )
x Ay V’/E )( W)@ f(u' V)du'dv' dw'
:=B1+ B+ B3+ By.

To deal with the first series B; , applying the the size conditions on both y/<l) and

J
v yields that

Bi| < Y Y 2mimpThe L CARTM2 T L CA|(u,v) | |w| %2

J=my k=mj

To estimate the second series B, applying the smooth condition on y/<l) and the

J
size condition on 1//,52) implies that

‘B2| CAZ 2 2~ jalz—ka2|( )| <CA2n1(1 061)2—712062"/4gCA|(u7V)|a1|W|OQ.

jOk my 2

The estimate for third series B3 is similar to the estimate for B, . Finally, to handle
with the last series By, applying the smoothness conditions on both y/;l) and 14/,52), we

get that

SRy (V)] [wl
|By| < CZ 22 Jjoun—koy )L WL
j=0k=0 272"

< cA2m=e)om(1=02)| (4 )| |w| < CA|(u,v)|* |w|%.

When o = (04, 0) with o = 0p = 1, observe that
A27ZAE’Z WACTRES))

// / () 1 u/,XQ—V/—W/)A%Zl//f)(w/)(p,'7k * f(l V))dd'dv'dw'.
/k>0 R"l XR"Z an X

Repeating a similar calculation gives the desired result for this case. The other two
cases, where oy =1, 0 <o <1 and 0 < a1 <1, op =1, can be handled similarly.
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Finally, when 1 < oy =mj+ry, 1 < op =my+ry, with 0 < ry,r < 1, note that

AVZVA%M V)&ﬁlaﬁZf(xth) = Z // A%M V)&ﬁl IVJ(-I)()CI —M/,)CQ—V/—W/)
’ j,k)O R"1 xR"2 JR"2 ’
x A2 9P 14/,52) W)@jxx f(' V)du'dV dw

for |B1| =my and |Ba| = m,. Again observe that the properties of @1 y/;l) and 9P 1//,52)

are similar to 2/ 14/](.1) and 2km 1//,52) , respectively, and hence the estimate for this case

is the same as the proof for the case where 0 < ¢,0p < 1. Therefore, the proof of
Theorem 3 is completed.

5. Proof of Theorem 4

To prove Theorem 4, we need the following

LEMMA 2. For any f € Lipg‘ag with o = (ay,00), 01,0 > 0, there exists a

sequence {f,} such that f, € L* NLipg,, and fy converges to f in the distribution
sense. Furthermore,

”fn”Lipg‘(,lg < C”fHLipgag?

where the constant C is independent of f, and f.

Proof. To do this, note that, by Theorem 2, for each f € Lipg‘ag,

Fx) =Y Wik f(x),

J:k=0
in the distribution sense. For any fixed n > 0, denote
E={(j,k):0<j<n0<k<n},

and

@)=Y Wixx@jpx f(x).

(J:k)eE
Obviously, f, € L? and convergesto f in the distribution sense. To see that f, € Lipg‘ag7
by Theorem 3,
||f"||Lipﬁ“ag < C sup 29284 [k £ 1.
Jk=

Observe that

Qjx* fulx) = Z Qi Wy * @ x f(x).
(/' K)eE
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We claim that for any given positive integer N and L, there exists a constant C > 0
such that

2—(AJ)L 9= (AT MR )L
(2=GA) 4 [xy |y (2= GATNAR) 4| xy [Jra+L
(20)
Assuming the claim for the moment and applying Theorem 2 again, it follows that if
N>o Vo,

. -/ /
21282 @ x fu(x)] S C sup 27425 @y ok f]| - < ClIA Lipg,
J' k=0

(@i W (0)] < €27V N KKV

which yields that
£ llipg,, < Cllf lILipg,

It remains to verify (20). Note that

1 2 2 2
orx vy = (o1 xyl?) e (9« yi?).
By Lemma 1, for any given positive integer N and L, there exists a constant C > 0
such that
@) Wi (x)]

< €2 =T Ny = k=K IN / _ 2~ GNOL 2~ (kAK)L N
R (20N 4 [y | + g — v]yrtna+L (2=AK) - [y ynatL

By an estimate given in Lemma 52 in [22], (20) follows.
We are now ready to prove Theorem 4.

Proof of Theorem 4. First we claim that if f € L> and T = K * f is a inhomoge-
neous flag singular integral operator on R x R with a inhomogeneous flag kernel
as given in Definition 2, then

ITCF) g < I g - e
Indeed, by Theorem 2,

I7(F) iy, < € stp 22 gy T () -
JkZ

Observe that T is bounded on L?(R"*"2), and hence

QiaxT()(x) = Y, @jp*H xyyp*@ppxf(x).

j/7k/>0

By Theorem 1, JZ (x1,x2) = [pm, 4 (x1,x2 — x3,x3)dx3, where %% is a inhomoge-
neous product singular integral kernel on R"172 x R"2, Note that

(pj7k*z%/* ll/j/7k/(x1,x2) = ,/]R"z q)jk*z%/n *"Ilj/7k/(x1,x2 —X3,X3)dX3,
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1 2 1 2
where ®; 4(x1,x2,x3) = 0 (x1,%2) @ (x3) and ¥y (x1,32,33) = Wi (1, 02 g ().
Applying the classical almost orthogonal estimates with ®; ., .2 “ and W on R+
x R™ (see Lemmas 2.6 and 2.7 in [28]), we have that for any given positive integer M,

|q)j,k * Jf/jj * \Pj’,k’ ()Cl 7.)627X3)|
2—(inf)o 2~ (kAK)o

< Q2 li=iMy—lk—k|M __ . ,
(2—(}/\] ) + |xl| + |x2\)"1+"2+° (2—(kAk ) + ‘xZ|)n2+0'

where 6 =6 when j=0, />0 or j >0, j/=0, otherwise ¢ can be sufficiently
large. Thus, we obtain that

@) A Yy g (x1,%2)
2—(irS)o 2—(iNi'NeAK o

< - li—TIMy—[k—K|M ,
<C2 2 (2—(j/\j’) + ‘xl‘)n1+0' (2—(j/\j’/\k/\k’)+ |x2|)n2+6

Repeating the same proof as in Lemma 2 gives that

sup 2741252 @, o« T(f) = < C sup 274125% gy o x f | 1= < C| £

-
k=0 k=0 HiPllag

if M > oy V 0, which yields the claim (21).
We now extend T to Lipg‘ag as follows. First, if f € Lipg‘ag, then, as mentioned

in Lemma 1, there exists a sequence {f,} € L? NLipg,, such that f, convergesto f in
the distribution sense and || f;, | Lipg, eyl Lipg, - It follows from the claim (21) that

1T =T nigg,, < Cllfo = Folling,
and hence T(f,,) converges in the distribution sense. We define

T(f) = lim T(fy)

n—oo

in the distribution sense. We obtain, by Theorem 3 and the above claim in (21),

17 flluipg, < € .;?fozjalzkazﬂw,k*T(f)HLm
Jkz

< C sup 2791252 lim @4+ T (f,) =
jk=0 neee

< Climinf sup 2j“12k“2\\(pj’k*T(fn)||Loo

e jk=0

< Cli’?lingfHHLipgag < C”fHLipgag'

The proof of Theorem 4 is finished. [
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