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ON REARRANGEMENT INEQUALITIES FOR MULTIPLE SEQUENCES

CHAI WAH WU

(Communicated by C. P. Niculescu)

Abstract. The classical rearrangement inequality provides bounds for the sum of products of
two sequences under permutations of terms and show that similarly ordered sequences provide
the largest value whereas opposite ordered sequences provide the smallest value. This has been
generalized to multiple sequences to show that similarly ordered sequences provide the largest
value. However, the permutations of the sequences that result in the smallest value are generally
not known. We show a variant of the rearrangement inequality for which a lower bound can be
obtained and conditions for which this bound is achieved for a sequence of permutations. We also
study a generalization of the rearrangement inequality and a variation where the permutations of
terms can be across the various sequences. For this variation, we can also find the minimizing
and maximizing sequences under certain conditions. Finally, we also look at rearrangement
inequalities of other objects that can be ordered such as functions and matrices.

1. Introduction

The rearrangement inequality [2] states that given two finite sequences of real
numbers the sum of the product of pairs of terms is maximal when the sequences are
similarly ordered and minimal when oppositely ordered. More precisely, suppose x| <
X2+ < x, and y; < yp--- < yy, then for any permutation ¢ in the symmetric group S,
of permutations on {1,---,n},

Xpy1+ X1V S Xg()V1F 0 F Xg(n)Vn S XYL+ XnYn (1)

The dual inequality is also true [5], albeit only for nonnegative numbers in general
(ie. x; =0,y =20):

(1 4+y1) (4 yn) < (Ko(1) +31) (Kg(a) +In) < (n+31) - (x1+30)  (2)

Eq. (2) says that similarly ordered terms minimize the product of sums of pairs,
while opposite ordered terms maximize the product of sums. In Ref. [4] it was shown
that Eq. (1) and Eq. (2) are equivalent for positive numbers.

In Ref. [6], these inequalities are generalized to multiple sequences of numbers:
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LEMMA 1. Consider a set of nonnegative numbers {a;;}, i=1,---k, j=1,---,n
Foreach i, let dyy,d),,---,d}, be the numbers a;1,a;3,- -+ ,ain reordered such that da}; >
dyp >+ >dl,. Then
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Note that only half of the rearrangement inequality is generalized. In particular,
the rightmost inequality (the upper bound) in Eq. (1) and the leftmost inequality (the
lower bound) in Eq. (2) are generalized in Lemma 1 by showing that similarly ordered
sequences maximizes the sum of products and minimizes the product of sums. No such
generalization is known for the other half. This paper provides results for the other
direction and generalizes the rearrangement inequalities in various ways.

Eq. (1) can be used to prove the AM-GM inequality which states that the algebraic
mean of nonnegative numbers are larger than or equal to their geometric mean. We will
rewrite it in the following equivalent form.

LEMMA 2. (AM-GM inequality) For n nonnegative real numbers x;, ¥ x; >
n A\
n/TT xi and TTi-; xi < <#) with equality if and only if all the x; are the same.

This allows us to give the following bounds on the other direction of Lemma 1.

LEMMA 3. Consider a set of nonnegative numbers {a;;}, i=1,---,k, j=1,---,n.
Then

In addition, Lemma 2 implies that if there exists k permutations o; on {1,---,n}
such that Hi'{:l Aigy(j) = Hi'{:l dig,(1) forall j, then this set of permutations will achieve
the lower bound and minimize the sum of products, i.e.

HM:

2w < 21

Similarly, if there exists permutations o; such that 21 1 bic(j) = Zf 19ici(1) for all j,
then this set of permutations will achieve the upper bound and maximize the product of
sums, i.€.
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In the next section we consider scenarios where these conditions can be satisfied for
some sequence of permutations of terms and thus supply the other directions of Lemma
1.

2. Sums of products of permuted sequences

Instead of considering multiple sequences, we restrict ourselves to permutations
of the same sequence and look at sum of products of these sequences.

DEFINITION 1. Let 0 < a; < ay... < a, be a sequence of nonnegative numbers.
Consider k permutations of the 1ntegers {l7 ---,n} denoted as {oy,---, 0} and define
the value v(n,k) =X | H’;Zl dg;(i) - The maximal and minimal value of v among all
k-sets of permutations are denoted as vmax(7,k) and vy (1, k) respectively.

An immediate consequence of Lemma 1 is that viax (1, k) = T ai-‘ and is achieved
when all the k permutations o; are the same.
Viin(71,k) and viax (n,k) can be determined explicitly for small value of n or k.

LEMMA 4. o v(1,k) =df,

o v(n,

) l 1%,
° vmx(Z,k)—al—i-a2

® Viin(2,2m) = 2a'dy
® Viin(2,2m+1) = (a; + ax)d'ay
o vmax(n,2) = ?:1‘11'2

° Vmin(nvz) = z?:laian7i+l

Proof. For k=1 there is only one sequence and v(n,1) =Y} |a;. For n=1, the
only permutation is (1), so v(1,k) = at. When n = 2, there are only two permutations
on the integers {1,2}, and vmax(2,k) = ak +db. If k = 2m, vimin(2,k) = 2a7ay is
achieved with m of the permutations of one kind and the other half the other kind. If
k=2m+1, vnin(2,k) = (a1 +a2)a'ay is achieved with m of the permutations of one
kind and m + 1 of them the other kind.

The rearrangement inequality (Eq. (1)) implies that for k =2, vmax(n,2) = 37, a?
and vpin(n,2) = X | aja,—i+1 by choosing both permutations to be (1,2,---, n) for
Vmax (11,2) and choosing the two permutations to be (1,2,---, n) and (n,n—1,---, 2,

1) for vipin(n,2). O

Our next result is a lower bound on vpjp :
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k/n
LEMMA 5. viin(n,k) > nll;a;"".

Proof. The product [];;as,j is equal to [T;a*. Thus by Lemma 2, v(n,k) >

n{/Tl;a* :nH,-af/n. U

Our main result in this section is that this bound is tight when & is a multiple of 7.

THEOREM 1. If n divides k, then vyi(n,k) = nHl'-'zlaf/" and is achieved by
using each cyclic permutation k/n times..

Proof. By Lemma 5 v(n,k) > nH?:laf/ ", Consider the n cyclic permutations
ri=(1,2,....n), n=1(2,...,n,1), ..., r,=(n,1,....,n—1). Tt is clear that us-
ing k/n copies of each permutation r; to form k permutations results in v(n,k) =

anzlaf/n. O

3. The dual problem of product of sums

DEFINITION 2. Let 0 < a; < az... < a, be a sequence of nonnegative numbers.
Consider k permutations of the integers {1,---,n} denoted as {oy,---, 0} and define
the value w(n,k) = [T, 2’;21 dg;(i)- The maximal and minimal value of v among all

k-sets of permutations are denoted as wiax (12,k) and wiin (1,k) respectively!.

Analogous to Section 2 the following results can be derived regarding wp.x and

Wnin -

LEMMA 6. ® Wmin(n,k) = [TiL ka; = K" [1; 4
o wmax(1,k) = ka

o wmax(n, 1) =T1;a

® Wmin

o Wmax(2,2m) = (a; +a)>m?.

(

(

(2,k) = K* ;4.
(

® Wmax(2,2m+1) = (ma; + (m+ 1)az)(max + (m+1)ay).
o wmin(n,2) =2"Tl;a.

® Wmax(n,2) = T1;(ai + an—iy1).

® Wmax(n,k) < <%)n with equality if n divides k.

ITo reduce the amount of notation, v, W, Vmin, Vmax > Wmin» Wmax are redefined in various subsections
and the results about them are valid within the subsection.
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4. The special case where ¢; is an arithmetic progression

Consider the special case where the elements a; form an arithmetic progression,
i.e. a; are equally spaced where a;+| — a; is constant and does not depend on i. Even
though vy, are difficult to compute in general, explicit forms for wy,x can be found
for many values of n and k.

THEOREM 2. If k =2t + nu for nonnegative integers t and u, then wWmax (n,k) =
(k(al +an) > "
5" .

Proof. Tt is easy to see that Y,a; = n(a; +a,)/2. By Lemma 6 wmax(n,k) <

(M) . By using ¢ copies of the permutation (1,---,n) and ¢ copies of the per-

mutation (n,---,1) followed by u copies each of the cyclic permutations r;, we see
that 3; 0;(i) = t(ai +an) +un(a; +an) /2 = (t +un/2)(a; +a,) = k(a, +a,)/2 for all

i and thus w(n, k) = <k(12_+)> o
COROLLARY 1. If k is even, then wax (n,k) = (M)n

COROLLARY 2. If n is odd and k > n— 1, then wmux (n,k) = (M)n

The case when & is odd and » is even is more involved. Let ¢; = a; + (i— 1)d =
(ay—d)+id fori=1,---,n and d > 0. Given a k-set of permutations o; define w; as
wi = Z’j‘-:l 0;(i). This implies that Z’j‘-:l ag,(i) = k(a1 —d) +wid . Next we show there
is a sequence of permutations for which w; —w; <1 forall i,j when k>n—1.

LEMMA 7. If n is even, there exists a sequence o; of n— 1 permutations of
2 ) 2 .
{1,---n} suchthat wi="5 —1 fori=1,---5 and wi =% fori=5+1,---,n.

Proof. Recall the cyclic permutations denoted as r;. Consider the index set § =
{i:2<i<ni#n/2+1}. Let us compute Y cgr;(i). Since ri(i) = (1,2,...,n)
and 1,51 = (n/2+1,n/2+42,...,n/2), Z;ESI ri(i) =n(n+1)/2—ri(i) = 1,041 () is
equal to n(n+1)/2—i— (n/2+i)=n?/2—2i for i=1,---,n/2 and equal to n(n+
1)/2—i—(i—n/2)=n*>/2— (2i—n) for i=n/241,---,n. Let & be the permutation
defined as 6(i) =2i—1 for i=1---n/2 and 6(i) =n—2i for i =n/2+1---,n.
Define the (n— 1)-set of permutations {o; } as & plus the cyclic permutations with
index in §, we get ¥~} (i) =n?/2—1 for i=1,---,n/2 and ¥;0;(i) = n/2 for

i=n/2+1,....n. O

COROLLARY 3. If n is even and k is odd, there does not exists a k-set of permu-
tations such that w; = w;j for all i,j. If k > n—1, then there exists k permutations
such that wi—w; <1 forall i,j.
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Proof. If n is even and k is odd, X,;w; = kn(n+1)/2 is not divisible by n as k
and n+1 are both odd. This means it is not possible for w; = w; for all i,j. If n
is odd, the case k = n— 1 can be achieved with k/2 permutations (1,---,n) and k/2
permutations (n,n—1,...,1). If n is even, the case k =n — 1 follows from Lemma 7.
If & > n, it follows by induction from the k — 2 case and adding the two permutations
(1,---,n) and (n,n—1,---,1). O

LEMMA 8. If wi +wy = vy + vy and |wy —wi| = |va —
wa) < (x+vi)(x+12).

, then (x+wp)(x+

Proof. Let'y=wi+wy. Then (x-+wy)(x+wy) =x*>+yx+wi(y—wi). Since the
function x(y —x) has a maximum at 3, this implies that (x+w)(x+ws) is maximized
when wi =w,. 0O

LEMMA 9. If k > n— 1, then for the set permutations O; that maximizes w(n, k),
the corresponding w; must satisfy w; —w; < 1 for all i, j. If in addition, n is odd or k
is even, then w; =w; forall i, j.

Proof. If w; —w; > 1 for some pair (w;,w;), by Lemma 8 we can reduce w;
and increase w; by 1 repeatedly until w; —w; < 1 for all i,j without increasing
wmax (1,k) = TT%, ZIJ‘-ZI de;(i) = IT k(a; —d) +wd. If n is even and k is odd, X,;w;
is not divisible by n and the only set of w; such that w; —w; <1 for all i,j is the
one described in Lemma 7. If n is odd or & is even, there exists a set of permutations
corresponding to wmax (1,k) such that w; =w; by Theorem2. O

THEOREM 3. If n is even and k is odd such that k > n — 1, then

Winax (1, k) = (ka1—|— (%) d)n/2 (kal . (Lﬁ) d)"/2

Proof. Note that k can be written as k = 2r+ (n—1). As a consequence of
Lemmas 7, 9, the value wpax(n,k) is achieved with ¢ copies of (1,...,n), ¢ copies
of (n,...,1), 6 and the cyclic permutations with index in S. Then w; =¢(n+ 1)+
n2/2—1 =20 for i =1, n/2, and w; = t(n+ 1) +n2/2 = KLU for =
n/2+1,--- n. Thus

wmax (n,k) = [ k(a1 — d) + wid
i=1

n - n/2 n n/2
= (k(al —d)+ w) (k(a1 —d)+ w>

and the conclusion follows. [

Theorems 2 and 3 show that the value of wpax(12,k) and the corresponding maxi-
mizing set of permutations can be explicitly found when k > n —1 or k is even.
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4.1. The special case a; =i

Consider the special case where the sequence «; is just the first n positive in-
tegers, i.e. v(nk) = ?ZIH’j:lGj(i) and w(n,k) = Hi-’:lZ];:lGj(i). The values of
Vimin(7,k) and wmax(n,k) can be found respectively in OEIS [7] sequence A260355
(https://oeis.org/A260355) and sequence A331988 (https://oeis.org/A331988).

THEOREM 4. If k =2t + nu for nonnegative integers t and u, then Wmax (n,k) =

n
(@) . In particular, if k is even or if n is odd and k = n— 1, then wmax(n,k) =

(k(nJrl))"
=) .
THEOREM 5. If n is even and k is odd such that k > n— 1, then wiyax(n,k) =

<k2m+2)171>”/2_

For example, Theorem 4 shows that wyay(3,k) = 8k> for k > 1. More details
about vyin and wp,x for this special case, including tables of values, can be found in
Ref. [10].

5. The special case when ¢; is a geometric progression

We can get analogous results for vy, if the sequence a; is a geometric progres-
sion of the form a; = cd’ for some constants ¢,d > 1 and an arithmetic progression b;

of n nonnegative numbers. This is due to the fact that o def log(a;) =log(c)+log(d)b;
is an arithmetric progression of nonnegative numbers. Furthermore, if there exists per-
mutations o; such that 3; 045,y = X O (1)» then [1; a;s,(j) = I1i dig;(1) - This implies
that we get the following analogous result to Theorem 2.

THEOREM 6. If k = 2t + nu for nonnegative integers t and u, then vmi,(n,k) =
n k(by+bn)
nlTL, af/ = nckd™ "
6. A generalization of the rearrangement inequality
In Ref. [1], Eqs (1-2) are generalized as follows:
THEOREM 7. Let f be real valued function of 2 variables defined on 1, X I,. If

f(x2,y2) = f(xa,91) = f(x1,32) + f(x1,51) =0

forall xy <xy in I, and y; <y in I, then

zf(ahbnfm) < zf(ahbc(i)) < Zf(ai,bi) 3)
for all sequences ay < ax--- < a, in l;, by <by--- < by, in I, and all permutation ¢

of {1,---,n} .
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Theorem 7 unifies Eq. (1) and Eq. (2) as they can be derived by choosing f(x,y) =
xy and f(x,y) = —log(x+y) respectively. The assumption x; > 0 and y; > 0 in Eq.
(2) are used to ensure that the log is well-defined. In this section, we generalize this
theorem by replacing the summation and subtraction with a general function and real
intervals with partially ordered sets and give a more direct way to unify Eq. (1) and Eq.

2).

DEFINITION 3. For a function g with n arguments and for i # j define g;;(x,y,z)
as g(z) but with the i-th and j-th argument replaced with x and y respectively. Simi-
larly, we define g;(x,z) as g(z) except with the i-th argument replaced with x.

For instance if g(z1,22,23) is a function of 3 arguments, then g 3(x,y, (z1,22,23)) =
g(x7Z2,y) and g2(x7 (Zl 7Z2723)) = g(Zl ,X7Z3) .

DEFINITION 4. A function g on n variables satisfies property S if the value
g(Xs(1),"**»Xg(n)) does not depend on the permutation ¢ € S,,.

THEOREM 8. Let I, and Ij, be two sets with corresponding partial orders =<, and
=p. Let f:1,x 1, — I. be a function of 2 variables defined on I, x I,. Let g : I!! — I,
be a function of n variables defined on I!. Let =4 be a partial order on 1.
If
gij(f(x1,31), f(x2,2),2) =a &ij(f(x2,31), f (x1,¥2),2) )

forall xy =, xy in I, and yy =p y2 in I, and all pairs of indices i < j and all z, then

g({f(ahbnfﬂrl)‘i: 1,,}’1})
=a 8({f(ai,bs))li=1,....n}) Za g({f(ai,bi)[i=1,...,n}) (5)

for all sequences a) <gay--- <qay in ly, by Xp by--- =y by in I, and all permutation
ces,.

Proof. The proof is similar to Ref. [9] where we use the permutahedron ordering
P, on §,, with 01 >~ 0> if 07 can be formed from 6> by exchanging the elements of an
adjacent inversion and we consider the partial order on S,, generated by the transitive
closure of P,. Let x; =g x2 <4+ =g x, and y; < y2 =<j -+ = y, and define g° =
g(f(x1,56(1)): f(¥2,Y5(2)); - --) for 0 €8, If 01 = 02, then Eq. (4) implies that g% =,
g% . Since the greatest element and the least element in the partial order is the identity
and the reverse permutation respectively, the conclusion follows. [

A slight variation of Theorem 8 is the following:
THEOREM 9. Let 1, Iy, I., 1;, f and g be as defined in Theorem 8. .

If Eq. (4) is satisfied for all xy =4 xp in 1, and y1 =p y2 in I, and all pairs of
indices i # j and all z, and g satisfies property S, then

g({f(ap(i)7b[,l(n7i+l))|i: 1,,1’1}) jd g({f(ahbo'(l))‘l = 17,}’1})
=d g({f(ap(i)7 y(z))‘l = 17,}’1}) (6)



ON REARRANGEMENT INEQUALITIES FOR MULTIPLE SEQUENCES 519

for all sequences a; =, ay =q - Sqay in ly, by <p by Xp -+ 2p by in Iy, and all
permutation o, € S,.

The proof of Theorem 9 is similar to Theorem 8 except that we define g€ as

(o

87 =g(f(xu()sYu(o () S (u@) s Yu(o@))s---)-
LEMMA 10. Let x1, xp, y1 and y> be real numbers. If x; < x and y; < y», then

X1Y1 +X2y2 2 X1y2 +X0y1

and
(x1+y1)(x2+y2) < (x14+y2)(x2+y1)

Proof. The inequalities follow from the fact that they can both be rearranged into
(o =x1)(y2=y1)20. O

Theorem 8 gives us a more direct way to unify Eq. (1) and Eq. (2). If we choose
g(x1,x2,...) = X;x; and f(x,y) = xy, then Lemma 10 implies that Eq. (4) is satisfied
and we obtain Eq. (1). If we choose g(xj,x2,...) = —[I;x; and f(x,y) =x+y, then
Lemma 10 with the additional assumption that x;,y; > 0 ensures that z > 0 and thus
Eq. (4) is satisfied and we obtain Eq. (2). Not having to use the log function to prove
Eq. (2) will be useful when we look at more general products such as the Hadamard
product of matrices in Section 8.

Other choices of f and g beyond addition and multiplication are for example max
and min functions. Table 1 lists some of these choices for f and g that satisfies Eq.
(4) where R denotes the set of nonnegative real numbers .

| fGxix) [ g(xi.---,x) | Domain |

YiXi R
X1 X X2 max; x; R>o
— minixi R>0
—H,-x,- R>0
X1 +x2 max; x; R
— min,-xi R
— i R
max(x1 ,)CQ) —H,-x,- R>0
— min,-x,- R
2iXi R
min(xl ,XQ) l_[,-x,- R>0
max; x; R

Table 1: Examples of functions f and g such that Eq. (4) is satisfied. All the functions g satisfy
property S.

We will look at more general examples in Section 8.
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6.1. Circular rearrangement inequality

In Ref. [12] the following variant of the rearrangement inequality is studied for
a sequence of numbers a; < a3 < --- < a,. Consider the value V(o) = ag(1)dg(2) +
Ag(2)dg(3)t A (n)@s(1)> Where O is a permutation of {1,2,---n}. Let 6, denote
the permutation (1,n—1,3,n—3,5,---,n—6,6,n—4,4,n—2,2,n) and o, denote
the permutation (1,3,5,---,n,--+,6,4,2). It was shown in Ref. [12] that V(o) is mini-
mized and maximized when the permutation o is equal to 0,;, and 0y, respectively.

As the proof of this result only relies on properties of addition and multiplication
described in Lemma 10, the following extension follows readily:

THEOREM 10. If f, g satisfies Eq. (4), [ is symmetric, g satisfies property S
and a) < ap < --- < ap, then the value of

g(f(ao'(l)vao'(2))7f(a0'(2)7a0'(3))7"'7f(a0'(n)7ao'(l)))

is minimized and maximized when the permutation © is equal to Oy, and ©,,, respec-
tively.

A consequence is the dual to the result in Ref. [12].
COROLLARY 4. If0< a; <ay < - < ay, then the value of

W(0) = (ac(1) +ao(2)) (as@) +ao() X - X (ag(m +as(1))
is minimized and maximized when the permutation o is equal to 0y, and Oy, respec-
tively.
6.2. Extension to multiple sequences

Theorem 8 can be generalized to multiple sequences as well.

THEOREM 11. Let f be a function of k variables and let g be function of n
variables.

I
8ij (fmt (1,31, W), font (X2,¥2,W),2) =a &ij(fomt (X2, Y1, W), four (x1,¥2,w),2)  (7)

forall x1 2 xp and y; =y, and all pairs of indices i < j, m <[ and all z, w, then

g({f(aliaaZO'z(i)a U 7ak0'k(i)‘i = 17 s ,l’l}) =d g({f(aliyaZiy o 'Clk[)|i = la T 7n})
for all permutations o; € S, and for all sequences a;j, 1 <i<k, 1< j<n where for

all i, ajy Zjap X+ 2 ain.

Proof. This follows by induction on the number of arguments of f and the fact
that once all the sequences are similarly ordered, exchanging any pair of adjacent terms
in one sequence will not increase the value of g as a consequence of Eq. (7). U

The corresponding extension of Theorem 9 to multiple sequences is
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THEOREM 12. Let f be a function of k variables and let g satisfies property S.
If Eq. () is satisfied for all x| =; x> and y1 = y> and all pairs of indices i # j, m <l
and all z, w, then

s({f(a16,(i), @20,(i), " 1 Ok (i) = 1, -+ 1})
=a g({f (@), @u(iy> > @u(i)li=1,---,n})

for all permutations |, 0; € S, and for all sequences a;j, 1 <i<k, 1 <j<n where
SJorall i, aj) =<jap =i =i apy.

Similarly, if the functions f in Table 1 are extended as functions of k variables
and the domain is R>( they would satisfy Eq. (7).

7. Another variation of the rearrangement inequality

In Theorem 8, the sequences a; and b; are separate and the permutation ¢ acts
on b; only. We next introduce a variant of the rearrangement inequality where the
permutation acts on the union of a; and b;.

THEOREM 13. Let I be a set with partial order = and let f:I1x1— 1. be a
Sfunction of 2 variables. Let g : 1! — 1; be a function of n variables. Let <. and =<4
be partial orders for sets 1. and 1; respectively. Let a; be a set of 2n elements in 1
such that a; < ay < --- < ay, and let b; be any permutation of the elements of a;. If
x 2y = gi(x) 24 8i(y) forall i and

flx1,x2) 2e fxa,x1), (®)
and
ij(f(x1,31), f(x2,2),2) =a &ij(f (x2,31), f(x1,¥2),2) ©)
forall xy <xy and yy =<y, in I and all pairs of indices i < j and all z, then

g({f(ai,am—it1)li=1,---n}) 24 g({f(b2i-1,b2)|i = 1,---n}) (10)

If f is symmetric, i.e.
fxy) =f(x) (11

forall x, y in I, and Eq. (9) is satisfied for all x; < x, and y; =y, in I and all pairs
of indices i < j and all z, then

g{f(baim1,b2)|i=1,---n}) =4 g({ flazi-1,a2)|i=1,---n}) (12)

Proof. Let ¢; be a permutation of b; such that v = g({f(ci,con—i+1|i=1,---,n})
is a minimal element under =<;. Then by Theorem 8, ¢; can be chosen such that
ciRcipp for 1 <i<n—1andforn+1<i<2n—1. Suppose ¢,+1 < c,. By Eq. (8)
we can swap these two terms without causing v to be nonminimal. Again by Theorem
8, we can reorder ¢; for 1 < i <n such that they are nondecreasing under < and also
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reorder ¢; for n+ 1 <i < 2n such that they are nondecreasing. If ¢, | < ¢, we repeat
the process again. It’s clear that this needs to be repeated at most a finite number of
times and eventually we have ¢, 4| >~ ¢,. Thus we have a sequence of ¢; such that
¢iZciyp for 1 <i<n—1 and for n+1 < i< 2n—1, in addition to ¢, =X ¢y+1,
ie., ¢ 2 ¢+ 2 cp,. Since each swap of 2 elements in the permutation results in
comparable elements in I;, this minimal element v is also the least element v under
=4 among all the permutations of b;.

Next, let d; be a permutation of b; such that v = g({f(dai—1,dai}|ln=1,---,n})
is a maximal element under <;. Then by Theorem 8, d; can be chosen such that
dri—1 2 dyiy1 and do; X dyiyr for 1 < i< n—1. Furthermore, by repeated use of
Theorem 8 and Eq. (11) we can assume dy;_| =< dy; as well. Suppose d»,—1 < d2(n71)'
Then dy(, 1)1 < dy(,—1) and by Eq. (11) we can swap dy(, 1) and dp,, 1)1 without
changing the value of v. Again by repeated application of Theorem 8 and Eq. (11)
we can reorder dp; for 1 < i < n such that they are nondecreasing under < and also
reorder dp;—1 for 1 < i < n such that they are nondecreasing in addition to ensuring
dri—1 = dp; without changing v. It is easy to see that after this reordering dp,—1 >~
dy(n—1)- Applying this procedure for j =n—1,...,3,2 sequentially shows that for
each2<j<n, dyj1 = dz(j - This in addition with the fact that d»; = d»;_; shows
that dy < d;--- =< d»,. Similarly, this maximal element v is also the greatest element v
among all the permutations of b;. [

By ChOOSing g(x17x27'“) = Zixi and f(xvy) =Xy or g(x17x27'“) = _Hixi and
f(x,y) =x+y, we have the following result.

COROLLARY 5. Let a; be a set of 2n numbers and let b; be the numbers a; sorted
such that by < by <--- < by,. Then

n

Zb b2n i+1 X ZaZI la21 S Zb2i71b2i~

i=1
If in addition a; > 0, then

n n n

T (B2ie1 +b2i) < (a2iz1 +a2i) <[] (bi+ ban—is1)
i—1 i1 i1

It is interesting to note that when {a;} = {x1,x1,x2,x2, -+, X, X, } consists of n
numbers each occuring twice, then the optimal permutations in Corollary 5 correspond
to the optimal permutations in Eqns. (1-2).

Similarly, we can generalize Theorem 11 to multiple sequences when the permu-
tation is among all kn numbers {a;;}.

THEOREM 14. Consider a sequence of kn elements a; in 1 with partial order
= such that a; R ay X --- R ai,. Let b; be and arbitrary permutation of a;. Let
f(x1,--+,xz) be afunction defined on I* such that

fml(xayaz) :fml(yrxaz)



ON REARRANGEMENT INEQUALITIES FOR MULTIPLE SEQUENCES 523

forall x, vy, z and pairs of indices m <1 and Eq. (9) is satisfied for all x| = x, and
v1 2 yz in I and all pairs of indices i < j and all z, then

({f( (j— 1/<+17b(j—1)k+2a"' bjk|j:1.'-- n})
<a g({f(aivus1-a(-niras s apli=1,--,n})

Proof. The proof is similar to Theorem 13. Let d; be a permutation of b; such

that
=g({f(dj- 1+ 1,d(j-1yks2,djlj =1, -n})

is a maximal element. Then by Theorem 11, d; can be chosen such that d(;_j);4; =
djryi for 1 <i<kand 1< j<n—1.Furthermore, by Eq. (11) we can also assume that
dij-1ri 2d(j-1)kriv1 for 1 <i<k—1and 1 < j<n. Suppose di(,—1)41 < di(n—1)-
By Eq. (11) we can swap dj(,2)1 and di(, 1) without changing the value of v.
Again by repeated application of Eq. (11) and Theorem 8, we can reorder d; such that
dij_1yi 2 djkvi for 1 <i<kand 1 < j<n—1 without changing v while ensuring
d(j—l)k+i j d(j D)k+i+1 for 1 < I < k—1 and 1 ] < n. If dk(n 1)+1 < dk(n—l) we
repeat this process (which terminates after a finite number of times) until dy(, 1)1 =
di(n—1)- Applying this procedure for j from n—1,---,3,2 sequentially shows that
foreach 2 < j < n, d(j 11 = dyj—1). This along with d(; 1y = d(j-1)kyiv1 for
1<i<k—1land I <j<nshowsthat dy <dy X --- X dyy,.

. We get the following result when we set g(x1,---,x,) =27 | x; ]z{md S, x) =
IT:, x;i orif we set g(x1,-+,x,) = —IT7 x and f(xp, -, x%) = X0 X

COROLLARY 6. Let a; > 0 be a set of kn numbers and let b; be the numbers a;
reordered such that by < by < --- < by,. Then

kn n n k
nnHaigz aj1k+l\2Hbjlk+l
i=1 j=1i

j=li=1
n k n k kn o \"
sz/ Dk+i X HECZ, 1k+l\<M) .

j=li=1 j=li=1 n

:j»

Il
—_

and

Suppose there exists ci, a reordering of the numbers a; such that Hi-‘zlc( ek =
Hf:lc(l—l)kﬂ' forall 1 < j,l <n. Then

n k

C(j— lk+l\2Ha1 1)k+i

j= 1i=1

M=
’:]»

1i

Il
—_

j
Suppose there exists c;, a reordering of the numbers a; such that 2{-“: 1CG—1k+i =
Zlec(l,l)kﬂ forall 1 < j,l <n, then

k n k

n
Hza(j—l)k+i< Hzcj 1)k+i
Jj=li

—1li=1 j=li=1
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n
The bounds n{/TI¥",a; and <#> in Corollary 6 are due to the AM-GM

inequality (Lemma 2).

7.1. The special case when ¢; is an arithmetic progression

In general, Corollary 6 provides a tight bound only on one side. On the other hand,
both a tight upper and lower bound can be derived under certain conditions when the
numbers a; form an arithmetic progression.

DEFINITION 5. For a permutation ¢ of {1,---,kn}, define
-y Haa -1kt )
i=1j=

Let Vinin (1,k) and vmax (n, k) be the minimal and maximal values respectively of v(n, k)
among all permutations ¢ of {1,---,kn}.

DEFINITION 6. For a permutation ¢ of {1,---,kn}, define

Hzao (i—1)k+j)*

i=1j=

Let wmin(n,k) and wmax(n,k) be the minimal and maximal values respectively of
w(n,k) among all permutations ¢ of {1,--- kn}.

Suppose a; > 0 is an arithmetic progression, with a; = a; + (i — 1)d, for i =
-,kn, d > 0. Corollary 6 implies that

l—' 1
THEOREM 15. ® Viin(n,k) = nd*

n +ik
o Vmax(n,k) = X1 T2 a1y = d* S 1%-

® Wmax(n,k) < (M)n.

° Wmin(n’k): 12j 143~ 1)k+/_anl 1(a1+(lk k+l)d)
F(n+ 2111+25de l)d)

— an 4"

THEOREM 16. If k =2t + nu for nonnegative integers t and u, then wiax (n,k) =

(M“l;’“h))n.
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Proof. The proof is similar to the proof of Theorem 2. Instead of using cyclic
permutations r; of {1,---,n} and the permutation (n,n—1,---,1), we apply them to
(j—Dn+1,(j—1)n+2,---,jn) and this is equivalent to adding (j — 1)n to each
term of the j-th permutation. For instance, for n = k = 3, w(n,k) is maximized by
(a1,a5,a9,a2,a6,a7,a3,a4,ag). U

This implies that if n is odd and k > n— 1 or if k is even, then wyax(n,k) =
(k(ul‘z‘r“kn) )n .

THEOREM 17. If n is even and k is odd such that k > n — 1, then

Wmax (11,k) = (kal + (%) d)n/z (kal N (@) d>n/2

Proof. The proof is similar to the proof of Theorem 3, except that we add (j— 1)n

to each term of the j-th permutation in the k-set of permutations of {1,---,n}. This
adds an additional ZIJ‘-:l(j —1)n= (k—1)kn/2 to each w; and thus w; = k(kLzl)_l
for i=1,---,n/2, and w; = w for i=n/2+1,---,n. Thus wmax(n,k) =

1) — n/2 " n/2
I, k(ay —d)+wid = (k(al —d)+w) <k(a1 —d)+w) and
the conclusion follows. [

Analogous to Theorem 6, we have the following result for a geometric progression:

THEOREM 18. For a geometric progression sequence a; = cd” where c,d > 1

and b; is an arithmetic progression of kn nonnegative numbers, if k = 2t + nu for

k(b +bgy)
t,u >0, then vpin(n,k) = an-‘ila}/n =nckd— 2 .

7.2. The special case a; =i
DEFINITION 7. For a permutation ¢ of {1,---,kn}, define
n k
v(n,k) = [o((i—Dk+)).

i=1j=1

Let vmin(n,k) and vimax(n,k) be the minimal and maximal values respectively of v(n, k)
among all permutations ¢ of {1,--- kn}.

DEFINITION 8. For a permutation ¢ of {1,---,kn}, define
n k
wnk) =TT o((i—k+ ).
i=1j=1

Let Wiin(n,k) and wmax(n,k) be the minimal and maximal values respectively of
w(n,k) among all permutations ¢ of {1,--- kn}.



526 C. W. WU

We have vpin(n,1) = wmax(1,n) =n(n+1)/2, vmin(1,k) = wmax(k, 1) = k!, and
n
Vmin (7, k) = n/(kn)!. Furthermore, wiax (1, k) < (k("gH)) with equality if k =27+
nu for nonnegative integers ¢ and u.

THEOREM 19. vpin(n,2) =n(n+1)(2n+1)/3, wmax(n,2) = 2n+ 1)".

Proof. By Corollary 6, vyin(,2) = 3% i(2n—i+1) = 2n+1)30i— 31 =
nn+1)2n+1)/2—n(n+1)(2n+1)/6=n(n+1)(2n+1)/3. Similarly, wmax(n,2) =
" (i+@2n—i+1)=(2n+1)". O

Theorem 17 implies that

COROLLARY 7. If n is even and k is odd such that k = n— 1, then wmax(n,k) =

(kz(an)Ll)”/z
—)

The value of vyin(n,3) can be found in OEIS [7] as OEIS sequence A072368
(https://oeis.org/A072368). The values of vyin(n,k) can be found in sequence
A331889 (https://oeis.org/A331889). The values of wpax(1,k) can be found in
sequence A333420 (https://oeis.org/A333420). The values of wyin(n,k) can be
found in sequence A333445 (https://oeis.org/A333445). The values of vax (1,k)
can be found in sequence A333446 (https://oeis.org/A333446).

8. Rearrangement inequalities for generalized sum-of-products and
product-of-sums

So far the examples above deal mainly with sequences of real numbers. In this
section we look at other partially ordered sets for which Eq. (4) can be satisfied.

DEFINITION 9. (Ref. [3]) A partially ordered group (G,+,=) is defined as a
group G with group operation + and a partial order < on G such that z+x <z+y &
x+z=y+z& xSy forall x,y,z€G.

DEFINITION 10. Define € as the set of tuples (I,+7,=<;,J, 47, =<7,K,+k, =<k, *)
satisfying the following conditions:

L. (I,+1,=1), (J,+,,=y) and (K,+k,=<g) are partially ordered Abelian groups.

2. x:1xJ— K is adistributive operation, i.e. it satisfies (x+;y)*z=x*z+gy*z
and x* (y+yz) =x*y+gx*z.

3. x is nonnegativity-preserving: if x >=; 0 and y >~; 0, then x*xy > g 0.

If (I,+,=)) is a partially ordered group with an associative, distributive and non-
negativity preserving operation * : I x I — I whose identity is in I, then (I,+,=<y,%*) is
a partially ordered ring. If in addition * is commutative, then (I,+, <, ) is a partially
ordered commutative ring.


https://oeis.org/A072368
https://oeis.org/A331889
https://oeis.org/A333420
https://oeis.org/A333445
https://oeis.org/A333446

527

ON REARRANGEMENT INEQUALITIES FOR MULTIPLE SEQUENCES

symmetric
I =1 J =J K =K * *
R < R < R < multiplication yes
induced by induced by
positive positive
R" cone R" cone R < dot product yes
induced by induced by
positive positive xxy=x"Ay no
R cone R”" cone R < with A > 0 yesif A = AT
induced by induced by
positive positive frg=
f:00,1]—R cone f:0,1]—R cone R < \,oH f(x)g(x)dx yes
induced by induced by induced by
positive positive positive Matrix
R cone R cone R cone multiplication no
Frobenius
Hermitian Loewner Hermitian Loewner inner
matrices order matrices order R < product yes
Commuting Commuting
Hermitian Loewner Hermitian Loewner | Hermitian | Loewner Matrix
matrices order matrices order matrices order multiplication yes
Hermitian Loewner Hermitian Loewner | Hermitian | Loewner Hadamard
matrices order matrices order matrices order product yes
Hermitian Loewner Hermitian Loewner | Hermitian Loewner Kronecker
matrices order matrices order matrices order product no
Hermitian Loewner Hermitian Loewner | Hermitian | Loewner | reverse Kronecker
matrices order matrices order matrices order product? no

“The reverse Kronecker product A ®, B is defined as B® A.

Table 2: Examples of members in € .
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Structures in % have been useful in extending Schur’s inequality [11]. Examples
of elements in ¥ are listed in Table 2. Analogous to Lemma 10 we have

LEMMA 11. Let ay,ay €1, by,by € J. If a1 =jay and by =j by, then
ayxby +xay*by =g ay xby +xaxx by
If addition 1 =J and x is symmetric, then

(a1 +1b1) * (ay+1b2) =k (a1 +1b2) * (a2 +1by)
Proof. This follows from the fact that both inequalities can be rewritten as (a, —
al) * (b2 — bl) k0. O

By choosing g as the sum and f as the product, or choosing g as the product and
f as the sum, Theorem 8 along with Lemma 11 can be used to prove the following
result

THEOREM 20. Let (I,=;,J,=;,K,=<k,*) beatuplein €. Let aj <jap <j--- =<1
ay, and by 2y by Xy --- 21 by, then

D ai*by_ip1 Xk X, ai*bg) Sk D aixbi
i i i
forall o €8,. If in addition I =J =K, * is symmetric, a; =; 0 and by =;0, then

XK (Ai+Byi) * (Ai+Bo) =k * (Ai+B))

forall o €S,.

Theorem 20 can be used to prove the following generalized Chebyshev’s sum in-
equality:

COROLLARY 8. Let (I,=;,J,=;,K,=k,*) be a tuple in €. Let aj <jay =i
o 2pay, and by 2y by Xy - Zp by, then

Zai*ZbJ- <K nZai*bi.
i j i

Proof.

aix Y b; = aixb; = ai*bg.iy Xk aixb; g n) a;xb;
: —~ — £ J - () — £ :
i J i J Jjoi i

where 0;(i) = (i+j modn)+1. O

Similarly, Theorem 11 can be used to prove:
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THEOREM 21. Let (I,=7,1,=<1,1,=1,%) be a tuple in €. Let a;j be a sequence
of elements in I that for each i, 0 =j a;; =jap =<y <1 ain. Then

> * Ajo;(i) 21 > >|< aji
i i
for all permutations o; € S,,. If in addition * is symmetric, then

* 2 o) =1 * Y aji
i i

for all permutations o; € S,.

Theorem 13 implies:

THEOREM 22. Let (I,=;,1,=1,K,<k,*) be a tuple in € with * symmetric. Let
a; 2ray 21+ 21 ax, be a sequence of 2n elements of 1. Then

n n

n
Z ai*azm-iv1) 2k Y, (Aoi-1)*dei) Sk X, (a2i-1%as:.)
= P i-1

forall o € Sy,. If in addition I = K and a; >0, then

n n n

>|< (a2i-1+a2) =1 >|< (a5 i1y +ao()) =1 >|< (ai+az-iy1)

forall o € Sy,.
Similarly, Theorem 22 implies the following variation of the Chebyshev’s sum

inequality.

COROLLARY 9. Let (I,=;,1,=1,K,=k,*) be atuple in € with * symmetric. Let
a; 2ray 21+ 21 ax, be a sequence of 2n elements of 1. Then

2 ) * 2 Ao (j <KnE,a% 1 *dy;.

i=1 Jj=n+1 i=1

forall ¢ € Sy,.

Proof.
n n
Zao * 2 ag(j) =2, 2 Ao (i) * Ao(j) = D, 2 Ao (i) * Ao (u;(i)
Jj=n+1 = 1] n+1 i=1 j=n+1
=Kk 2 Zazz 1% a; <anazl 1 %A
j=n+1li=1

where u;(i) = (i+j modn)+n+1. O

Theorem 14 implies:
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COROLLARY 10. Let (I,=;,1,=1,1,=1,%) be atuple in € with * symmetric. Let
0=7a; =ray =Xy 21 ax, be a sequence of kn elements of I. Then

Z >l<a0'jlk+l jIZ >l<ajlk+l

j=1 i=1 j=1 i=1

and

=

M»

=

M=

agj— 1k+171
1 J

L Ao ((j—1)k+i)

1

J=1i
forall ¢ € Sy,.

An analogue of Theorem 10 is the following:

THEOREM 23. Let (I,=;,1,=1,1,=1,%) be a tuple in € with * symmetric. Let
ay Sray <y <ra, and V(o) = Ag(1) *dg(2) T1a6(2) * Ao3) F1 - F1asm) * do(1),
where ¢ € S,,. Then

V(Gml) =1 V(G) =I V(sz)

for all permutations o € S, where 6,, and Oy, are as defined in Section 6.1. If in
addition ay =1 0, then the inequality still holds if we swap x with + and reverse the
direction.

8.1. Ordered inner product spaces

Consider the case where I = J is an ordered vector space I with a real-valued inner
product (-,-) : I x I — R with corresponding partial order > such that the following is
true:

xy=0=(x,y) >0.

Examples of such ordered inner product spaces include R", L, and I, spaces and
Hermitian matrices”. Then Lemma 11 becomes:

LEMMA 12. If ay X ap and by =< by, then

<a17b1> <a27b2> <a17b2> <a27b1>

and
<a1—|—b1,a2+b2> <a1+b2,a2+b1>

Theorem 20 then becomes
THEOREM 24. Let aj <apy = --- < ay, and by <by =< --- < b,. Then

2<aiabnﬂ'+l> < 2<ai,bo(i)> < z<ai,bi>
forall o €S,.

2where the partial order is the Loewner partial order and the inner product is the Frobenius inner product
(A,B) =tr(AB).
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8.2. Hermitian matrices

Let us now choose I and J to be the set of Hermitian matrices with the Loewner
partial order, i.e. A > B if A— B is positive semidefinite. Since the product of two pos-
itive semidefinite Hermitian matrices that commutes is positive semidefinite, Lemma 11
implies:

LEMMA 13. Let Ay, Ay, By, By be Hermitian matrices of the same order such
that A; commutes with Bj forall i,j. If Ay 21 Ay and By < By, then

A1B+AyBy =1 A1By +AsB
If in addition A1 commutes with A,, then
(A1 +B1)(A2+B2) =1 (A2 +B1)(A1 + By)

This along with Theorem 20 can be used to prove the following result which was
also proved in Ref. [8].

THEOREM 25. Let Ay <p Ay =<r --- 2p A,, and By =31 By <1 --- =31 B, be Her-
mitian matrices of the same order such that A; commutes with B; for all i,j. Then

ZAiBn—i-H =L ZAiB()'(i) =L zAiBi
l l 1

forall 6 €85,.

Similarly

THEOREM 26. Let 0 <X A; XL Ay =21 2L Ay, and 0 <Xy By 21 By = --- X1 By,
be Hermitian matrices of the same order such that A; and B; commutes with Aj and
with Bj forall i, j. Then

[TA+B.-it1) =L H (Ai+Bs(i) =1 H (Ai+B)

1

forall ¢ €85,.

Similarly, Theorem 21 can be used to prove:
THEOREM 27. Let A;; be a sequence of positive semidefinite Hermitian matrices

of the same order for 1 <i<k, 1 < j<nsuchthatforeachi, Ajj JpAp 3L+ =LA
and A;j commutes with A,y for all i #m. Then

ZHAjGj(i) =L ZHAji
i i
for all permutations o; € S,,. If in addition A;; commutes with Ay, for all i,j,m,l,
then
[1XAj00 = [TX A
i i

for all permutations o; € S,.
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Theorem 22 implies:

THEOREM 28. Let A| Xy Ay =X -+ 21 Aoy, be a sequence of 2n commuting Her-
mitian matrices. Then

n n n
Y Aidon-iv1 2L 2 Aci-1)Ac(i) L D, A2i-142.
i=1 i=1 i=1

forall o € Sy,. If in addition A, > 0, then

[1Az-1 +A2) <LH( 2i-1) +Ac(2i)) <LH (Ai+A2it1)
i=1 i=1 i=1
forall ¢ € 8Sy,.

Corollary 10 implies:

COROLLARY 11. Let 0 =y A| < Ay 2 -+ 3L Ay, be a sequence of kn commut-
ing Hermitian matrices. Then

and

=

k
EAJ 1k+t<LH2A ((j—=1)k+i)

j=li=

\

._.
I

—_

forall ¢ € Sy,.

For both the Kronecker product ® and Hadamard product ©, the product of two
positive semidefinite Hermitian matrices is Hermitian and positive semidefinite. In
addition, the Hadamard product is a symmetric operator. Lemma 11 then implies the
following:

LEMMA 14. Let Ay, Ay, By, By be Hermitian matrices. If A1 <1 Ay and By =,
B, then
A|®@BI+A2®B, = A| @By + A, @By

If in addition A; and B; are of the same order, then
AlOB1+A0By = Al ©By +A; OBy

(A1+B1)©(A2+B2) =1 (A2+B1) © (A1 +B2)

This allows us to prove the following series of results:
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THEOREM 29. Let A; <p Ay =<p --- =L A,, and By =<1 By < --- =<1 B, be Her-
mitian matrices. Then

D (Ai®@Bu_is1) 2L Y, (Ai®Bg )<L2A®B)

i i

forall o €8,. Ifin addition A; and B; are of the same order, then

D (Ai©B, i ﬁZ(A © By )<L2A@B)

i

forall ¢ €85,.

Theorem 29 was also shown in Ref. [8].

THEOREM 30. Let 0= A| X Ay =p--- =LAy, and 0 <y B <y By = --- <1 By,
be Hermitian matrices of the same order. Then

O @Ai+B, i) >L@(A + Bo( )>L@ Ai+B))
i
forall ¢ €85,.

THEOREM 31. Let A;; be a sequence of positive semidefinite Hermitian matrices
such that for each i, Ay <p Ap <L -+ =L Ain. Then

2 Q) Ajo,) =1 2.4,
P P

THEOREM 32. Let A;j be a sequence of positive semidefinite Hermitian matrices
of the same order for 1 <i<k, 1 <j<nsuchthatforeachi, Ajy JpAp =3 3L Ain.

Then
Z@Am =L Z@Aﬂ

and

O2Ajo0) =L O 2 Aji
i ] i

for all permutations o; € S,.

THEOREM 33. Let A| <Xp Ay = --- = Az, be a sequence of 2n Hermitian ma-
trices. Then

n

n
(Ai©A2-i11) 2 Y, (Asio1) @A) =L D, (Asi1 ©Ay).
1 i1 i=1

forall o € Sy,. If in addition A, > 0, then

M=

n

(O (Azim1 +Az) '<L© o2i-1) +As(2i)) ‘<L© Ai+Ax—it1)
i=1 i=1 i=1

forall ¢ €8Sy,.
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COROLLARY 12. Let 0 = A| <Xy Ay <[ -+ 2L A be a sequence of kn Hermi-
matrices. Then

n k n k
z @AO' ((j=1)k+i) =L Z @A(j 1)k+i
Jj=li=1 J=li=1
no k
N Ag-1ti =L QEA J—1)k+i)
j=11:1 —1i=1

forall ¢ € Sy,.

9. Conclusions

We consider several variants and generalizations of the rearrangement inequality

for which we can generalize to multiple sequences and find both the set of permutations

that

maximizes or minimizes the sum of products or product of sums of terms and

where the permutation can be chosen across sequences. We also study rearrangement
inequalities beyond real numbers where the elements are vectors, matrices or functions.
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