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BOUNDEDNESS OF RIEMANN-LIOUVILLE
OPERATOR FROM WEIGHTED SOBOLEV SPACE TO
WEIGHTED LEBESGUE SPACE FOR 1 <qg< p<ee
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Abstract. In the paper, a criterion for the boundedness of the Riemann-Liouville fractional in-
tegration operator from a weighted Sobolev space to a weighted Lebesgue space is obtained for
l<qg<p<eo.

1. Introduction

Let | = (0,00), 1< p,q < oo, lp+%:1 and é+$:1. Suppose that v, p are

positive functions and @ is a nonnegative function on | such that v P, pP, %, p—F
and o~ are locally summable on |

Let AC(I) be the set of all locally absolutely continuous functions with compact
supports on |. Suppose that Ly, = Lp(v,1) is the space of all functions measurable
on | with the finite norm ||| py = ||V f||p, Where |- [|p is the standard norm of the
Lebesgue space Lp(l).

Denote by Wr}(p,v) = Wr}(p,v,l) the space of all functions locally absolutely
continuous on | with the finite norm

I Flwg = llo Fllp+ [0 fp.

In addition, denote by V\olg(p, V) EV\OI,}(p, v,1) the closure of the set AC(1) NW5(p,v)
with respect to the norm of the space WF} (p,v).
Consider the Riemann-Liouville fractional integration operator | o, o > 0:

X

o F(X) :/(x—s)""lf(s)ds, xel.
0
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The problem of boundedness of the Riemann-Liouville operator from V\olg(p,v) to
Lq(@,!) means the validity of the following inequality

lolaflla<CUlp o+ [0F]p), f€Wa(p,v). @

In the paper [8], inequality (1) is investigated for 1 < p < q < . Here we study the
case L<g< p<eoeo.
For an arbitrary positive operator T inequality (1) can be rewritten in the form

loT fllg <C(lpf'llp+ [[vfllp), feWs(p,v). @

When T is the unit operator, necessary and sufficient conditions for the validity of (2)
for all values of the parameters 1 < g, p < e are given in [11] and [16]. The case
0<qg<1, p>1,isinvestigated in [19]. In the paper [12], inequality (2) is studied for
T when it is the integral operator

X
Kf(x):/K(x,s)f(s)ds, xel, @)
0
with the kernel K(x,s) > 0, satisfying the condition: for some number h > 1 the in-
equality
(K(x,t) +K(t,5) <K(x9) < h(K(xt) +K(t,s)) @)

Sl

holds for all x,t,s: 0 < s<t < X< oo, The papers [13] and [7] study inequality (2) for
operator (3), whose kernel belongs to classes O, and O, n > 0, introduced in [14].
These classes O, and O;, n > 0, are wider than the class of kernels satisfying (4);
namely, such kernels belong to the class O; NO; .

In the case p(-) =0, inequality (2) turns into the weighted Hardy inequality

loT fllq < Cllvflp, ®)

and its validity means the boundedness of the operator T from L, t0 Lq,o. The devel-

opment of inequality (2) presented above repeats the same stages of the development of

weighted Hardy inequality (5). Thus, inequality (5) was completely characterized for
X

the Hardy operator H f(x) = [ f(s)ds, for the Riemann-Liouville operator 1, o > 1,
0

and for operators, whose kernels satisfy condition (4) (see the monograph [9] for more
details). Then in the paper [14], inequality (5) was studied for operators with ker-
nels from classes O;; and O, n> 0, in the case 1 < p < q < . There are also
several results investigating inequality (5) for the Riemann-Liouville operator in the
singular case 0 < o < 1. For example, in the works [10] and [17], for 0 < q < e and
1 < p < o criteria for the boundedness of the Riemann-Liouville operator | ,, from L,
to Lq,e are independently found in the case o > % and v(-) = 1. In the paper [18], for
1 < p< g< e inequality (5) for the Riemann-Liouville operator |, was characterized
under the assumption that one of the weight functions is increasing or decreasing. The
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most general results for the Riemann-Liouville operator in the singular case 0 < o < 1
are given in [1].

One more important direction in the development of weighted Hardy inequality
(5) is its investigation for operators with variable limits of integration, which has been
intensively studied in many works (see, e.g., [3], [4], [5], [6], [19] and [20]) in recent
years. This direction is of independent interest, but, as it turned out, it has a connection
with inequality (2).

The main goal of this paper is to characterize inequality (1) for 1 < g< p <
e and a > 1. To achieve this goal, we apply a technique based on equivalence of
inequality (2) and a certain weighted inequality. Then we combine this technique with
the conditions for the boundedness of operators with variable limits of integration on
Lebesgue spaces.

Letus finally note that the boundedness of the operator T from a weighted Sobolev

space Wl(p v) to a weighted Lebesgue space Lq(w,!) can be used to establish the
boundedness of this operator T from a weighted Sobolev space Wl(p v) to aweighted

Sobolev space qql( o) with the norm

gy, = IV H'llas +l0F g

where 1 < g; < e and v is a positive function on | such that v% is locally summable
on |. This means that characterizations of the inequality

HT f ||W¢ql(v,w) < H f HV\OIF}(p,u)’

follow from characterizations of inequality (2). Consequently, using inequality (1) we
can find conditions for the boundedness of the Riemann-Liouville operator | , between
Sobolev spaces. In the paper [13] (see Section 5), this application is described in detail.

2. Preliminaries

In the sequel, the relation A < B means A < CB with a constant C depending
only on the parameters p and . Moreover, if A< B < A we write A~ B.
As in [11], we introduce the following function

Xty

(x.y)=supld>0: /p dt</p P ()t (x—d,x C 15,

X—

with the domain D(6) = {(x,y) : x€ 1,y > 0,[x,x+Yy) € 1}. If we fix x € I, then at
least for a sufficiently small y > 0 we have

p P mdt= [ p~¥(t)ct. (6)
L]

X—=8(xy)
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Let xe | and Dy be a set of y > 0 such that x+y € | and (6) holds. For all x| we
define

d*(x) = sup{d: |0l x-s0xa) ) 1Vl p.x-5(xa) ) < 1, d € Dy},
and d~(x) = &(x,d"(x)). Assume that u~(x) =x—d~(x) and u*(x) =x+d*(x).
Let for some c € | we have
o 0.0+ [0l p0.0) = 110 gt (o) + 101 pi(ee) = = )

For sironplicity, we assume that (7) holds. The validity of (7) is equivalent to the condi-

tion W3(p,v) = W&(p, v) (see [11]). How to overcome the difficulties that arise when
the condition (7) does not hold is also given in [11].

On the basis of Lemmas 1.1-1.3 of [11] the functions p~(x) = x—d~(x) and
ut(x) =x+d*(x) are strictly increasing functions continuous on |. Moreover,

i (v — i (v — oo
Jim u=(x) =0, lim p*(x) = ee.

This gives that 0 < u*(x) <  for any x € I. We need the following statement from

[12] and [13].

LEMMA A. Let condition (7) hold. Then the functions u~(x) and u*(x) are
locally absolutely continuouson | .

Denote by ¢ and ¢~ the inverses of the functions u~ and u™, respectively.
Then the functions ¢ and ¢~ are continuous and strictly increasing on |. Moreover,
0" (x) > ¢~ (x) forany xe | and Ilmqo() |Im(p() oo,

Let us formulate the crucial equwalence statement for inequality (2) with arbitrary
positive operator T proved in [7].

LEMMA B. Let 1 < p,q < o=. Inequality (2) for all functions f € V\O/g(p,v) is
equivalent to the inequality

- ) @\ A e ?
o(X)T fi)dt | (x) | dx| <Ci| [ pP)fP(t)dt (8)
[l Jomea)

for all nonnegativefunctions f € L(p,1). Moreover, C~Cy,whereC>0 and C; >0
are the best constantsin (2) and (8), respectively.

Let a(x) and B(x) be locally absolutely continuous and strictly increasing func-
tions on | such that a(x) < B(x) for any x € | and Iirg+ o(x) = Iir(1)1+[3(x) =0
X— X—

)!im o(X) = )!im B(X) = oo
Consider the integral operator

B(x)
K(x s)ds, xel. 9)

o(X

Re%
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Let Q= {(X,5):0 <Xx< oo, a(X) <s<B(x)}. Let the function K(-,-) > 0 be defined
and measurable on Q. Moreover, K(-,-) does not decrease in the first argument. Let us
define the class ;" (Q2) of kernels of operator (9). The function K(-,-) belongs to the
class 0} (Q) if and only if for K(-,-) there exist functions K1 o(x,s) and V(s) defined
and measurable on Q and the relation

K(x,8) ~ Ky o(X,t)V(s) +K(t,s) (10)

holds for 0 <t < x < e and a(x) < s< B(t), where the constants of equivalency
in (10) do not depend on x, t and s. Note that the classes ¢, and &, n> 0,
are modifications of the classes O, and O;, n > 0, for variable limits of integration
introduced in [15].

The following statement is proved in [2]. For its formulation, we need to construct
asequence {ty}kez such that to € | is a fixed pointand tx 1 = o 1 (B(t)), k€ Z.

THEOREM A. Letl<g<p<eo, 1= %—lp and the kernel K(x,s) of the oper-

ator . belongsto class ¢ (€2). Thenthe operator % isbounded from L, t0 L,
if and only if

r

B = (; (B + (BL) + (Bly) + (B@)f]) <o,

where

Q=

alt) [ @)
B/, = / / K3 (x t)@%(x)dlx

o(ty) tx

il

==

=l
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and

1
. 1
— r
v

it /bt 5 [ B
By — /(/wq(x)dx) /Kp’(t,s)p—rf(s)ds oI(t)dt
(t)

tk t

Moreover, for the norm ||.%°|| of the operator .7~ from Ly, to Lqe the relation
|# ]| ~ B* holds.

3. Criterion for validity of (1)

Here and further we assume that condition (7) holds.

Using the functions u~(x) and u™(x), similarly to above we construct the se-

quence {tx}kez such that to € | is a fixed pointand tx. 1 = ¢ (U™ (t)), kEZ
Let

I
/

0o [ oo A0 P
Bi = /(/wq(s)sq("‘l)ds> / Ux)dx | o%(t)ta@ gt
0o\t 0

==

1
i) 90 T ) 7 '
By = (X— )% 09(x)dx p P(sds| pP(t)dt | ,
() t t
1
tepr / t LP U (k1) # '
B = | [ (/ w%x)dx) (k=9 (9)7%p P(9ds | ()t |
e\l u ()
B (tki1) [t a
Ba=| [ | [ -0 ) oxox
utt)  \e~(t)

Q-
=l

tr1 /et LP ut(t)
Bra = / ( / w%x)dx) / (t— (s)"*p P(g)ds| wI(t)dt

tx t + (tk)
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Assume

1
B, = (2 (Bk1+Bia+Bis+ Brk,4)> )
p ¥ (x)dx.

THEOREM 1. Let 1 <qg< p<e and o > % Let the function U (t) be non-
increasingfor t > 0. Thenthe Riemann-Liouvilleoperator |, isboundedfrom V\O/F}(p,v)
to Lg(w, 1) if and only if B=max{B,B,} < o. Moreover, for the norm ||l |[w—q Of
the operator 1, from W2 (p,v) to Lg(w,1) therelation [[l[jw-.q~ B holds.

Proof. In order not to repeat the steps in the proof of this theorem, similar to those
in the proofs of Theorems 3.1, 3.2, and 3.3 in the work [ 8], we omit them. Therefore,
for more details, we refer to [8].

By Lemma B inequality (1) holds if and only if the operator

B
/ fx)dx | (s)
0

is bounded from Lp(p,l) to Lg(w,l). Moreover, Nellw—g = ||f~a||p_,q, where
\\Ja\\p_,q is the norm of the operator S from L p(p,1) to Lg(w,I). Arguing similarly
as in [8], we get that the operator 4 is bounded from L p(p,!) to Lg(w,1) if and only
if the operators

u(s) ¢ (x)

Fraf(9) = / £(x) / (s—t)* Ldtdx

0 (%)
and
(s
F2al@= [ (5= 9 ()" 1(0x
H=(s)

are bounded from Lp(p,1) to Lg(w,!) with, in addition, | Tl pqg \\Jla\\p_,qu
where ||fl ollp—q and Hfz ol|p—q are the norms of the operators fl o
and f27a from Lp(p,1) to Lg(w,1).

If the operator ﬁm is bounded from L(p,!) to Lgq(w,1), then arguing as in [8],
from the known characterization of inequality (5) for the Hardy operator with variable
upper bound (see [20, Theorem 4.1]), for f > 0 we obtain the estimate

Hnil,aHpﬂq > By. (11)
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Now, we suppose that B; < . Then we have

9\

lo0Aaflla< / 0%s)| [ (5= (0)* U F(x)dx| ds

N\U’\

1
(3) q q
? q

/ (s / s— o~ () tux) F(x)dx| ds
=h+Fk. (12)
In F; we change the variables x = u ~(t) in the inner integral and get

1
q 1
s q

/wq /s Ol OpO F(t)dt| ds| (13)

_ 1 ~
where p(t) = p(/f(t))(%)ﬁ and f(t) = f(u(t)). Using (13) and the non-
increase of the function U, we have

ok+1 q

:%lwq /Ss 07 OF) Ft)dt| ds

2k

ok+1 ok+1 %
< ¥ (U@L /mq (Z/ Pt |pdt> .
k

In the last expression using the discrete Holder’s inequality for q and 4 and taking into
account that

k-1 ”7(2k—1)

U2k b2kl < / U (X)dx = / WP (x)p ¥ (X)dx,
0

N

ok+1 g okl /o b
( / wq(s)sq("‘l)ds> / ( / a)q(s)sq(“l)ds) o9()t9 D,
2k
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we obtain
r 9
200 (= ) v ,
F'< Z/ /@q(s)sq<°“l)ds / uP (x)p P (x)dx ()t
P AN 0
q
2k+l p
|2 [ pofoPda) <slefE w9
k
2k-1

Arguing again as in [8], from the known characterization of inequality (5) for the Hardy
operator with variable upper bound, we obtain F» < By ||p || p. The latter, together with

(12) and (14), ylelds that the operator fla is bounded from Lp(p,l) to Lg(w,l) and
the estimate || fl o |lp—q << By holds. This estimate and (11) give that the operator I, o
is bounded from Ly(p,!) to Lg(w,!) if and only if B; < . Moreover, Hfl,a”p_,q ~
B;.

Since the kernel K(t,x) = (t — @~ (x))* of the operator j;a belongs to the class
07 (Q) (see the proof of Theorem 3.2 in [8]), by Theorem A the operator jz,a is
bounded from Lp(p, 1) to Lq(,1) if and only if By < oo. 2
The proof of Theorem 1 is complete. [
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