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HARDY AND SOBOLEV INEQUALITIES FOR
DOUBLE PHASE FUNCTIONALS ON THE UNIT BALL

YOSHIHIRO MIZUTA AND TETSU SHIMOMURA *

(Communicated by S. Varosanec)

Abstract. We prove Hardy and Sobolev inequalities for double phase functionals ®(x,7) =" +
(b(x)7)? on the unit ball B, as a continuation of our paper [26], where 1 < p < g, b(+) is non-
negative and (radially) Holder continuous of order 6 € (0,1]. The Sobolev conjugate for @ is
given by @*(x,1) =1”" + (b(x)t)9 , where p* and ¢* denote the Sobolev exponent of p and ¢,
respectively, thatis, 1/p*=1/p—1/n and 1/¢"* =1/q—1/n.

1. Introduction

The Hardy-Sobolev inequality says that for f > 0

(/01(/()xf(y)dy>q(1—x)°‘dx>l/q </f (1—y ﬁdy>l/p’ 0

where 1 <p<q,B>p—landoa=Pq/p—q/p'—1 (1/p+1/p'=1) and

([ () vl frora-a) "

where 1<p<gq,B<p—1land o=Bq/p—q/p —1 (seee.g. [10, 15,16,21,22,28]).

The double phase functional introduced by Zhikov ([31]) in the 1980s has been
studied intensively by many researchers. Regarding regularity theory of differential
equations, Baroni, Colombo and Mingione [1, 2, 5, 6] studied a double phase functional

O(x,t) =t” +a(x)t?, xc R t >0,

where 1 < p < g, a(-) is non-negative, bounded and Holder continuous of order 6 €
(0,1]. We refer to [17, 24, 25] for Sobolev inequality for double phase functionals and
to [19, 20] for variational problems with nonstandard growth. For other recent works,
seee.g. [3,4,7,8,9, 11,12, 13, 14,23, 27, 29].
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Let B be the unit ball B(0,1) of R”. In the present paper, relaxing the continuity
of a(-), we consider the case ®(x,¢) is a double phase functional given by

D(x,1) =17+ (b(x)1)4,

where 1 < p < ¢, b(-) is non-negative and (radially) Holder continuous of order 6 €
(0,1], that is,
|b(x) —b(y)| < Cllx| — |y[|® forall x,y €B.

Note that if we write
D(x,1) =1 +a(x)r?

with
a(x) = b(x)?,

then «a is not always Holder continuous of order 6¢.
In the previous paper [26], Hardy-Sobolev inequalities were established when

/BCD(y,(l — Pl F)hay < 1 3)

with f >g—1land 1/g=1/p—6 >0 and

@0 =P L))y < 1 @

with f <p—1.
The Sobolev conjugate ®* for @ will be given in Section 3 by

*

D" (x,1) =17 + (b(x)1)7,

where p* and ¢* denote the Sobolev exponent of p and g, respectively, that is, 1/p* =
I/p—1/nand 1/q* =1/g—1/n. Our aim in this paper is to give a continuation of
our paper [26] by the use of ®*(x,7), which was not used in [26], when (3) holds with
B>qg—1and 1/g=1/p—06 >0 in Theorem 3.1 and (4) holds with f < p—1 in
Theorem 3.3. Our strategy is to apply Theorems 2.1 and 2.4, which are extensions
of the classical Hardy-Sobolev inequalities (1) and (2) to the unit ball. which are the
Hardy-Sobolev inequality in B. Both Theorems 3.1 and 3.3 are strongly affected by
double phase as will be seen in Remark 4.1 below.

As an application of Theorems 2.1, 2.4, 3.1 and 3.3, we discuss behaviors near the
sphere for functions in C!(R") (see Propositions given after the theorems).

Our final aim is to treat the borderline case in Theorems 3.1 and 3.3. For this
purpose, we prepare Theorems 5.1 and 5.4, which are the critical case of Theorems 2.1
and 2.4.

Throughout this paper, let C denote various positive constants independent of the
variables in question. The symbol g ~ & means that C~'4 < g < Ch for some constant
Cc>0.
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2. Hardy-Sobolev inequality in B

Let B(x,r) denote the open ball centered at x € B with radius r.
In B, Hardy-Sobolev inequality can be stated in the following (cf. [28]):

THEOREM 2.1. ([26, Theorem 2.1]) Let 1 < p<gq, B >p—1and a=Bq/p—
q/p' — 1, where 1/p+1/p = 1. Then there exists a constant C > 0 such that

(g v ) 1) Ve (flrora-uis) "

By Theorem 2.1 we discuss a behavior near the sphere.

PROPOSITION 2.2. (cf. [18, Theorem 6.5], [22, Theorem 4.3.1], [30]) Let 1 < p
<qgand 0 < e < 1/q. Let u be a function in C'(R") such that

/B(\Vu(y)l(l — DO (1= y))Pdy < ee.
Then

1
lim(1 - r)®

_ dx=0
A= BN B0 S

and

. . 1 _
lim(1- 1) (W L, Iu(ré)dS(é)) -

where |S(0,r)| denotes the surface area of the spherical surface S(0,r).

Proof. First note

Uo(rg) == [u( é) u(0)]

/ u(t€)de

/ |Vu(t&)|dr

forO<r<1and|§|=1.Then

! 1—n
m/s(o,l)UO(ré)d 5(0,1 |/ )|yl "dy. %)
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Thus for r > 0 Theorem 2.1 gives

(1= ir/,l (S(O17 - /S(OJ)UO(@ds@)) di

<08 (5 (o0 )

B V ! 1/q
< (/ (/ \ u(y)||y|1_ndy> (1—\x\)°‘\x\1—n x)
\B(O,r) B(OJ) ,

1/p
<ot la([ (Vb (- )Py )
B\B(0,r)

<C (IVa()[(1 = |y[)*)" (1= [y)P~'dy
B\B(0,r)

since (1—n)/q+1—n<0,where B=(p—1)+ep>p—1and a=Pq/p—q/p —
1 =¢eq—1<0. Here note

-0 [ (5 g 0818 )

1
~(l =)
(1=r) B\ B(0,r)| JB\B(0,7)

Up(x)dx forO<r<1,
which yields

lim(1 —r)‘g;/ Up(x)dx = 0.

=1 B\ B(0,r)[ JB\5(0.1)

Moreover, it is seen from (5) that

1
lim(1 =) (oo [ Uo(rE)as ):0.
tin( ¢ (7 g, o214
Noting that |u(x)| < |Uo(x)|+ |u(0)|, we establish the required result. [J

REMARK 2.3. Consider the function
u() = (1— )~ 1
for a > 0. Then
(1) [Vu(x)| =a(l—|x])~"" and

/B(IW(X)\(I —[x)#)P (1 = )P dx < oo

ifand only if (—a—1+¢)p+p>0;
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2)

lim (1 r)° (m / (O’r)u(r@dS(é)) 0

if and only if —a+¢€ > 0.

This implies the best possibility as to the power € in Proposition 2.2.

THEOREM 2.4. ([26, Theorem 2.2]) Let 1 < p<q, B<p—1and a=Bq/p—
q/p’ — 1. Then there exists a constant C > 0 such that

</B </B\B<o,x> f(y”dy)q(l - x)adx> sC (/B FIP(1 - Iyl)ﬁdy> 1/,7.

By Theorem 2.4 we discuss a behavior near the sphere, as in Proposition 2.2.

1/q

PROPOSITION 2.5. Let p > 1 and € > 0. Let u be a function in C'(R") such
that

L Va1 =b) )" (1=l ~ay <o

Set

Ui(x) = Uy (r§) = limslup u(r) —u(t&)|.

—
Then
1

lim(1 — ’87/ Ui(x)dx=0

P BV BO, Al eaon VT
and

tim(1 =) (55771, C1E14EE) ) =0

Proof. To show this, note
(&) —ute®)] = | [ SuteE)ar
< [ 1vutg)lar

forO<r<t<1and|{|=1.Then

1

1
- <—— \V4 1—n :
S0 /5(071)Ul<r§>ds<é>< SO A\ ©)
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Thus for r > 0 Theorem 2.4 gives

(1—r)felir/r1 (s(0171)| [9(071)(]1(;5)615(5)) dt
<=0 <lir/rl (S(Ol,l)| B\B(01) Vi)l |y|1_ndy)th)1/q

1 q : 1/q
<c(/ (/ [Vu(y)| [y "dy) (1= )}l ”dX>
B\B(0,r) B\B(0,
N o 1/p
<crtta([ (Rl - Py
B\B(0,r

S (TN 1)) (1= e

where 1 < p <gq, B:(p—l)—£p<p—l and o =Bq/p—q/p'—1=—eq—1.

Here note
Lo
=055 | (7 o 858 )

1
~(l—p) e
B\ B(0,r)| /B\B(0,r)

Uy(x)dx forO<r<1,
which yields
1
lim(l—7r)f —rv—r
A BB AT o

Moreover, it is seen from (6) that

. e 1 _
}gr}(l—r) (m/‘g(o’r) Ul(rg)ds(g)) =0. O

REMARK 2.6. Consider the function

u(x) = (1 - Jx])°

U, (x)dx=0.

for a > 0. Then
(D) [Vu(x)| = a(l — |x[)*~" and

/B(\VM(X)I(I — )P (1 =[x dx < oo

ifand only if (a—1—¢&)p+p>0;

2
. e 1 _
100 (5577 o 09459 =0

ifandonlyif a—¢e>0.

This implies the best possibility as to the power € in Proposition 2.5.
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3. Hardy-Sobolev inequality in B for double phase functionals
In this section, we give Hardy-Sobolev inequality in B when @ is a double phase
functional.

Let p* and ¢* denote the Sobolev exponent of p and ¢, respectively, that is,
1/p*=1/p—1/nand 1/q* =1/q—1/n. The Sobolev conjugate for @ is given by

5

O (x,1) =17 + (b(x)1)7 .

THEOREM 3.1. Let 1 < p<g<n, B>qg—1and 1/g=1/p—0 > 0. Set
F(x) :/( y |f(y)|dy. Then there exists a constant C > 0 such that
0,|x])

“(x, (1= |x))P/a= 1" F (x)) dx
[0 (=P p ) dx < c
when [ (s, (1= y)P/11£(3)dy < 1.
B

Proof. First note from Theorem 2.1

</B <(l _ |X|)ﬁ/qil/n,/3(o7|x|) s >|dy> ' dx)
= (/B [FIP (L= y>ﬁp/,,dy> 1/p

when (B/q—1/n")p* = (Bp/q)p*/p—p*/p'—1 and Bp/q>p—1since f >q—1.
In this case,

(fa-serpad <c( f-pismpra)

Next note
PO = [ )b ~ b))y + / [0 FONEOIY

< C/ o, | [(1—y) 9dy+/ FO)Ib(y)dy.

1/p*

Theorem 2.1 gives

¢ 1/q*
Bl R, .
(/B(u P [ I b)) d)

1/p
¢ (/B £ =p)eP(1 - |y|><ﬁ/‘f">"dy)

e[ flrmra-pipria)”
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when (B/q—1/n")q" = (Bp/q—0p)q*/p—q*/p'—1 and Bp/q—6p > p—1 since
B > g — 1. Moreover,

(A(u—uwm*ﬁém”vww@mofm)w*
<c( fromora-wra)”

since (B/q—1/n)q* =Bq*/q—q* /¢ —1 and B > g — 1. Thus
’ q
/ (1= )Pl p () ax<c
B
when /<1)(y7 (1—|yDP/9)£(y)|)dy < 1 . This completes the proof. [J
B
In the same way as Proposition 2.2, we have the following result.

PROPOSITION 3.2. Let l<p<qg<n, B>qg—land 1/g=1/p—0>0. Let
u be a function in C'(R") such that

01— )PV ey < o=

Then
, 1
li 1—p\Bla—t/p' -
rf}(( ") IB\ B(0,r)| B\B(O,r)|u(x>|dx
/ 1
+ (1 —p)Bla-t/da _ b dx) =
(=P BT oo PO )

and

im (1Pt i [ s )

r—1

St s [ bl as(E) =0
For this, note that
(B/q—1/n)p" = (Bp/a)p"/p—p"/p'~1 and Bp/q=(B/q—1/p)p+p—1
and
(B/g—1/n")a" =Bq"/a—q"/qg =1 and B=(B/q—1/q)q+q—1.

Next we consider the dual Hardy operator.
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THEOREM 3.3. Let 1< p<qg<n, B<p—1and 1/g=1/p—0 > 0. Set
G(x) = / |f(V)|dy. Then there exists a constant C > 0 such that
B\B(0,]x])

o, (1= |x)B/P=1" G(x)) dx
[ @ (=P 6 ax< €
when [ (s, (1= [y)P/7|£())dy < 1.
B

Proof. First note from Theorem 2.4

(/B <(l - |X|)ﬁ/p71/"/ /B\B(OJX\) f(y)|dy> ' dx) :
o fsmra-ura)

when (B/p—1/n")p* =Bp*/p—p*/p'—1 and B < p— 1. In this case,

(L vrewya)” <e( [a-ppmsora)

Next note

PG = [ ) OOy [ b))y

Cap)? [ U0avt [ )by

Theorem 2.4 gives

(/B <(1_X|)ﬁ/pl/n/Jre/I;\B(QX)f(y)|dy>q*dx> 1/q*
e[ fsmra-mra)

when (B/p—1/n+0)q* =Bq*/p—q*/p'—1 and B < p — 1. Moreover,

( / ((1 P [ o) dx> "
<c( fromorma )

when (B/p—1/n")q" = (Bq/p)q*/qa—q"/q' — 1 and Bg/p < q—1since B <p—1.
Thus

*

/B ((1 — |x|)ﬁ/17*1/n’b(x)G(x)>q i< C
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when /dD(y, (1—[y])B/?|£(y)|)dy < 1. The proof is now completed. [J
B
In the same way as Proposition 2.5, we have the following result.

PROPOSITION 3.4. Let 1< p<qg<n,B<p—1land1/g=1/p—60>0. Let
u be a function in C'(R") such that

00— P (Vu(y) )y <

Then
/ 1
li 1—p)yBla=1/p) __ ~
fim((1-1) BV B0, Jwaon O
/ 1
+(1—p)Bla-td) ___—__ U (x)dx) =0
t=n BB oo "1

and

im ((1— )~ B/a-1/) L ,
tim (1= )~ (#/a-1/7 . /S(OJ)Ul(é)dS(é)
1

_\—(B/a—-1/q)
= 50,7

[ prgue)as)) =o.
S(0,r)

4. Sharpness

We discuss the sharpness of Theorem 3.1 in the double phase setting.

REMARK 4.1. In Theorem 3.1, the single condition that

LAr@Ibmya—ly)Pay <1

may not imply
/ (b1 = )Pl () ax <.
B
In fact, for O < r < 1 and a > O consider

b(x) = { x| — 7% on B\ B(0,r);

0 on B(0,r);
and
£ =g
Then note

M [N ) dy =0
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(2)/ fu()|dy = Cra for x € B\ B(0,r):

,
3) li (1— |x|)B/a=ti a d) dx = oo.
@ tim [ (s -mPet [ o)) as

5. The borderline case
The borderline case § = p — 1 in Theorem 2.1 is known.

THEOREM 5.1. ([26, Theorem 5.1]) Let 1 < p < q. Then there exists a constant
C > 0 such that

( / ( Lo f(y)ldy>q(1 ~ ey (log(e/(1 — x|>>>—“dx) "

, 1/p
(/ LFO)IP(1—y))P " (log(e/(1 — [y])))?/? +<1a>p/qdy>
when a > 1.
REMARK 5.2. Let p,g be as in Theorem 5.1. Suppose a; > a > 1 and
I+(1—a))/g<y<1l+(l-a)/q.
Consider

f() =1y (log(e/(1—[y[)))™" onB.
Then

() [ A6 = P (logle/(1 = pl))r - lady < oo

® | ( / dy) (1~ Ix]) ™ (log(e/ (1 — [x])))“dx = o.

This 1mphes that in Theorem 5.1, the exponent p/p’ + (1 —a)p/q could not be
replaced by a smaller p/p’+ (1 —ay)p/q.

The borderline case § = ¢ — 1 in Theorem 3.1 is treated in the following.

THEOREM 5.3. Let 1l <p<qg<nand 1/g=1/p—0>0. Set
Fe= [ £y
B(0,]x])
as before and

L(y) = 1+ (log(e/ (1= ) ¥+ =9/ 1 (log(e/ (1 — )PP+ =P/,
If a > 1, then there exists a positive constant C > 0 such that

[0 (v (1= b (1)) (logle/ (1= a])) “dx < €

when [ @3, (1= |y« /91 () L)y < 1.
B



330 Y. MIZUTA AND T. SHIMOMURA

Proof. In view of Theorem 2.1 we have

* 1/[7*
(f(o- \x|>*1/ﬂf“/"F<x>)” )
B
1/p*
(/F — |x))f 1/‘Hl/”)”*dx)
H 1/p
<c( flrora-phreviay)

/
<c(flrora- |y|>P<q-“/qL<y>dy)l !

when (—1/g+1/n)p* = (p(¢—1)/q)p*/p—p*/p'—1 and p(¢g—1)/g>p—1.
As in the proof of Theorem 3.1, note

<l ONa=bDlavs [0y

Theorem 5.1 gives

sy 0 q" 1/q*
—xD™ +1/n _ e —|x —a .y
(/B <(1 )= /B(O.,|x|) FOIT=11) dy) (log(e/(1 = |x[))) d)

: C A\
C(/B (|f(y)|(1_|y|)9>p(l—|y|)p_1(log(e/(1—\y|)))p/p+(l_“)p/q dy) ’

1/
= (/ FO)IP (1= |y))P~ 1+9P(1og(e/(1—y|)))p/p’+(1—a)p/q*dy) !

1/p
c( fuora-pire )

Moreover,

7 1/q*
—Ix —1/q+1/n B L))
(/B (= msm [ owiay) Gogte/ (1~ 1)) d)

, . 1/q
¢ </B('f O)IB()) (1= y)¢ (log(e/(1 — [y])))¢/a+(1-aw/a dy)

1/
c( oo - ima)

since a > 1.
Hence we find

/B((l — )T () F ()7 (log(e/ (1 — |x))~“dx < C

when a > 1 and /‘D(y,(l — )V ) L(y)dy < 1.
B
Thus we obtain the required inequality. [

Finally we treat the dual Hardy operator. The borderline case 3 = p — 1 in Theo-
rem 2.4 is known.
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THEOREM 5.4. ([26, Theorem 5.5]) Let 1 < p < g and a < 1. Then there exists
a constant C > 0 such that

( / ( Lo If(y)ldy>q (1~ )~ log(e/ (1 - x|>>>-“dx) "

/ 1/
c ( o) (L= 1y1)7 " GogCe/ (1= )/ +(1_“)p/qdy> ’

With the aid of Theorem 5.4, we obtain the following result as in Theorem 3.3.

THEOREM 5.5. Let 1l <p<g<nand 1/g=1/p—0>0. Set
Gw= [ Ifly
B\B(0,|x])
as before. If a < 1, then

[0 (5 (U= )76 ) ) (tog(e/ (1= b)) “dx < €

when' [ (3, (1= )~ 1/7 7)) Jog(e/ (1= )7 0=/ dy < 1,

Proof. In view of Theorem 5.4 we have

(06 tostertt )

1/p

< ¢ f L0 oete/ (1 P/ -rir gy

As in the proof of Theorem 3.3 note
PG < CU-1)® [ UfG)ldy+ [ f) b0y
B\B(0.Jx) B\B(0.Jx)

By Theorem 5.4 we obtain

*

( I (U — )P ) If(y)ldy>q (log(e/(1 - x|>>>-“dx) -
B B\B(0.[x])

7 1/q*
— — |x)~Vatl/n e —|x[))) " “dx
—(/B (=g o [ Ny Goste/(1 - ) d)

, L\
c ( LGP (1= Iy tog(e/ (1= [yy)/#'+ 1=l dy) ’

’ * 1/
c ( O (L= 151)7 " ogle/(1 = yy)y/#'+ - rle dy) ’

when a < 1. Moreover, Theorem 2.4 gives

7 1/q*
—lx —1/p+1/n 5
( f (@m0 d)

1/
o fjaropoyra - ppre-iray)
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when (—1/p+1/n)q" = (q(p—1)/p)q*/q—q*/q'— 1 and q(p—1)/p < q—1.

Hence we find

/B((l — )P ()G () (log(e/ (1~ []))) “dx < C

when [ @(y, (1= )7~ 1/7 7)) logle/ (1 s/ =77 ay < 1.
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