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Abstract. Let A,B,C € C"*" be positive semidefinite matrices and let |A[,|B|,|C| be determi-
nants of A,B,C € C"*" respectively. In this paper, the authors prove two determinantal inequal-
ities

IA+B+C|+[C| > |A+C|+|B+C|+ (2" —2)|AB|Y? +3(3" 1 —2" 1) |ABC|'/?
and
|A+B+C|+|A|+|B|+|C| > |A+B|+|A+C|+|B+C|+3(3"! —2" 4+ 1)|ABC|'/>.

These two inequalities refine known ones.

1. Introduction

Let A € C"™" be a square matrix of order n. In this paper, we will denote the
determinant of the matrix A by |A| and denote eigenvalues of the matrix A by

A‘l (A)aA‘Z(A)a s 7zfn(A)
If eigenvalues of the matrix A are real numbers, we specify
A (A) Z A (A) = -+ = An(A).

Let A,B € C"*" be positive semidefinite matrices. In [, p. 465, Corollary], Hart-
fiel obtained the determinantal inequality

A+ B| > |A| + |B| + (2"~ 2)(|A||B])'/*. (D

In [5, p. 215], Zhang established a determinantal inequality below.
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THEOREM 1. ([5, p. 215]) Let A,B,C € C"*" be positive semidefinite matrices.
Then
|A+B+C|+|C| > |A+C|+|B+C|. 2)

In [3], Lin established the following determinantal inequality.

THEOREM 2. ([3, Theorem 1.1]) Let A,B,C € C"*" be positive semidefinite ma-
trices. Then

|A+B+C|+|A|+|B|+|C| > |A+B|+|A+C|+|B+C|. 3)

In this paper, we will refine determinantal inequalities (2) and (3) above.

2. Lemmas

To refine determinantal inequalities (2) and (3) in Theorems 1 and 2, we need the
following lemmas.

LEMMA 1. ([4, p. 333]) Let A,B € C"™" be positive semidefinite matrices. Then

n n

TT2(A) + Au—is1(B)] = |A+B| = []14:(A) + Ai(B)).

i=1 i=1

By the proof of Theorem 1.1 in [3], we have the following inequality.

LEMMA 2. ([3, Theorem 1.1]) Let A,B € C"*" be positive semidefinite matrices.
Then

n

T2+ B+14,) ~ [T AA+B) > [TIAA) + 2(B) + 1] — [TIA(A) + Ai(B)].

i=1 i=1 i=1 i=1
LEMMA 3. Let aj,bi,c; >0 for i € N. Then

n n

Ha,—f—b +ci) +Hal+Hb +Hc, Hal—f—b H(a,-—l—c Hb—f—cl

=1

—

>33 - 2"+1)f[( ibic)\ 3. (4)

i=1

Proof. If n = 1,2, the inequality (4) obviously holds. If n > 3, let iy,...,i,
Jis---sJji» L1,- .., ¢ be non-negative positive numbers such that

{ih"'aikajla"'7jl7€17"'7€.\'}\{0}: {1,2,"',1’1}.

Since
n

[T(ai+bi+e) = > H a, Hb,,, H%’

i=1 0y << 0y <<, m=
0y <<l i+ jrHs=n
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by virtue of the inequality between the geometric and arithmetic means, we acquire

n

Ha,+b+c +Ha,+Hb+Hc, Ha,+b) H(a,-—l—c,-)—ﬁ(bi—i-c,-)
i=1

i=1 i=1

= )y Hazmeszw

I<iy <-<ip 1<y < <Ji. m=
1<y <o <ls g+ jr+s=n

. n 3"*1172"“
>3(3"'=2"+1) H(aibiciww ~2'+1)
1=

=3(3"" 2"+ 1) [J(abici) ">
i=1

The proof of Lemma 3 is complete. [

REMARK 1. Taking ¢; =1 for i =1,2,...,n in Lemma 3 results in

n

H(ai+bi+1)+ﬁai+ﬁbi+1—ﬁ(ai-l-bi)—ﬁ(ai-i-l)—ﬁ(bi-l-1)

i=1 i=1 i=1 i=1 i=1 i=1
>33 2"+ 1) [(ab)' 3, (5)
i=1

where a;,b; > 0 for i € N.

LEMMA 4. Let aj,bi,c; >0 for i € N. Then

[Ttai+bi+ci)+[Jei—[](ai+c)—[[®i+c)
i=1 i=1 i=1 i=1
> (2" -2) H(aibi)1/2 +3(3" 274 1) ﬁ(aibici)l/3. (6)

i=1 =1

Proof. Using the inequality (1), we obtain

ﬁa,—i—b Ha, Hb ( ) (ab)l/z.
i=1

Therefore, by the inequality (4), we arrive at

n

[T@i+bi+ci)+[Tei—T(ai+c) = []i+c)

i=1 i=1 i=1 i=1

> [1(ai+b) Hal 1_[19—1—3(3”l 2"+1)H(abcl) 173

i=1

> (2” —2) H(aibi)l/2+3(3n_l 2"+ 1) (a,-b,-c,-)l/3.

i=1 i=

=

=

—

=

—

The proof of Lemma 4 is complete. [
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REMARK 2. Setting ¢; =1 for i = 1,2,...,n in the inequality (6) in Lemma 4
leads to

n

n n
[T(@+bi+1)+1-]](a+1) -]+ 1)

i=1 i=1

—

> (2= 2) [T(aib)? +3(3 " =27+ 1) [J(@ib)' 3, (7)
i=1 i=1

where a;,b; > 0 for i € N.

REMARK 3. From the inequality (7), it is easy to see that,

1. when [T, a;b; > 1, we have

n n

H(ai—l—bi—l—l)—I—l—ﬁa,—f—l ~Tl@wi+1 > (3" 2" 1) [ (aibi)' 3.
i=1

i=1 i=1

—

2. when 0 <TTL,a;b; < 1, we have

n n

H(ai—l—bi—l—l)—I—l—ﬁa,—f—l ~Tl@i+1 > (3 2" 1) [ (i)'
i=1

i=1 i=1

—

3. Refinements of two determinantal inequalities

In this section, we refine determinantal inequalities (2) and (3).

THEOREM 3. Let A,B,C € C"" be positive semidefinite matrices. Then

|A+B+C|+ |A|+ |B| +]C|
> |A+B|+|A+C|+|B+C|+33" 1 —2"+1)|ABC|'3. (8)

Proof. 1If |C| =0, the inequality (8) evidently holds.
If |C| # 0, putting

Ay =C'?2Ac™Y? and B, =cC'/*BCV/2.
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Using Lemma 2 and the inequality (5), we deduce

(JA+B+C|+|A|+|B|+|C|—|[A+B|—|A+C| — |B+C))|C| !
= |A1 +B1 +1L,| + A1+ |B1| + 1= |A; +B1| — |A1 + 1I,| — |B1 + L]

=[Jx@A1+Bi+1L)+[JAA) + ] Ai(B1) +1
i—1 i=1 i=1

—ﬁli(Al —|—Bl) —ﬁli(Al -l-In) —ﬁli(Bl +In)

i=1 i i=1
H i(A; +Bp) +1] +H)L (Ay) +H)L B))+
i=1 i=1

n n

H i(Ar+B1)] —[TAAD) + 1= TTNB1) +1]
i=1 i=1

> [TA(AD) +Ai(B1) + +Hx (A1) +Hx (B1) +
i=1
H A1 —|—7L Bl)] H[Ai(Al)—Fl]—H[)Li(Bl)-i-l}
i=1 i=1
>3(3" L 2" 1)]ABC|'3|c| !
The proof of Theorem 3 is complete. L[]

THEOREM 4. Let A,B,C € C"*" be positive semidefinite matrices. Then

[A+B+C|+[C| > |A+C|+|B+C|+ (2" —2)|AB|'> +3(3" ' — 2"+ 1) |ABC|'/>.
)]

Proof. By the inequality (8) and the inequality (1), we obtain

|A+B+C|+|C|—|A+C| - |B+C]|
A+ B|—|A| — |B|+3(3" ! —2"+1)|ABC|'/3

=
> (2" —2)|AB|'? +3(3" 1 —2" 4 1)|ABC|'/>.
The proof of Theorem 4 is complete. [

REMARK 4. Theorem 4 can be proved by Lemma 1 and the inequality (7), as done
in the proof of Theorem 3.

REMARK 5. This paper is a corrected and revised version of the preprint [2].
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