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ABSTRACT HARDY SPACES

YIN Liu

(Communicated by I. Peric)

Abstract. In this paper, we study the abstract Hardy spaces on spaces of homogeneous X .
Firstly, we give the definitions of the atomic Hardy spaces H’,, and the molecular Hardy spaces
Hé ot (0 < p < 1). Secondly, we give out the comparison between our Hardy spaces with some
other Hardy spaces. Finally, we prove the continuity theorem of the sublinear operator on the
Hardy spaces and give an example.

1. Introduction

The real variable theory of Hardy spaces H”(RR") on the n-dimensional Euclidean
space R" has received more and more attention in recent decades, which initiated
by E.M. Stein and G. Weiss [36], and then systematically developed by C. Feffer-
man and E.M. Stein [21]. C. Fefferman and E.M. Stein [21] brought real variable
methods into this subject, eventually, the evolution of their ideas led to the atomic
or molecular characterizations and the applications of Hardy spaces, see the articles
[3,6,13,15,22,25,26, 31, 33, 38, 39, 41, 43, 45] and the references therein. Further-
more, the atomic and the molecular characterizations enabled the extension of the real
theory of Hardy spaces on R” to spaces of homogeneous type, which is a more general
setting for function spaces than Euclidean space [11, 12].

There are lots of applications in various fields of analysis, for instance, harmonic
analysis, functional analysis and partial differential equations, see the articles [1, 2, 4,
5, 8,9, 18, 19, 20, 23, 29, 30, 32, 34, 40, 42] and the references therein. Moreover,
it is well known that when p € (1,00), LP(R") and HP(IR") are essentially the same,
however, when p € (0,1], the space H?(R") is more suitable for problems emerging
in the theory of the boundedness of operators, because some singular integrals (such as
Riesz transform) are bounded on H?(R"), but not on L”(R").

In the Euclidean case (with the Lebesgue measure), the space H?(R") has many
different characterizations [14, 37]. One of the important characterizations is in terms
of atoms:
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Recall that a function a supported in a ball Q of R” is called a (p,q)-atom if
lallzaig) < Q4717 and [,x*a(x)dx =0,0 <k < [1/p]— 1. It can be proved that
any (p,q)-atom a is in HP(R"). Then the following atomic decomposition theorem
[10, 28] holds: a tempered distribution f € .’ (R") belongs to H”(R") if and only if
it has a decomposition

=2 ha,
k=0

where the a;’s are (p,q)-atoms and Y7 |A4x|? < eo.

As for the spaces of homogeneous type, let us recall the definition of the atomic
Hardy space in [12] .

Let (Y,d,v) be a space of homogeneous type and € > 0 be a fixed parameter. A
function m € L*(Y) is called a (p,2,€)-molecule associated to a ball Q if [, mdv =0,
forall i >0,

1/2

1/2 ) . /
(/ . Imde) <v(271Q)V/2 /Py # and (/ |m2dv> <v(Q)/2 1,
21+1Q\21Q 0

If in addition we assume supp(m) C Q, we call m a (p,2)-atom. Thus, a (p,2)-atom is
exactly a (p,2,e0)-molecule. Then a function & belongs to HE, (Y) (called the “Hardy
space of Coifman-Weiss” on Y [12]) if there exists a decomposition

h= 2 Aimi, V—a.e.,
ieN

where m; are (p,2,¢€)-molecules and A; are coefficients which satisfy

Z M,i‘p < oo,

ieN

In 2008 and 2009, E. Bernicot and J. Zhao [6, 7] studied a kind of new abstract
Hardy spaces Hé.mal which keep the main properties of the classical Hardy spaces H'.
In the present paper, we give a further research about the abstract Hardy spaces.

The paper is organized as follows.

In Section 2, first, we give some definitions and notations, such as the definitions
of the atomic Hardy space H/,, and the molecular Hardy space Hg mot(0<p<1),and
then we introduce two useful properties about the spaces H’ and Hg ol - 10 Section 3,
we give out the comparison between our Hardy spaces with some other Hardy spaces.
In Section 4, we prove the continuity theorem on the Hardy space, and then we give an
example which satisfies the assumption of the continuity theorem. At the end of this
section we give the embedding property.

Finally, we make some conventions on notations. If f < Cg, we write f < g; if
f<Sg S f, we then write f ~ g. For any subset E of X, we use xg to denote its
characteristic function.
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2. Preliminaries

About the definition of spaces of homogeneous type, we consider a set X equipped
with a quasi-metric d and a Borel measure L.

Quasi-metric d is a function d : X X X — [0,0) satisfying

(1) d(x1,x2) =d(x2,x1) >0 forall x,x; € X;

(ii) d(x1,x2) =0 if and only if x; = xp;

(iii) the quasi-triangle inequality: there is a constant Ay € [1,o0) such that for all
X1,X2,x3 €X,

d(x1,x2) < Ao(d(x1,x3) +d(x3,x2)).

The nonzero measure (U satisfies the doubling property:

HBE) s
u(Bn) S

where B(x,r) is the open ball with center x € X and radius r > 0. § is the homoge-
neous dimension of X .

We say that (X,d, 1) is a space of homogeneous type in the sense of Coifman and
Weiss if d is a quasi-metric on X and p is a nonzero Borel measure on X satisfying
the doubling condition.

Here we are working with real valued functions and we will use “real” duality, and
we have the same results with complex duality and complex valued functions.

For Q aball, and i > 0, we write S;(Q) the scaled corona around the ball Q:

d(x,c(Q)) _ 2}
rg ’

JA > 0,36 >0,Vxe X,Vr>0,Vt > 1, (1)

Si(Q) == {x,zf <1+

where rg is the radius of the ball Q and ¢(Q) its center. It is easy to see that So(Q)
corresponds to the ball Q and S;(Q) C 2+!Q for i > 1, where AQ is as usual the ball
with center ¢(Q) and radius Arp.

Denote 2 by the collection of all balls: 2 := {B(x,r),x € X,r >0}, and B :=
(Bo)ge.2 acollection of L? -bounded linear operator, indexed by the collection 2. We
assume that these operators By are uniformly bounded on L?: there exists a constant
0 <A’ < oo 50 that:

Vf e L?, VO ball,

Bo(f)||,2 < AIIf |l - 2)

In the rest of the paper, we allow the constants to depend on A,A” and §.
Now, we define atoms and molecules by using the collection B.

DEFINITION 1. Let 0 < p < 1 and € > 0 be a fixed parameter. A function m € L?
is called a (p,2,€)-molecule associated to a ball Q if there exists a real function fy
such that

m = By(fo)
with

o1
Vi 0, follaso) < u(2'Q)2727%.
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We call m = Bg(fp) a (p,2)-atom if in addition we have supp(fp) C Q. So an atom
is exactly a (p,2,o0)-molecule.

The functions fp in this definition are normalized in L?. Itis easy to see that

1.1
follr S1 and || foll2 Su(Q)2 7.

So by the L?-boundedness of the operators Bo, we know that each molecule belongs
to the space L?.
Next, we define the atomic Hardy space H’ and the molecular Hardy space

H? First, we recall some notions related to quasi-Banach spaces [24].

g,mol *

DEFINITION 2. A quasi-Banach space 4 is a vector space endowed with a quasi-

homogeneous, and obeys the quasi-triangle inequality, that is, there exists a constant
K € [1,) such that, for all f,g € £,

1f +8llz < K([|f]l 2+ 1]l )-
DEFINITION 3. Let r € (0,1]. A quasi-Banach space %, with the quasi-norm

2, < |If1l%, g€
2. Hereafter, || [, is called the r-quasi-norm of the r-quasi-Banach space %, .

DEFINITION 4. Let 0 < p < 1. A measurable function f is said to belong to the
space HZ,, if there exists a sequence of (p,2)-atoms {m;}7 |, such that f = ¥,cnAim;
in L%, where for all i, A; are real numbers satisfying

S |A]P < oo,
ieN

Furthermore, define

Il = _jiné, (L[4l

ato
YieN Aim;

The atomic Hardy space Hf,(, is then defined as the completion of HY,, with re-

spect to the p-quasi-norm || - ||? -
ato

Similarly, we have

DEFINITION 5. Let 0 < p < I and € > 0. A measurable function f is said to
belong to the space Hg_mol if there exists a sequence of (p,2,€)-molecules {m;}7 |,

such that f =Y. Aim; in L%, where for all i, A; are real numbers satisfying
Z |Ai|f < oo.
ieEN

Furthermore, define

I/lez,,,, = o (X 127) .

&,mol TieN Aim; i
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The molecular Hardy space H” e.mol is then defined as the completion of ]HIg ol

with respect to the p-quasi-norm || - H

S mol

REMARK 1. (i) Using the theorem of completion of K. Yosida [44], we know that
HPE,, has a completion space HY, , that is, for any h € H. , there exists a Cauchy
sequence {hg}_, in HE,, such that

lim i — [}, =0. 3)

Moreover, if {h;}7_, is a Cauchy sequence in HY, , then there exists a unique heHL,
such that (3) holds true. Similarly, we have the conclusion for H” , and H,
(i) Let 0 < p < 1. We have the following inclusions:

£,mo €, m()l

— HP

&,mol”

Vo<e<e, Hj,—H

In fact, the space HY,, corresponds to the space H’. ol -

DEFINITION 6. According to the atomic Hardy space HL,,, we define that a func-
tion f € HE , if f admits a finite atomic decomposition. We equip this space with the

Lato
norm
N 1/p
. : .|P
g, = ot (S07)

i=1 MM

where the infimum is taken over all the finite atomic decompositions. Similarly we
define the space HY e.mo; With the finite molecular decompositions.

REMARK 2. Since each molecule and each atom belongs to L?, it is easy to see

that these previous spaces are included into L? (not continuously). The space HF ato 1

dense into H%,, and similarly for the molecular spaces.

At the end of this section, like [22], we give two useful properties about the atomic

Hardy space H;, and the molecular Hardy space H/,, .

THEOREM 1. Let (X,d, 1) be a space of homogeneous type and 0 < p < 1. Then
f € HL, if and only if there exist (p,2)-atoms {m;}; | such that

f: Zlimi in th‘av @

i=1

and Y2 | | AilP < eo. Moreover,

A7, =inf{zw},
ato 1:1

where the infimum is taken over all possible decompositions of f as in (4).
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Proof. First, we assume that f € Hfm. Note that if (4) holds true, it is obvious

that .
171, <ine{ 3 e, B
ato -1

where the infimum is taken over all possible decompositions of f asin (4). Itremains to
verify (4) and the reverse inequality of (5). For any f € HY, , we consider the following
two cases.

Case (i) When f € HY,,. By Definition 4, there exists a sequence of (p,2)-atoms,
{m;}7 |, such that f =37 Am; in L? and 37 [4|P < co.

Now we claim that (4) holds true.

Indeed, forevery M € N, f— Zf-‘i LAimi =Xy, 11 Aim; in L2 . Then we have that

M 14
Hf—Z?L,-m,- < 2 Mi‘p—>0 as M — oo,
i=1

Hb,  i=M+1

Thus, the claim holds true. Again, by Definition 4 and (5), we get the desired result for
Case (i).

Case (ii) When f € H.,,\H., . Using (i) of Remark 1, there exists a Cauchy
sequence { fi}7_, in HY,, such that

1F = £l

It is easy to see that f =377 | (fi — fi—1) in HY,, where we let fy :=0. Since f; —
fi_1 € HE,, forall k € N, by Definition 4 and Case (i), we know that for any € € (0, )
and any k € N, there exists a sequence of (p,2)-atoms {my;};, such that

w, <2

P -
Haro

fi—fier = Aimy; in L* and HJ,
i=1

and

)
fkleZZO‘i‘?

2 A
i=1

Using this and f = Y7, (fx — fv—1) in H},, we further prove that

f= i (i firr) ;gahimm in HY,,
and B 7
33l @ka—fk g, + 5 5
< 3 [ Al + 11—l ) e
< X2l +e=fl, +e

ato

>~

—_
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which together with the arbitrariness of €, completes the proof of Case (ii) and hence
the necessity of Theorem 1.

Conversely, given f =Y, Aim; in HY, and 3| |A;|? < . Then for any k €
N, fi =35  Am; € HY,, and limy_... fy = f in HY,. Therefore, f € H},, which
completes the proof of the sufficiency and hence Theorem 1. [J

Similarly, we have

THEOREM 2. Let (X,d, ) be a space of homogeneous type, 0 < p < 1 and € >
0. Then f € HY . if and only if there exist (p,2,€)-molecules {m;}_| such that

£,mol
f=2 Am; in Hgmw (6)
i=1

and Y72 1 | AP < eo. Moreover,

171, =int{ 312},
&,mol i=1
where the infimum is taken over all possible decompositions of f as in (6).

3. Comparison with other Hardy spaces

In [6], F. Bernicot and J. Zhao gave the comparison between their Hardy spaces
H' and other Hardy spaces. In this section, we will also study the comparison between
our Hardy spaces H?(0 < p < 1) and some other Hardy spaces.

3.1. The space of Coifman-Weiss

If we choose By as follows:

Bo(f)(x) = £(x)0(0) — |0 \( /Q o),

then the Hardy space Hfy, (R") (0 < p < 1) of Coifman-Weiss is obtained and our
atoms are the same as the ones defined in [35]. However, since the By satisfies that
supp Bo(f) C Q for any f, so our molecule is different from the one in [35] and our
atomic and molecular spaces are the same if By satisfies this special property.

3.2. Hardy spaces for Schrodinger operators with non-negative
polynomial potentials

Let X =R" and V be a non-negative function on X. We consider the following
Schrodinger operator

L(f)(x) := =Af(x) +V(x)f (x),

where V is a non-negative polynomial [16, 17].
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We all know that —L generates a semigroup (7;);~0, which is L?-bounded and
satisfies some gaussian estimates. J. Dziubanski define a Hardy space H} by a maximal
operator as follows: a function f belongs to H} if

£l += [ supl 7 (x)|

1 <% 0<p<l.

Denote

m(x,V) = Z|D’3V(x)|1/(|ﬁ\+2)7
B

and m(x,V) > C, where C is a constant. In [16], J. Dziubanski gives an atomic decom-
position of this space with the following definition: a function a is an H} -atom if there
exists a ball Q = B(yo,r) with

supp(a) € Q. [lall2 < [Q"277, r <ml(yo, V)™,
and if r < %m(yo,V)’l, then

/Qa(x)dx =0.

This definition of atoms is a special case of ours if we define By for Q = B(yo,r)
a ball by

Fx)xo(x), Im(yo, V)=t <r<m(yo,V)~ 1,
Bo(f)(x) := { f(x)xo) =10 (JoNxo), r<gmbyo, V)",
O, r> m(y(),V)_l,

With this choice we have
H} = HL,,.
3.3. Hardy spaces associated to divergence form elliptic operators
Let X =R"” and A be an n X n matrix with entries
ajp:R"—=C, j=1,--,n, k=1,---,n,
satisfying the ellipticity condition
A& <ReAE & and |AE- T < A[EI[L], VE,§eC,

for some constants 0 < A < A < oo,
Denote the second order divergence form operator by

Lf := —div(AVf).

In [27], S. Hofmann, S. Mayboroda and A. Mclntosh define the space Hf (0<
p < 1) associated to this operator. For f € L>(R"),

2 dydt\ '/?
g = (] [, 1Pz o 95 )

b

Lr
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where T'(x) = {(y,#) € R" X (0,00) : |x —y| < 1}.
They also give a molecular decomposition with the following definition: let 0 <
1_1

p<1,e>0and M>5(;—3),afunctionm e L? is an H} -molecule if there exists

aball O C R” such that

1

gL omly s,0) <2727 Q)2

Pi=0,1,2, k=0,1,--, M.

If we choose By as follows:

_2 —
Bo(f) = (rpL)"e "2 (f) or Bo(f) = (1d—(1d+rpL) ") (£),
then our (p,2,€)-molecules are H -molecules. Therefore, we have

HP

14
£,mol - HL'

Here we have no idea about whether the inverse inclusion relation is right between
the spaces.

3.4. Hardy spaces associated to a general semigroup

In [13], X. T. Duong and J. Li defined a space H! (0 < p < 1) with a linear
operator L of type @ on L?(X) with @ € (0,7/2). They assume that L generates a
holomorphic semigroup e~% with 0 < |Arg(z)| < /2 — @, which has a bounded H..-
calculus on L?(X) and Davies-Gaffney estimate for its kernel. They define a Hardy
space H} : for f € L*(X),

B ST T F AN
gy = H (/ JL e P 7)

where T'(x) = {(y,7) € R" x (0,00) : |x —y| <1}.
They also give a molecular decomposition by the definition: let 0 < p < 1, € >0
and M > ["(i—;p)}, a function m € L? is an H? -molecule if there exist a function b €

P(IM) and a ball Q C X such that

)

LP(X)

m=IM(b),
and forevery j=0,1,2,--- and k=0,1,--- M,

==

: o1
1(r3L)*bllos,0) < 1572775V (270)2 7,

where Z(T) represents the domain of an unbounded operator 7.
If we choose By as follows:

_2 —
Bo(f) = (rpL)"e "2 (f) or Bo(f) = (1d—(1d+rpL) ") (£),
then our (p,2,€)-molecules are H -molecules. Therefore, we have

HP

14
&,mol - HL'

Here we have no idea about whether the inverse inclusion relation is right between
the spaces.
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4. Continuity theorem on the Hardy space

When 0 < p < 1, itis well known that a Calderén-Zygmund operator is continuous
from the Coifman-Weiss space HgW to L?. In [6], F. Bernicot and J. Zhao proposed
some general conditions which guarantee the continuity from their Hardy spaces into
L'. In this section, we make some changes about the conditions, which also guarantee
the continuity from our Hardy spaces into LP(0 < p < 1).

We have the two following results:

THEOREM 3. Let 0 < p < 1 and T be an L*-bounded sublinear operator satis-
fying the following “off-diagonal” estimates: for all ball Q and all j > 2, there exist
some coefficients aj(Q) such that for all L? -functions f supported in Q

<m/&(® |T(BQ(f))2dN> v < aj(Q)(@/QVPdu)

If the coefficients a;(Q) satisfy

1/2

H(ZHIQ) p
A= —— (0o oo
S X g (@) <

then there exists a constant C such that

V f€Hg,, [|IT(f)|

1 SCl SN,

ato

THEOREM 4. Let 0 < p < 1 and T be an L?-bounded sublinear operator satis-
fying the following “off-diagonal” estimates: for all ball Q and all k > 0,j > 2, there
exist some coefficients o (Q) such that for every L? -function f supported in Si(Q)

1 ) 1/2 1 5 1/2
(W/wkg)T(BQ(f))' d”) S "‘fﬂk(@(m/&@ /] du) :

(7)
If the coefficients ojx(Q) satisfy
uitg) p}
A= _ : oo
o {3, gy (0@} <=

then for all € > 0, there exists a constant C = C(€) such that

vaHé),mal’ ||T(f)| L < C”fHHgm .

ol

REMARK 3. Note that when € = o, Theorem 4 becomes Theorem 3. So it suf-
fices to prove Theorem 4.
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Proof of Theorem 4. First, we prove that there exists a constant C = C(g) such
that for all (p,2,¢€)-molecules m:

[Tom) [, < CA+ITIE . 12). (8)
By Definition 1 we know that there exists a ball Q and a function fp such that

m = By(fo).

By decomposing the space X with the scaled coronas around Q and using the
linearity of By, we have

m=Bo(fo) = Y, Bo(Xs,(0)fo)-
k=0

Using the sublinearity of 7', we get that

|T(m)| < 3 |TBo(xs,(0)/0)|-

k>0

By decomposing the integral with the coronas (S j(2k Q))j=0 which is a partition
of X, we obtain that

7ol < X ITBotxsiosollfy < X, [

T (Bo(xs,(0)f0)) |"du

k>0 2"Q
/>0
. 1
< 2k+]+1 7/ B pd
]{226“( Q)H(2k+j+lQ) 2kQ) | ( Q(%Sk(Q)fQ)) } nu’
j=0
< Zu(2k+~"“Q);-</ T (Bo(xs0f0) """ du>p/2
>0 p(2kriTiQ) (2+Q) wQ
j=0

% ”(2k+j+lQ)lfp/2

' 1 p/2
<Z.u(2k+~’“Q)<m/ QAQ)} (BQ(%SAQ)fQ))}sz) :

k>0
Jj=0

Using the “off-diagonal” estimates (7) on T and the doubling condition (1) about
the measure u (for the parts j < 1), we have

17 (m)|[7,

2kl w p(; 2 )p/2
k;)li e Ea) (ajx(Q)) e Ea) Ak+lQ’x5k(Q)fQ| du
i>2

i 1 p/2
+k§6A2J§u(zk+1Q)<m/X |T(BQ(xSk(Q)fQ))|2du)

J<1
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pktj+1
< T a1 0 (6, (0) u 21 0) Pl foll g

Pt (2k+1Q)

j=2

+ 3, A2 0) P TBo 1T, s follf s, )
k=0

j<1

Using (2) and the L?-decay on fo» we obtain that

IT(m)]lz
k+1 (2k+J+IQ) . p 2k+l 7[7/2 2k+l p/27127p8k
< Y Q)= (k(9)) (2 Q) u (2 )
0 u(2+10)
i>2
+AT|P, 5 Y 2k
k=0
<1
2k+j+lQ
IS 22 M(Z u k+1 )(aj’k(Q))p+26+1”T”22_¢2)
=0 i>2 pu(241Q)
SAHITI

‘We have that (8) holds true.
For any f € IHLS ol » there exists a sequence of (p,2,€)-molecules {m;};, such
that f = ¥ | Aim; in L? and

AP P
ZI| il? ~ ||fHH£mol

Since T is L?-bounded, we have that, for any N € N,

N

2 T(lim,-) —

i=1

— 0, N— oo,

N
~[r(Sam-1)| <
i=1 L

12

Moreover, for all 17 € (0,0),

u({xeX : |éT(Aim,-)(x)—Tf(x)’ > n}) — 0, N — oco.

According to the Riesz theorem, we get that there exists a subsequence
{ZN" T (Aim;) }k , such that

Ny
Tf:klim N T(Am;) p—ae. on X,
=1
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which together with the Fatou lemma and (8), implies that
Ny
HU%&?mMAZHmmWW
- i=1

< 2"z < 2 14" (A+ T )
i=1 i=1
SA+HITIE

Moreover, using the density argument and the method similar to the Case (ii) of

Theorem 1, we extend T to be a bounded linear operator from H é’ moy t0 L7, 0

EXAMPLE 1. If we choose By as follows:

%UWP#@M@—@A%ﬁm®

then our atoms are the same as the ones defined in [35].
Thus, we set

Bo(F)(x) = F(x)x0(x) — (u(Q)‘ / fdu>xQ(x),

and let T be an L?-bounded operator. If we suppose that the kernel K(x,z) of T
satisfies the Calderén-Zygmund condition: there exists 8 > 0 such that for all x # z
and 7' € B(z,d(x,2)/2)

1
1(B(x,d(x,2))’

d(z,2)°
Ww(B(x,d(x,z))d(x,z)?’
then we have that 7' satisfies the assumptions in Theorem 3 for 2/3 < p < 1. Therefore,
T is continuous from Hpy, = HY, into L” (2/3 < p < 1). The following is the process
of proof.

K(x,2)| S

‘K()@Z) —K()QZ/)‘ S

Proof. First, we have that
1/2
(ﬁ/s )|T(BQ(f>(X>)I2du(x>>
5 1/2
u( 2/+1Q |/ x,2) ,2)(Bo(f)(2))dz] d/.t(x))

, 1/2
o L2 = k5 ) B o)

- ()
(o
(e

d , AY) 1/2
70 ) [/Qm s g 7 e o)
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1 1 ) 1/2
(5270 o Uy ey Pt @ auto)
b I i)
) u(2~"+‘Q)‘/2/Q</s_,-(Q> u(B(x,d(x,z)))z‘BQ(f)(Z)| ant )> &
1 1 1/2
u(2/t1Q)172 u(z.f+1Q)/ (/Sj(Q [Bo(f >(Z)2du(x)) dz

1 u 1/2
<WHJCQ”2Q”( )= W(/ mzd” )

1(0) /2
(2J+IQ 32 ( / |f|2d” ) .

3/2
Let a;(Q) = % , then we get that

HR0) (o oy =y MEO) ( L) )"

=) 5 w0 \u(it)2
= ( 2J+IQ))IZP <y (21'6)17%1?.
j=2 Jj=2

Therefore, when 2/3 < p < 1, we obtain that 7 is continuous from Hé’m into
rr. O

Now we establish the (H:;a ]B,Hg o) -DoOundedness of L? -bounded operator

T, where € > 0,B:= (Bp)pco,and TB := (TBg)pc2-

THEOREM 5. Let 0 < p < 1 and T be an L?-bounded sublinear operator. As-

sume that € >0, then T is bounded from H” ato B 1110 H ' mol TB

Proof. We claim that if m = Bgfp is a (p,2) atom of H?

ato B> then Tm is a
(p,2,€')-molecule of H, -5 and

[Tl =1 ©

e \mol,TB

Indeed, suppose that (9) holds true. For each f € Ham B there exists a sequence
of (p,2)-atoms {m;}? | and real numbers {A;}3 , suchthat f =¥, L;m; in L? with

1l o~ 212l
ato,B i1

Since T is bounded on L?, we have that

N
= HT(ZAlml—f)
L2 i=1

<

S — 0, N — oo,

LZ
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Therefore, Tf =YY | T(Am;) in L>. And also we know that

el < SIrGmlly, | < arlmml,
ST~y

Moreover, using a density argument and the method similar to the Case (ii) of
Theorem 1, we extend T to be a bounded linear operator from H” atos 1O H? e mol T

Now we prove the claim. First, Since T, Bp and fp are all L? bounded, so we
have that T'm is also L? bounded.

Furthermore, we know that supp fo C Q, thus

Ifollas o) < H(2Q)2 72

As a consequence, we get that Tm is a (p,2,€’)-molecule of H mot.75 - BY the
definition of || - || y» > We have that
£,mo

|7 (m =1. O

M,
HE’ mol ,TB

Next, in order to discuss the embedding of our Hardy spaces into L”, additionally,
we assume that B = (Bg) satisfies some decay estimates: for M” a large enough
exponent, there exists a constant C such that

Vi> 0,k > 0% € 2 supp(f) C 20, |Bo(f)llos, ) < €27 flaig (10)
We have the following embedding property.

THEOREM 6. Let 0 < p < 1, then we have the following inclusions:

Ve >0,H), — H' P

&,mol

Proof. First, we show that all (p,2,¢€)-molecules (and atoms) are bounded in L7 .
Using (10), we have

1Bo(fo)l[7» < 2. [[Bo(foxs;o) I, < 2 2 [Bolfoxsio)l|r si0)
=0 J>0k>0

2o\ ik 12
<22</ 1Bo(foxs;0))l du) ©(2/4Q)

j=0k=0

S2 ZM(W"Q)1 PV fol )

j=0k=0

2 Z 2k5 (1-p/2) 2—M//kp2—8jp < 1.
j=0k=>0
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In the above we use the doubling property of y and the fact that M is large

enough (M” > &/p works). Thus, we get that all (p,2,¢€)-molecules are bounded in
L?, and we can conclude the embedding property by using the definition of the Hardy
spaces. [
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