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NECESSARY AND SUFFICIENT CONDITIONS FOR
BOUNDEDNESS OF COMMUTATORS OF BILINEAR
HARDY-LITTLEWOOD MAXIMAL FUNCTION

DINGHUAI WANG* AND GUANGQING WANG

(Communicated by P. T. Perez)

Abstract. Let .4 be the bilinear Hardy-Littlewood maximal function and b = (b,b) be a collec-
tion of locally integrable functions. In this paper, the authors establish characterizations of the
weighted BMO space in terms of several different commutators of bilinear Hardy-Littlewood
maximal function, respectively; these commutators include the maximal iterated commutator
M5, » the maximal linear commutator .#; , the iterated commutator [Hi),./// ] and the linear

commutator [£b,.7].

1. Introduction

A locally integrable function f is said to belong to BMO space if there exists a
constant C > 0 such that for any cube O C R”,

1
o /Q F(x) — folax < C,

where fp = @ Jo f(x)dx and the minimal constant C is defined by || f||..

There are a number of classical results that demonstrate BMO functions are the
right collections to do harmonic analysis on the boundedness of commutators. A well
known result of Coifman, Rochberg and Weiss [8] states that the commutator

[b,T)(f) = bT () =T (bf)

is bounded on some L?, 1 < p < oo, if and only if b € BMO, where T be the classical
Calder6n-Zygmund operator. Chanillo [6] proved that if b € BMO, the commutator

[b,1a] f (x) = b(x)Io.f (x) = 1o (bf)(x)
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is bounded from L? to LY with 1 < p <n/a and 1/g=1/p—o/n, where I, be a
fractional integral operator. He also showed that b € BMO is necessary for the bound-
edness of [b,I,], when n— o is an even number. A complete characterization of BMO
via the commutator [b,I,] was shown by Ding [9]. During the past thirty years, the
theory was then extended and generalized to several directions. For instance, Bloom
[3] investigated the characterization of BMO spaces in the weighted setting. Due to its
interest, the singular integral operators were replaced by maximal operators as an ob-
ject of study. The first result in this direction was done in [14]. In 1991, Garcia-Cuerva,
Harboure, Segovia and Torrea [12] showed that the maximal commutator

M(1)(5) = sup 7 [ 1600~ b7

is bounded on L”, 1 < p < e, if and only if » € BMO. In 2000, Bastero, Milman and
Ruiz [1] studied the necessary and sufficient conditions for the boundedness of [b, M]
on L? spaces when 1 < p < eo. They showed that the commutator of Hardy-Littlewood
maximal operator

[b,M](f)(x) = b()M(f)(x) = M(bf)(x)

is bounded on L?, 1 < p < oo, if and only if b € BMO with b~ € L™, where b~ (x) =
—min{b(x),0}. In 2014, Zhang [29] considered the characterization of BMO via the
commutator of the fractional maximal function on variable exponent Lebesgue spaces.

In the multilinear setting, the boundedness of commutators has been extensively
studied already, as in Pérez and Torres’ [19], Tang’s [22], Lerner, Ombrosi, Pérez, Tor-
res, and Trujillo-Gonzdlez’s [13] and Chen and Xue’s [7], and Pérez, Pradolini, Torres,
and Trujillo-Gonzdlez’s [18]. Specially, Chaffee and Torres [5], Wang, Pan and Jiang
[25] and Zhang [28] contributed the theory of characterization of BMO spaces by con-
sidering the linear commutator of Multilinear operators, respectively. In [23, 24], we
replace the linear commutators by iterated commutators. In this paper, we establish
characterizations of the weighted BMO space in terms of several different commuta-
tors of bilinear Hardy-Littlewood maximal function, respectively; these commutators
include the maximal iterated commutator ///Hb, the maximal linear commutator ///Zb,
the iterated commutator [[1b,.#] and the linear commutator [£b,.#]. Our main results
as follows.

THEOREM 1. Let 1 < py,pr < oo, b= (b,b), 1/p=1/p1+1/py and o € A;.
Then the following are equivalent,

(Al) b€ BMO(w);
(A2) .My is bounded from LP' (@) x L (o) to LP(0'~P);

(A3) M,y is bounded from LP'(w) x L2 (@) to L (w'~2F).

THEOREM 2. Let 1 < p1,py <o, b= (b,b), 1/p=1/pi+1/ps and o € A;.
Then the following are equivalent,
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(B1) beBMO(®) and b~ /o € L”;
(B2) [Eh,.#] is bounded from LP' (w) x LP* (o) to LP(0'P);

(B3) [T1b,.#) is bounded from LP'(®) x LP2(@) to LP(®'~2P).

2. Some preliminaries and notations

In 2009, Lerner, Ombrosi, Pérez, Torres and Trujillo-Gonzélez [12] introduced
the following multilinear maximal function that adapts to the multilinear Calderén-
Zygmund theory. In this paper, we only consider the bilinear case. A similar argument
also works for the multilinear cases.

DEFINITION 1. For a collection of locally integrable functions f = (f1,/2), the
bilinear maximal function . is defined by

. 21
= = [ filvi)ldyi.
9=y llig ook

We now give the definitions of the maximal commutators and the commutators
related to the bilinear maximal function .# . The definition is motivated by [18].

DEFINITION 2. For two collections of locally integrable functions f = (fi,f>)
and b = (by,b), the maximal linear commutator .#; is defined by

2
Mg (D) =Y (),
i=1
where
i), 7 2
AP0 =015 [ 1) =0l T vy
an ‘Q| j=1
The maximal iterated commutator .#/; is defined by
M) =swp s [ [T H| {(6) = i) L)y
0>x |Q‘

The linear commutator of .# is defined by

-,

(26, 4)(F)(x) = [b1,.21V (F)(x) + b2, 1P (F) (),

where

-,

b1,V (F)(x) = b1 (0)-4 (F)(x) = A (b1 fi f2) (%)

and

-,

(b2, 21 (F)(x) = b2 (x)-2 () (x) = A (f1,b22) ().
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The iterated commutator of .# is defined by

=, .

[T1b, . #)(f)(x) = by (x)b2(x). (f) (x) — b1(x).A (f1,b2f2) (x)
—by(x)A (b1 f1,12)(x) + A (b1 f1,b2£2) (%)-

We now recall the definition of A, weight introduced by Muckenhoupt [15].

DEFINITION 3. For 1 < p < e and a nonnegative locally integrable function ®
on R", @ is in the Muckenhoupt A,, class if it satisfies the condition

sup<Q|/ (x)dx) (é/{ga)(x)l’lldxy?l < o,

And a weight function @ belongs to the class A; if there exists C > 0 such that for
every cube Q,

1/ .
— [ o(x)dx < Cessinfw(x).
10| Jo ) €0 )

We write Ac = U1<p<ooAp-

Now, we recall the definition of weighted BMO function, which is was first defined
in the relevant work [16]. This work was improved recently in [4].

DEFINITION 4. Let 1 < p < oo. Given a a nonnegative locally integrable function
o, the weighted BMO space BMO?(w) is defined be the set of all functions f €
L} .(R") such that

171 -=ml(—i—/¢ﬂ>—ow<ﬂwd)”p<w
BMO? (w) - Qp W(Q) 0 y 9] y y )

where the supremum is taken over all cubes Q C R" and @(Q) = [, @(x)dx. We write
BMO! (w) = BMO(w) simple.

REMARK. For 1 < p<eand w € A;, Garcia-Cuerva[11] proved that BMO(®) =
BMO?(w) with equivalence of the corresponding norms.

Standard real analysis tools as the weighted maximal function M, (f), the sharp
maximal function M? (f) carries over to this context, namely,

Mol)(0) = sup s [ 170 )y

#
VAP @) = supint v [ 170) —clav = sun o [ 170) ol

A variant of weighted maximal function and sharp maximal operator M, ;(f)(x) =

(Mw(f“'))l/s and Mg(f)(x) = (Mj(f‘s)(x))l/s, which will become the main tool in
our scheme.
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3. Main lemmas

To prove Theorem 1 and Theorem 2, we need the following results. The key idea

of using Mg for commutators (with the main point that 6 < 1) begun in reference [17],
and further in references [13] and [18].

LEMMA 1. Let 0< 8 < & < e <1/2, ® €Ay, b= (b,b) and b € BMO(®).
Then

M, (135(F) (%) S 115]vo(e) @(x)Me (4 (F) (x))

(A

2
+HbHBMO H ws(fi)(x

i=1

2 L
+ 3 IBllsvioe) @ ()M, (4" (7)) ),
i=1
forany 1 < s < oo and bounded compact supported functions fi, f>.
Proof. First of all, we give the definition of the following auxiliary maximal func-
tion, which has been studied in [20] and [21] for the linear case. Let ¢(x) > 0 be
a smooth function such that @e(r) = > @(%), |¢'(r)| St and yp (1) < (1) <

Xj0.2)(t)-
Let

D(f1,f2)(x —SUP/ / Qe (|x —y1|+ [x—2|) H\fz yi)ldy1dys,

and

)@ =sup [ [ (=i + - yzDH\ () =B 30) drdy.

>0

We first show that
O(f1,f2)(x) = A (f1,12)(x).
In fact, let B = {y € R" : |x —y| < €}. It is easy to see that

B§><B§C{(Y1,Y2 x—y1|+ |x—y2| <€} CBe X Be.

The bounded compact supported condition of ¢ gives

D(f1,/2)(x) SUP/ / @e(|x = y1| + [x =2 [y L2(v2) |dy1dy2

>0

£>0 €

S A f1,12)(x)

X—=y1|+|x—
<SUP£W/B /B (0] M)‘fl(yl)‘|f2(y2)‘dyldy2
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and

O(f1,/2)(x >SUP82,,/B/ ‘x y1\+\x yz‘>‘f1(}’1)|‘f2(}’2)‘d)’1dh

t\J

2 A (f1, f2)(x).

We can also obtain that @ (f1, f2)(x) & A5 (f1,/2) (x).
Now, we shall estimate the sharp maximal function of the auxiliary maximal func-

tion. Let Q be a cube and x € Q. Then, for any z € Q we have

@5 (f1,/2)(2) —co| < [b(z) = bol*®(f1,/2)(2)
+[|b(z) = bol®(f1, (b —bo) f2)(2)|
+|[b(2) = bo| ®((b— bo) f1,/2)(2)|
+H@((b—bo)f1,(b—bo)f2)(2) —co|
=: A%(2) + AL (2) + AD(2) + A% (2),
where co = (®((b—bo)f".(b—b0)f5)) 5 and f;* will be defined later.

Therefore,

(é/Q“q)HB(fhﬁ)(Z)}él —Jegl®

>1/51

1/6; 1
) 5 (i et - colt

4
S DA
j=1

where A; = (ﬁ Jo (AJQ(Z))édZ)l/é, j=123,4.
Let us consider first the term A;. By averaging AlQ over Q, we get

A= <Q|/ (’b bgzd)(fl,fz)(z))éldz)
S 16l Emo() @) Me (A (fi, £2)) ().

1/6

Let us consider next the term A, . We write

|b(z) — bo|®(f1,1b — bol f2)(2)
|b(2) = bol@(f1, (1b(z) — ol + [b(z) — b]) £2)(2)
|b(2) = bo 2 (f1,£2)(2) + |b() — bl 42 (i, £5)(2)
1 A% (1) + A% (2).

NN ||

For A% (2). the fact that ®(f1, 2)(z) S A (f1,/2)(z) gives

1/8
Agy = (Q| |, (4 dz) < 15120y @M A (fi ) ).
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For A% (2),

' { N
Ay = (aé(Agz(Z)) dZ)
1/6;
o) bllvioo) ( / }///éz)(fhfz)(z)}éz)

S 0@)bllsvoge)Ms, (4,7 (f1.£2)) ().
The same process also follows that
A3 < 1161301y ® () Me (A (f1.£2)) (%) + ©() | bllpvio(e)Ms, (-4, (f1,£2)) ().
To estimate A4, we split f; to f; = fjo+ f°° with fO fix2o. We write
AL < |@((b—bo) 7, (b—b0) f3)(2)]
HD(((b—bo) 1, (b—bo) f5)(2)|
+H@((b—bo) £, (b—bo) £2)(2))
+|@((b—bo) fi°, (b—bg) f5)(z) — cg
=: A (2) + A% () + AL (2) + A% (2).

2/\

\//_\/_\/_\

Then

By Kolmogorov inequality and the fact that .# is bounded from L! x L to L'/2=,
we have

s \Q|2”‘D“” b+ (b—bo) D)l

\QI2 (b= bo) 2, (b = bo) £3) | 12

\Q|2 H/ [b(yi) = bollfi(yi)|dyi
1/s s
‘Q|2 H </ ‘b y: bQ‘s (yz d}’z) </ ‘fl Vi | Cl)(yl)dyl)

< TT18lgpi ) @C0Mors ()0
i=1
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For A4, it is easy to see that

1
(lz—y1l+ \z—y2|)2"’

Pe(lz=yl+]z=xl) S

then

—b b b
A < // / b(y1) = bol| fi(y)l[b(y2) — 2nQHf2(y2)|dy1dy2dZ
[0] Jo )20 "\2Q (lz=yil+lz—yal)

b(y1)—b b b
/// |b(y1) — bol| fi(y1)]1b(y2) — 2nQHf2(y2)‘dy1d}’2dz
20 JRM20 (lz—=yi| +1z—2])

|b(y2) = bollf2(32)]
b(y1) —bol|fi(y1)|dy // dy»dz
\Q|/| bl AODIN o fene ™ =y ?

2—kn
S Wlior ()@ 0Mos (1)) )y 1b(y2) ~ bollfa(r2)ldy2

1@ 2kQ
2—kn
S ||b||BMOS/( ) ( MCOS fl Z |2kQ‘
x [/2kQ|b(y1) —msz(b)Hfz(yzﬂdyz+/2kQ|msz(b) —bQ|f2(y2)dy2]
2—kn
S ||b||BMOS/( ) ( MCOS fl Z |2kQ‘
16 g 0@ M 1)) + 1 s 0 M)
2
< bl g0 () @@ Mo s () (3)-
i=1

Similarly, for A4z, we have

Ags <]‘[||b||BMOY O (xX)Ma,s(fi)(%)-

For |z— 2| < $max{[z—y1|,]z— 2|},
|lz—7|

(\Z—}H\HZ—M

@ (|z—y1]+ 12— y2]) = @e(|Z =il + | = 32])| £ e

Therefore,

| ((b(z) = b) 7, (b(z) = b)13°)(2) = @((b(2) = b) [T, (b(2) = b) f5")(2)]
<ilio/ \2Q/"\2Q

2
H — bol| fi (vi)|dy1dy>

Qe(lz—y1| + ]z —y2l) — <Pe(\2’—y1\+\1’—yz\)‘
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2

< / =20~ ol fin)

mag |z —yirte

2/\

2 2kn£,

TT 3 g o P00) — Pellfilsnlay

i=1

2
S TPl o () @) Mo (i) (x),

—

where €1,6;, >0 with g, +& =1.
Collecting our estimates, we have shown that

-,

M5 (5(F)) () S 1610 @ (0 Me (A (F) ()

2
101 s010) @) [T Mos () (x)
i=1

-,

2 .
+ 115l Bvo(e) @ ()M, (2 (7)) (x),
=1

forany 1 < s < e and bounded compact supported functions fi,f>. U

797

LEMMA 2. Let 0< & <& <1/2, @ €Ay, b= (b,b) and b € BMO(®). Then

there exist a constant C such that

-,

M () (1)) (@) < 16]lmvio(e) @@)Me (4 (F)(x))

+15llBmo(w) @ () Mao,s (f1) ()M (f2) (x),

forany 1 < s < oo and bounded compact supported functions f, f>.
Proof. Let Q be acube and x € Q. Then, for z € Q we have

}q) (f1.2)(2) —co| < |b(z) —bo|®(f1,1>)(2)
+|®((b—bo) f1,/2)(z) — e
=: B(2) + BS(2).

Therefore,
/“q; (f1,2)(z |62 |CQ|62‘dZ>

1/&
‘/|q> (f1,2)(z —CQ}82d2>

Bj,

(i

|0

M- o tol

S
1

~.
Il
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1 ;
where B, = (ﬁ Jo (BJQ(Z))EZCZZ) =12
Let us consider first the term B;. By averaging BlQ over Q, we get

1/6;
5= (141, (P~ polotn 1) a2
S 1bllsmo(w) @(x)Me (A (f1, £2))(x)-

Let us consider next the term B,. We split fj to fj = fjO + f7 with fj(-) = fixe0-
We write

< |D((b—bo) 2, ) @)+ [@((b—bo) £, 15)(2))
+H( b—bQ)fo7f2 (@] + @b~ bo) f7, f3)(2) = <o
=: B (2) + BS(2) + BY (2) + B, (2).

By Kolmogorov inequality and the fact that .# is bounded from L! x L to L'/2=,
we have

C

By < @||q)((b—bQ)f10»f§)||Ll/2w
1

N @H//((b—bQ)flo7f20)HLl/2,oo

< g L oo =pallfitnlan [ 0oy
S [Pl ) @ C0Mans (1) M) )

For Bzz 5

—boll i)l f2(32)]

dydy,d

B2 5 1 o b /"\29 |z it —w) O
bQ\|f1(Y1)\|f2()’2)|

dydy,d

|Q‘// /"\29 IZ il +lz—y2l)* e

|f2(y2
b(y1)—b )|d // dz
|Q‘/ 1b(y1) = bol| f1(y1)|dy1 - y2|2n dys

o<>2kn

S 12lgmor (@) (X)Mw,s(fl)(x)kglw 2,€Q|f2(y2)\dy2
S 10l gpo? (@) @M s (f1) ()M (f2) ()

For Bj3, we have

~hollA0)IA02)
dvyidy,d
23”\Ql//"\29/ |z ) R

~boll Al
dvidy>d
\Ql// /"\ZQ |z Wty
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\Q|//,,\2Q (1) - byQ||2J;1(y1)|dy1dz/2Q|f2(y2)dy2
S 12llgpor (@) O(X)Mes(f1)(X)M(f2)(x).

Concerning the last estimate for Bo4. Forany 7/ € Q and y;,y, € R"\2Q, we have

(b —bo) fi7,17)(2) = (b~ bo) ST, ) ()]

e>0~/"\2Q~/"\2Q

x|b(y1) = bollfi(y) || f2(y2)|dy1dy2

Qe (|2 =yl + 2= y2]) = @e (|2 —y1| + 12 = y2l)

b —-b
5/ b(y1) Q2\|J+1(y1)|d / \fz(yz)g\ dys
RM20  [z—yi[ta R1\20 |2 — y2|®
2—kn£1 oo —kns
S Z %0l s (1) = bollfi(y1 |dy12 ] / |f2(v2)|dy2

< ||b||BMO.«(a,) < Mo (M) 0.

where £1,& > 0 with & + & = 1. Taking the mean over Q for z and 7’ respectively,
we obtain

1 o oo
B S g [ 1900 —bo) 7 5)(0) —colds
1 1 o oo / /
S 11 ol o 2 —ba) 7 )0~ (b= bo) 7 )
S 1bllgyo () @) Mas (f1) ()M (f2) (x).
Collecting our estimates, we have shown that
i( Ve S 16|l 3vo(e) @ ()M (A (f) (x))
+118BMo(w) @(X) Mo s (f1) ()M (f2)(x),
for any 1 < s < oo and bounded compact supported functions fi, f>». U

Similarly, we have

LEMMA 3. Let 0< 8, <€ <1/2, ® €Ay, b= (b,b) and b € BMO(®). Then
there exist a constant C such that

M (2 (F)) () < [1B]lmvio(e) @()Me (A (F)(x))
15 Bvo(0) () Ma s (£2) ()M (A1) (x),

forany 1 < s < oo and bounded compact supported functions f, f>.
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LEMMA 4. Let ® € A and 0 < p < oo. Then ®'~P € A...

Proof. If 0 < p < 1,then 1 —pe€ [0,1). Itis easy to see that ®' P € A| C A...
If 1 < p <o, if follows from @ € A| CA, that ®' P €A,y CA.. O

LEMMA 5. Let @ €Ay, 1 <s<pi,ps < and 1/p=1/p1+1/ps. Then both
M (f) and TT2 | Mg5(fi) are bounded from LP' (o) x LP2(w) to LP (o).

Proof. From the fact that M(f)(x) < Mg s(f)(x) and Mg (f)(x) is bounded on

=,

LP(w) for 1 <s < py,pa < o, it is easy to obtain that both .# (f) and H,-2:1Mw,s(fi)
are bounded from LP! (@) x LP?(w) to LP(w). O

The following relationships between Mg and M* to be used is a version of the
classical ones due to Fefferman and Stein [10].

LEMMA 6. Let 0 < p,8 < oo and @ € A... There exist a positive C such that
sy owd<c [ (7)o,
R" R"
for any smooth function f for which the left-hand side is finite.

LEMMA 7. Let Qg be any fixed cube and b be a locally integral function. Then,
Jorany x € Qqp, we get

*///(XQ()?XQO)(X) =1 (1)
A (DX0y: X00)(X) = A (X0y:bX0y) (X) = M, (D) (x); 2)
A (bx0y,bx0,) (x) = A, (b) (%), 3)

where Mg, (b)(x) = supg, sy @ Jolb(y)ldy.

Proof. We only give the proof of (3) and the proof of (1),(2) are similar. For any
x € Qp, we have

My B0 = (s 7 [ 0)iy)’

_ 1 /

= sup — [ |b(y y1)dy; -
Q(Dgax|Q\ Q| (1)l x, (v1)dy1
< A (byo,,bxo,)(x)-

On the other hand, for any cube Q C R”, we can construct a cube Q; such that

00D01D0NO>x

@ | 1p)lza, (21

and |Q;| <|Q|. Therefore,

1

1
01 Jorg, "1V S \Qll/Ql‘ O)ldy < Moy (b)(x)
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Thus,

A 0ta b)) =530 (157 [ PO z0n0)dy)” < M3, (00,

then (3) is proved. [J

4. Proofs of Theorem 1 and Theorem 2

Proof of Theorem 1. (Al) = (A2): It is enough to prove Theorem 1 for fi,f>
being bounded functions with compact support. We observe that to use the Fefferman-
Stein inequality, one needs to verify that certain terms in the left-hand side of the in-
equalities are finite. Applying a similar argument as in [13, pp. 32-33], the bounded-
ness properties of .# and Fatou’s lemma, one gets the desired result.

Since Lemma 4 and @ € A;, then ©! 7 € A... By Lemma 2 and Lemma 3 with

1 <s<min{py,ps}, from a standard argument that we can obtain for 0 < & < € <
1/2,

H*//ZEB(J?)”LI’(a)l*P) S ||M52 (*///z (f ))”LI’ o'-r) S HM (///Zb( ))”LI’(a)l*I’)

fs ”b”BMO(w) HMS (//f(f)) HLp(w) + H HMw,s(fi)HLp(w)>

2
< llelleymo(e) [Tl i (@)

i=1

(A2) = (A1): Let Q be any fixed cube. Suppose that .#; is bounded from
LP1 (o) x LP*(w) into LP (@'~ P), then

==

A5 (x0s X0 |r(01-r) S X0l () [ X022 (0) S @(Q) 7

which implies that
L/ Ib(x) — boldx
<2 / 017 [ ] 166) b lzolv)zo(v2)dvidyad
s her / b(x) ~ b(r2) zo () (2)dyidyad
1 / V)dx
w Q (X0, x0)(x
/p 1/p
< p 1 -p
N(D( /}/// X0> )(Q } dx /(D dx)

Mz (Xo, XQ)HLP '=P)

S |l h||LP1 ®)XLP2 (@)—LP (0'~P)-
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Thus showing that » € BMO(w).
(A1) = (A3): Since ® € A;, Lemma 4 implies that ®'~2” € A... From Lemma
I, Lemma 2 and Lemma 3 with 1 < s < min{py,p>}, we get

-5 () | or-20) S 1M, (i (F) o or-20) S 1M (i (F)) 20

2
~ ”bHBMO (HMS ))HLp(w) + HHMa),s(ﬁ)HLp(w)>

-,

+2wmm )Mo, (4" (PN ai-ry

ﬂwwolﬂwm

(A3) = (Al): By .#; is bounded from L’ (®) x LP2(w) into LP(0'~27), we
get

(IQ) /Q Ib(x) — bol2(x) " dx

1 T
5MQ/w el //w b(y1)||b(x) — b(y2)|dydysdx
1
~w Q

@ /| (X0 x0)(x }P 12de /P /w dx)l/p
1

N (Q)l/p” nb(XQ XQ)”LI’ w!=2p)

(X0 x0) (x)0(x) ' dx

< Hjfl’[b”U’l ®)xLP2 (@) —LP(w!~2P)-

Thus we complete the proof of Theorem 1. [

Proof of Theorem 2. (B1) = (B2): By the definition of .# (f), we have

M(bfi, f2)(x) = M(|blf1, 2)(x), M(f1,bf2)(x) =M(f1,[b|f2)(x).
Then

=,

| 6,21V (f)(x) = [Ib], .21V (F) (x)]

b(x) A () (x) = A (bf, 2)(x) = [b(x)|A (F)(x) + A (|l f1, 2) (x)
SbT(x)A(f) (x).

Similarly, we also have |[b, MO (F)(x) = [|b], 2P () (x )| < b (x).#(f)(x). Since

|lal = |e|| < |a —¢| for any real numbers a and ¢, there holds

|[6],-21 D (f1, £2)(x)] < ///bl (f1,.2)(x),
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for i = 1,2. This shows that
|25, 2)(F)(x)| S Mg (F)(x) +b™ ()4 (F) (). )
Applying (4) and Theorem 1 we have
H[ZE,%](J?)(X)HU(COI—IJ) S H//sz(f)HLﬂ(wlfp) + Hbi///(f)HLP(wl’P)
< (167 / @l|z= + 15 llsmo(w)) 11 o1 () [ 2]l 22 (@) -

Therefore, b € BMO(®) with b~ /@ € L™ implies that [Zb,.#] is bounded from
L’ (o) x LP* (@) to LP(0'~P).

(B2) = (B1): Let Qg be any fixed cube. By Lemma 7, for any x € Qy,
b(x) = b(x)-# (X0y: X00) (%),
MQo (b) (X) = %(b%QwXQo)(x) = '//(XQoabXQo)(x)a

Then,
a)(ZQO) /QO |b(x) — Mo, (b)(x)|dx
- w(zQO) 1, [P0 (100, 200) () = (b0y: 20y ()l
- w(lQO) o |b(x)- (x0y: X00) (x) — A (bX0y: X0,) ()
+b () (X0ys X00) (%) — A (X4 bX0y) (¥)|dx
S w(lQO) /Q0 125,40y 2X0) ()| dx
Sl 55, 410 0 0 o ) ([ o) r

<L
~ o(Qo)'/P
SEB, A 11 () <172 (@) 0 (@011

||[ZB7//{](XQ07XQ0)}

Lp(wlfp)

Now, we have all the ingredients to prove » € BMO(w) and b~ /o € L™.

1 1
@(00) Jo, |b(x) —bg,|dx < m o |b(x) — Mg, (b)(x)|dx

SN, A 11 () <12 (0) 12 (01 7)-

which implies that » € BMO(®).
In order to show show that b~ /@ € L™, observe that for any x € Qg, Mg, (b)(x) >
|b(x)|. Therefore,

0<b™(x) S Mgy (b)(x) —b" (x) +b™ (x) = Mg, (b) (x) — b(x),
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which gives
1 b~ (x) <1 1

— [ _— dxr ———
0ol Jo, @) o1 Ja o 0
|Qo|

b(x)— M, )| dox -
|Qo| / b€ o ®)E) (Q)
5 ”[2b7%]HLP1 (o) XLPZ(w)HLI’(wFP)a

this yields that
(b7 /w)g, H[Zb ///]”LH ©)XLP2 (@) —LP (o'-P)-

Thus, the boundedness of b~ /@ follows from Lebesgue’s differentiation theorem.
(B1) = (B3): Let B = (|b|,b) and B = (|b|, |b|). Then
(113,23, £2) () — [MB..4)(f1, ) ()|
< |pWB 2 (F)) ~ b(x)-A (f1,b£)(x)
() D). (F) () + (0L (fi,bF2) ()]
bW (fi. ) @)
Similarly, we also have
[IME,. ) (1. ) () ~ [NUB, ) (fr, ) )
< |1 1A () )~ @] (b, £2) ()
b)) (F) () + ()| (1, ) ()]
b W|lIb] 21V (i L))

Noting that

=,

|[TTB, 2] (F)(x)| < M35 F) (),

which yields that

| (N1, AV (F) (5)| S A5 (F) (%) + b (%) gy (F) () + (b7 ()2 (F) ().
It follows from Theorem 1 and b~ /@ € L™ that

1M, V) o1-20)

~ H J? HLI (@1=2r) +Hb HLI (@1=2r) +H '//(f)’|LP(w1*ZI’)

S ||b||BMo I Ailler (o HfZHLPZ (@) F 157/l = | ()| o )

+[b™/ @714 ()| (@)
< (167 /oll=+ 1 lmota)) i ll21 (@) | 211272 (@
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this leads to our results.
(B3) = (B1): Let Qg be any fixed cube. By Lemma 5, for any x € Qy,
b(x)2 = b(x)%- (g9, 20, (),
b(x)Mg, (b)(x) = b(x)-# (bYgy: X0y ) (X) = b(x)-# (X4 b0y ) (%),
M3, (b)(x) = 4 (bxg, bxg,) (v)-

Then,
w(lQO) 0o [b(x) _MQo(b)(x)|2w(x)_ldx
= g o, (P =200, (B)) 415, (8) 1))
- @(lQo) /QO[Hz’///](XQO’%QO)(X)w(x)*ldx
l b P B 1/p Up
: o(Qo) </Qo [Hb’%](%QO’%QO)(X)) o(x)! 2pdx> < o a)(x)dx)

1 -
= w(QO)l/p || [Hbaﬁ] (XQ()’%QQ)’
S, ) 191 0172 () 10 (0120

Now, we have all the ingredients to prove » € BMO(w) and b~ /o € L™.
/ b(x) — bo, Pox) " dx

— Mg, (b)(x) @ (x) ' dx

Lp(w172p)

/ Ibgy = Mo, (b) () Po() dx

o0 / b(x) ~ Mo, (b) () Peo(x)dx

5 H [waﬁ] HLPI (w)prz(w)A,Lp(wl—Zp) .

which implies that b € BMO?(®); that is, b € BMO(w).
For any x € Qp, we have
1 b~ 1 1
W e L
Qo Jo, o(x) 1Qol Joo infreg, @(x)

: Q0|
~ 10l Q0|b( x) — Mg, (b)(x)|dx- )
1 L\
5( o100 Jo, P Moy (D)W o) dx)

S ”[Hb ///]”Ll’l ®)XLP2 (0)—LP(w!~2P)>
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which yields

(bf/w)Qo S \\[HZ:%]“Lﬁl (0)XLP2 () —LP(w'=2P)"

Thus, the boundedness of b~ /@ follows from Lebesgue’s differentiation theorem.
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