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MULTIDIMENSIONAL WEIGHTED POLYA-KNOPP
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Abstract. Some new Pdlya-Knopp inequalities in two and higher dimensions with sharp con-
stants are stated and proved. Furthermore, some new general weighted PSlya-Knopp type in-
equalities in n-dimension are proved and applied.

1. Introduction

G. H. Hardy stated and proved in his 1925 paper [2] the following inequality:

| (}C/Oxf(t)dt)pdxg (%)p/omfp(x)dx, W

for p > 1 and where f is a positive measurable function on (0,0). The inequality is
usually called the classical Hardy inequality. Later, in 1928, he proved the following
generalization of (1):

/OWG/OXf(r)dt)px“dm( - ) | e @

p p
ﬁ) is sharp (see
p—1—

[3]). After this, a lot of generalizations and complementary results have been pub-
lished see e.g. the book [7] and the references therein. Next we note that by replacing
Sf(x) with (f(x)) /P and letting p — oo in (2), we obtain the following Pélya-Knopp’s
weighted inequality

oo 1 X oo
- (0] (I4+o) o
/0 exp (x /0 log f(t)dt)x dr<e /O F0x® dx, 3)

for oo > —1 and f is a positive measurable function on (0,0). Moreover, the constant
e(1+®) is sharp. Concerning the name PSlya-Knopp’s inequality see our Remark 7.

whenever p > 1 and o < p— 1. Moreover, the constant (
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Also this inequality has been generalized, complemented and discussed in several pub-
lications, see e.g. [1], [5], [8], [9], [1 1] and the references given there. Such remarkable
results motivate mathematician to continue the study of this type of inequalities in the
higher dimensions.

In particular, the following two dimensional characterization for the general weight
functions u# and v was proved in [10] (see also [11]):

THEOREM 1. (See [10, Theorem 4.1]) Let 0 < p < g < oo, and let u,v and f be
positive functions on Ri. If 0 < by,by < oo, then

bi b 1 XX q
</0 J {GXPQE fy e (Wﬁdhdyz)] u(xl,x2>dx1dx2>

)
by by »
c (/0 A fp(m,xz)"(xl,xz)dxldm)
if and only if
rlq %9 1
Dw(s1,52,p,q) := sup y1 G (/ / ! (xl,xz)dmd)@) < oo,
y1€(0,b1) i J»n
¥2€(0,62)
&)
where sy,s0 > 1 and
a
X1
w(xy,x) = [exp (—/ / Inv™ (tl,tg)dtldtz)] ' u(xy,x2),
X1X2
and the best possible constant C in (4) can be estimated in the following way:
1 1
Sisi—1) \7 [ 1) )
su D (s ,82, P,
sl,sfll(e“(a—l)ﬂ) (esz(sz—1>+1 A
sp+sp—2 2
<C< inf e 7 Dy(s1,5,p,9).

S1,82>1

A simple calculation shows that Theorem 1 implies the following:

EXAMPLE 1. Let f3;,7; > —1 (i = 1,2). Then, the inequality

o oo 1 X1 X2
/ / exp <—/ / lnf()’h}’z)d}Hdm)xlflxgzdX1dX2
0o Jo x1x2 Jo
C/ / Slx1,x2) )c1 x2 dxidx;

holds if and only if B; = ¥; (i = 1,2). This fact is obvious since in this case (5) is of the

form

(n4p) y/fl_)’lng_yZ

Dy (s1,82,1,1) =&"*72) gup ,
im0 1N =Pi—D(s2+r—F—1)

provided that s; > 1+ f;— % (i=1,2).
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REMARK 1. A similar characterization of (4) for the case b| = by = and p =
q = 1, but without explicit estimates of the best constant like in (6), was earlier proved
in [5].

REMARK 2. The first paper where the sharp constant in a multidimensional Pélya-
Knopp inequality was discussed seems to be [8]. In particular, in [8, Theorem 2.2], the
authors stated that the inequality

0o oo 1 X1 X2
//CXP<—/ / hlf()’lJz)dﬂd)’z)x‘fxgdxldh
o Jo xix2 Jo Jo
<€2(1+a)/ / J (e, x2) x5 dxydx;
o Jo

holds and that the constant is sharp. Here a € (0,o) and f is a positive and measurable
function. This result is correct but the proof contains a minor gap, a gap which is
corrected in this paper (see the proof of the more general Theorem 2).

In this paper we prove some new higher dimensional Pélya-Knopp type inequal-
ities with sharp constants. The paper is organized as follows: In Section 2 we state
and prove our two dimensional main result (see Theorem 2). In Section 3 we state and
prove the corresponding general main results for dimension n, n =3,4,... (see Theo-
rem 4). An important step for this proof is to first characterize a new multidimensional
Pélya-Knopp type inequality with general weights even for the case 0 < p < g < oo
(see Theorem 3). Finally, Section 4 is reserved for some concluding remarks.

Convention. Throughout this paper we assume that f is a positive and measurable
function defined on R} := (0,00)".

2. The two dimensional main results
Our first main result reads:

THEOREM 2. Let a,b > —1 and f be a positive measurable function defined on
Ri. Then the inequality

oo oo 1 X1 X2
/ / exp (—/ / lnf(y17y2)dy1dy2)x‘fx}§ dx;dx;
0 Jo X1X2 /0 JO

o oo (7
<€2+a+b/0 /o F(r1,x2)x{x3 dxydx,

holds and the constant is sharp.

Proof. As aresult of Example 1, the inequality (7) holds for some finite C. Now,
we need to prove that the constant C = ¢>T¢*? is sharp. From Theorem 1, it follows
that the best constant C satisfies

e(-Yl +s2)

C< e inf
s1,82>0 182
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The infimum in the above inequality is attained at s; = 1 (i = 1,2). This implies that
C < e2+a+h. (8)

It only remains to prove that the inequality (8) also holds in the reversed direction.
Consider the function

—a,~B .
X 9% 0 xp>ex>e,
£ ) x % x1>e,x < e,
X1,X2) = _ )
xzﬁ: X1 <exy>e,
1: x1<e,xp<Le

where oo >a+ 1 and B > b+ 1. By writing the integral [ [;” in the form

bl =K bl h L=
0 0 0 Jo e 0 0 Je e e
we find that the left hand side of (7) becomes
e2+a+b e2+a+b 62+a+b 62+a+b
+ + +
(a+1)(b+1) (a—a—1)0b+1) B-b—1)a+1l) (x—a—1)(B—-b—1)

and the right hand side becomes

e2tatb g2tatb—a 2 tatb—p e2tatb—a—p
+ + + .
(a+1)(b+1) (a—a—1)b+1) B-b—-1)(a+1) (ax—a—1)(p—>b—1)
Consequently, the inequality (7) has the form

% tB
(at1) +1 (b+1) b+l s
[TJF(I—“T)W} [TJF(]—T)eﬁ}
By letting o — (a+1)" and B — (b+1)", we find that
€2+a+b < C. (9)

The sharpness of the constant in (7) follows from (8) and (9). The proof is com-
plete. 0

As a particular case of Theorem 2 with a = b, we have the following result (c.f.
[8, Theorem 2.2], but there a € (0,0) instead of @ € (—1,e0)):

COROLLARY 1. Let a > —1 and f be a positive measurable function defined on
Ri. Then the inequality

oo o l X1 X2
//exp(—/ / 1nf(y17y2)dy1dy2)x?x§dx1dxz
0 Jo X1X2 /0 JO
<0 [T p )i dnde
0o Jo

holds and the constant is sharp.
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3. The n-dimensional main results

Throughout the paper, we use the following notations in the respective variables
and parameters: For n > 2,

Jo=A{1,...on}, x=(x1,...,%), Xt = (X1t1,..., Xutn), [ = [0,b1) X --- X [0,b,),

dX:d)Cl-"d)Cn7 |a|:2a,-7 NozNU{0}7y<X@yi<xi (izl,...,n),
i=1

a

Ll L L

n tlme@ n tlmeq

where 0 < y; < b; <o (i=1,...,n).
Theorem | can be generalized to a n-dimensional setting as follows:

THEOREM 3. Let 0 < p < g < oo, and let u,v and f be positive functions on I,,.
Then, for n =2,3,...,

(/Ob lexp (ilf[lxi_l /OX 1nf(y)dy> ] qu(x)dx) ' <C </0bfp(x)v(x)dx>;) (10)

holds for some finite C if and only if for any 0; >0 (i=1,...,n),

1
% 1 ; ﬂ q
Ala):= sup Hy” /Hx o) Pwx)dx | < oo, (11)
0<y;<bjj=
i€,

w(x) = u(x) lexp (iljxi_l /OX lnv_l(y)dy>] ’ .

Moreover, the best constant C satisfies

where

1
n 1+oy P
oe p . |a|
sup Ao _— <C< infA(a)e — .
sl () <c<ppwen() o
i€y, n

Proof. Sufficiency. Let g(x) = fP(x)v(x). Then the inequality (10) is equivalent
to

/Ob lexp (lf!xi—l /Ox lng(y)dy>] ’ w(x)dx a <C </0bg(x)dx> g , (13)
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where

w(x) = u(x) lexp (ﬁxil /OX lnvl(y)dy>] ' .
=1

Let y;=x;t; (i=1,...,n). Then the inequality (13) becomes

</ob {eXp </01 lng("t>dt>] % W(X)dX> 5 <C (/Obg(x)dx> : . (14)

For o; >0 (i=1,...,n), we trivially have that

1 n
exp (|a|) exp (/0 lnHtl.O"'dt> =1. (15)
i=1

Apply the identity (15) and then, by Jensen’s inequality, the left hand side of (14)
becomes

exp (";') /Ob [exp (/01 In (g(xt)ilf[lth’) dt)] w(x)dx
<exp<a) / (/gxt Hz ’dt) w(x)dx l

=exp ( a) /Ob (/Xg(}’) _]i[yf"'dY> % ﬁxi_(l+ai)zW(X)dx

p

TR
Q=

Therefore, by using Minkowski’s integral inequality for n-dimension when p < g and
Fubini’s theorem when p = ¢ (see [10, Remark 5.2]), the later expression is less than
or equal to

()
<exp< ) </g dy) , (16)

so that (13) follows from (11) and (16). Since (10) is equivalent to (13), we conclude
that (10) holds and the best constant C satisfies

C < inf exp<|a|>A(a).
oc,?O p
S
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Necessity. To prove that (10), or equivalently (13), implies (11), we define the test
function g by

n o, (0i1)

g(x)= (yl X[Qy,]( )+1)CTX(y;,b,-)(xi)>7

i=1 i

for fixed y;,0 <y; < b; (i=1,...,n). Then, the right hand side of (13) becomes

C (/Obg(x)dx); = Cin1

n

C

bi . yl_lief(aﬁrl) P
I e e AT £
e—(1+oc,-) Vi a;
1 1—1| =
" ( (bi) )

1 1
n e~ (1+0) \ P no 1+ ogel T\ P
<C <l+ o :CH (W) . 17)

1

—

I
-

On the other hand, for 0 <y < b, we have that

b i n X %
/y _exp (gxi 1/0 lng(t)dt> w(x)dx

_ (18)

- 4q
b n X P
< / exp (Hxil/ lng(t)dt> w(x)dx
0 il 0

Moreover, for y < x < b,

yaief(ai“"l)
/lng dt_znxf/o In{ i %[0% (1) + lzotﬁrl x()’hbi)(ti) dz;
i=1j=1 i
J#

(1) om0 19
= ij Z nm. ( )
=1 )=l X

It follows from (13) and (17)—(19) that

1
1+0¢z q n 1+aiel+oc,
y; / "w(x)dx | <C (
zl_[ l ( Y i= b i=1 e+
Therefore,
1
no o b n *(1+05i)1 q n l—l—OCieH_a’
A(a)= sup v’ / X Pw(x)dx | <C ( ) < oo
0<yi<hizl:Il l Y =1 l N i=1 oje!

i€,
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We conclude that (10) and (11) hold and that the sharp constant C satisfies (12). The
proof is complete. [
Theorem 3 implies the following inequality for homogeneous power weights:
EXAMPLE 2. Let 0 < p < g <o, let B;,% > —1 (i=1,...,n). Then, the in-
equality

1

n X 9 p q n P
( /0 ’ [exp (gxi_l /0 In f(y)dy)] gxlﬁ"dx> gc( /0 ’ fP(x)i]:[lxi”dx> (20)

Q=

holds if and only if
1+8 1+
B _ 14w Q1)
q p
forall i=1,...,n. This fact is obvious since in this case (11) is of the form
1+B; 4y

1

n 4 » N (40474 —1-B 4

wer-en(() s fre ()
I et g -1 B

+h 1ty

v z ' 7
con() o 1
G (HarnE—(1+8))

provided that o; > E(1+ ;) — (1+ %) (i=1,...,n).

Moreover, we state and prove the following n-dimensional version of Theorem 2:

THEOREM 4. Let n=2,3,...,let > —1 (i=1,...,n), andlet f be a positive
measurable function defined on R'.. Then the inequality

n 1 X n ’y[ n )/’
/R’l exp (gxi /0 1nf(y)dy> il:[lxi dx < exp(n+ |'y|)/m f(x>i1:[1)Ci dx (22

holds and the constant is sharp.

Proof. In view of Example 2, the inequality (22) holds. Now, we prove that the
best constant C = exp (n+ |y|). From Theorem 3, it follows that the best constant C
satisfies

0;>0 i—1 %
ety

¢ <exp(ly) inf (H)
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The infimum in the above inequality is attained at o; =1 (i =1,...,n). Hence,
C <exp(n+|v]). (23)

It only remains to prove that the inequality (23) also holds in the reversed direction.
Consider the function

n

£0) =TT (2000 5 P 2o (30))

i=1

where fB; > v+ 1 (i =1,...,n). Then, the integral part of the right hand side of (22)
becomes

- F) [l dx= / ) Hx,y <X[o,e] (xi) +x; ﬁi%(e,oo) (xi)>dX
4 i=1 i
= 1_[/ X[o o (Xi) ﬁX(e,oo)(xi)>dxi
= [ < %)
%+1 &—%—1

and the left hand side of (22) becomes
n X n .
/ exp Hxl-_l / Inf(y)dy Hxly’ dx
T i=1 0 i=1
= eXP<IIx L/ mIl(iOe Vi +y,ﬂxemﬂy0>dY>IIX?dX
i=1

= /,, th)'/iexp< / n<%[0f«’] yl +yz X(e,oo)(yi)>dyi) dx
= H/ X eXP( / In <X[o aWi)+y; X(e,oo)(yi)>dyi)dxi
i=1

1 1
_ (vi+1) ( )
= | |e + . 25)
P N+l Bi-y—-1
It follows from (22), (24) and (25) that
n Bi
e

il:II (Vrﬁ_fl_,_ (1_ )/,-;1)6[3[_) <C.

By letting i — (% +1)" (i=1,...,n), we find that

exp (n + i Y,-) <C. (26)

i=1

Therefore, the sharpness of the constant in (22) follows by combining (23) and (26).
The proof is complete. [
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REMARK 3. Note that for n = 2 Theorem 4 coincides with Theorem 2. In fact,
justput n =2, 7, = a and y» = b in Theorem 4 to confirm this fact.

As a particular case of Theorem 4 with % =a (i=1,...,n), we have the following
result:

COROLLARY 2. Let n=2,3,..., let a> —1 and let f be a positive measurable
Sfunction defined on R’} . Then the inequality

/n exp (Hx / Inf(y dy) [1x dx < e+ » f(x)ﬁx?dx
+ i=1

holds and the constant is sharp.

Finally, we state the following consequence of Theorem 4 for another type of
homogeneous weight.

COROLLARY 3. Let k€ N and a € R such that ak > —1, and let f be a positive
function defined on R’} (n=2,3,...). Then the inequality

k k
/ exp (Hxi_ : /0 Xlnf(y)dy> (Zx?> dx < etk / ) <2x§‘> dx (27)
+ i=1 i=1 1

i=1

holds and the constant is sharp.

Proof. Let k € N and a € R such that ak > —1. Then, by applying the multino-
mial theorem and Theorem 4, we obtain that

/Zexp<Hx /lnf dy> <2x> dx

n X n
= ( ) exp Hxi_l/ Inf(y)dy | []x{"dx,
Myt = R” i=1 0 i=1
m;Np
n n
< Z ( )ex n—l—aZm,- / f(x)Hx?'de
My 4mp= mi,- i=1 Ri i=1
m;Np
_ e(nJrak) ( ) dx,

where

k K
mi,..oma) " mylemy)

is a multinomial coefficient. Since the constant in Theorem 4 is sharp, then the sharp-
ness of the constant ¢("+%) in (27) is guaranteed so the proof is complete. ]
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4. Concluding remarks

REMARK 4. The application pointed out in Corollary 3 is not unique. In fact,
Theorem 4 can be used to derive sharp inequalities of Pélya-Knopp type also for other
homogeneous weights.

REMARK 5. By using a similar approach as that in Theorems 2 and 4, we can
prove the sharpness of the constant ¢®*! in the inequality (3).

REMARK 6. Let 0 < p < g < oo. If the condition (21) in Example 2 holds, then
the best constant C satisfies

Cgexp<ﬁ+l).
q p

In particular, if p =¢ and b; = (i =1,...,n), then by replacing f(x) by f?(x) in
Theorem 4, we obtain that the best constant

C=exp (H—y)
p

OPEN QUESTION 1. To find the best constant for the case 0 < p < g < o is an
open question, which seems to be open even for n = 1.

REMARK 7. Concerning the name Pdlya-Knopp’s inequality for inequality (3)
with @ = 0: some author’s referred to this inequality as ‘Knopp’s inequality’ with
reference to his 1928 paper [6]. It was later on discovered that Hardy in his famous
1925 paper [2] pointed out the inequality as a limit inequality of his inequality but that
it was his friend Pélya which informed him about this fact. In this connection we also
refer to the first really important book [4] with main focus on inequalities.

OPEN QUESTION 2. In view of Remark 7 and the limit argument pointed out in
our introduction it seems of interest to try to characterize (10) as a limit inequality of a
corresponding n-dimensional Hardy inequality (which exists). For the case n =1 this
problem was solved in [9].
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