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ON THE EQUIVALENCE OF STATISTICAL
DISTANCES FOR ISOTROPIC CONVEX MEASURES

ARNAUD MARSIGLIETTI AND PUJA PANDEY

(Communicated by M. Praljak)

Abstract. We establish quantitative comparisons between classical distances for probability dis-
tributions belonging to the class of convex probability measures. Distances include total variation
distance, Wasserstein distance, Kullback-Leibler distance and more general Rényi divergences.
This extends a result of Meckes and Meckes (2014).

1. Introduction

In convex geometry and its probabilistic aspects, many fundamental inequalities
are shown to be reversed up to universal constants in the presence of geometric prop-
erties, such as convexity. Examples include reverse Holder and Jensen type inequali-
ties (see, e.g., [29], [25], [8], [34], [37], [14], [32]), reverse isoperimetric inequalities
(see, e.g., [4], [6], [17]), and reverse Brunn-Minkowski inequalities (see, e.g., [41],
[42], [45], [12]). Long-standing conjectures, such as the Mahler conjecture [38] and
Bourgain’s hyperplane conjecture [18] also are related to the reversal of fundamental
inequalities.

Another important example is the equivalence of distances between probability
distributions established by Meckes and Meckes [40] (see also [21]), who showed that
under a log-concavity assumption, many classical distances are comparable. The goal
of this article is to extend their results to a broader class of probability measures, called
convex measures.

The class of convex measures contains fundamental distributions in probability
and statistics. Examples include Gaussian distributions, uniform distributions on a con-
vex set and more general log-concave distributions, as well as heavy tailed distributions
such as Cauchy type of the form

C n
f) = ———, xER",

(14 [xP)"

where 8 > 0 is a parameter, C > 0 is the normalizing constant, and |- | denotes the
Euclidean normon R", n > 1.
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The classical distances between probability distributions we consider are the boun-
ded Lipschitz distance, the total variation distance, the Wasserstain distance, the relative
entropy and more general Rényi and Tsallis divergences. More precisely, given proba-
bility measures ( and v on R", the bounded Lipschitz distance between u and v is

defined as
dpr(1,Vv) sup /gdu /gdv

HgHBL<1

where for a function g: R" — R,
|g|laz = max ||g||w7supm .
x£y x =]

The total variation distance between (t and v is defined as

dry(p,v) =2 sup |u(A)—v(A)|.
ACR”

The p-th Wasserstein distance, p > 1, between y and v is defined as

1
W, = inf E[|X —Y|P]»
p([,l7V) (X,Y):%(nwﬂ,vav H ‘ ]’7

where the infimum is taken over all joint random variables (X,Y) with marginal X
(resp. 1) distributed according to p (resp. v). The Rényi divergence of order p > 0
between a measure y with density f (with respect to Lebesgue measure on R") and v
with density g is defined as

Dy(ulv) = ~Lioe ([ (L) star).

This family of distances includes the relative entropy (or Kullback-Leibler distance)

Dy(ullv) = D(ullv) = [ 110 (jj)dx

and is related to the family of Tsallis entropies

(P~ (ullY) _ 1),

T (ullv) =~

There are known relationships between these distances. For example,

dpr(p,v) < min{dry (1, v), Wi (1, v)},

which follows from a dual representation of the total variation distance and Wasserstein
distance (see, e.g., [47], [40]), and

Wp(‘LL,V) < Wq(.uvv)
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for all p < ¢, by Holder’s inequality. As for the entropic quantities, Gilardoni [30]
proved that for all p € (0,1],

Ldry(uv)? <Dy(ulv),

which extends a result of Pinsker [44] and Csiszar [20]. When v = ¥, the standard
Gaussian measure in R", Talagrand [46] proved that

W2 (1, %) < 2D(u|| 7).

It turns out that Rényi divergences are comparable in the range (0,1). Forall 0 < p <
g<l,
p(l—q)
(1-p)?
see, e.g., [22], [10]. The case p > 1 is more intricate. For example, consider a one-
dimensional exponential distribution tt, then, for any p > 1,

Dy(ul[v) < Dp(u||v) < Dg(u|v),

DP(”?YI) = +°°7

while D(u,7;) < +e-. Hence, even among log-concave distributions, there may not be
an absolute comparison between Rényi entropies of order p > 1. Additional assump-
tions are thus necessary. Nevertheless, for all 0 < p < ¢,

Dy(ul[v) < Dg(u|lv),

and similarly for 7}, (see [10]). Moreover, one clearly has

Dp(ul[v) < Tp(u[|v).

Classical counterexamples show that, in general, the above inequalities cannot be
reversed, and that there are no comparison between the total variation distance and the
Wasserstein distance. The goal of this article is to show that all of the above distances
are equivalent when restricted to the class of convex measures. In Section 2, we recall
the definition and the main properties of convex measures. Section 3, which contains
our main results, establishes a quantitative comparison between all aforementioned dis-
tances within the class of isotropic convex measures.

2. Preliminaries on convex measures

2.1. Definition

For a parameter o/ € [—oo, 40|, for real numbers a,b > 0, and A € [0, 1], denote

(1= A)a% + Ab™) % if ot ¢ {—oo,0, o0}
Ml ,b — min(a,b) if O = —o0
al@b) =y iy if =0
max(a,b) if 0 = o0
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Recall that a random variable X in R”" with distribution g is s-concave, s € [—oo, +-oo],
if for all A € [0, 1], for all compact sets A, B C R" such that p(A)u(B) > 0, one has

H((1= M)A+ AB) > M} (u(A), u(B)). (1)

The parameter s is understood as a convexity parameter. From the definition, one can
see by Jensen’s inequality that any s-concave measure is r-concave for all » <s. In
particular, any s-concave measure is —oo-concave. The class of —eo-concave measures
is called convex measures, and the class of 0-concave measures is called log-concave
measures. A function f: R" — [0,4e0) is K-concave, K € [—oco,+oo], if for all 4 €
[0,1], for all x,y € R" such that f(x)f(y) > 0, one has

S =2)x+2y) = ME(F (), (V)- 2)

The class of convex measures has been extensively studied by Borell in [15], [16]. In

particular, Borell proved that if X is not supported on a proper affine subspace of R",
then X is s-concave, with s € [—eo, 1], if and only if X admits a density f with respect
to Lebesgue measure on R”, which is x-concave, with x € [—%,—kw] satisfying the
relation K = =-.. Moreover, if X is s-concave, then the random variable (X, ) is

also s-concave, for all 8 € "1,

2.2. Concentration inequalities

Recall that a random variable X in R”" is isotropic if X is centered and if for all
6es,
E[(X,6)%] = 1.
The next two lemmas provide concentration and moments inequalities for s-concave

measures, and were established in [1]. First, recall thatif X is s-concave, then E[|X|7] <
+oo forall s > —}—9 (see [15]), where |- | denotes the Euclidean norm in R”.

LEMMA 2.1. ([1, Corollary 5.4]) Let —% <s5<0. Let X be an isotropic s-
concave random variable in R"™. Then, for all u > 0,

cmax{\/ﬁ,%l}> )

u

IP’(IX|>u><<

In particular, if s > —ﬁ, then for every 6¢/n <u < e

s

P(X| > 1) < ™",
where ¢ and co are universal positive constants.

LEMMA 2.2. ([1, Lemma 7.3]) Let p > 1. Let —% <s<0. Let X be an s-
concave random variable in R". Then, there is a universal constant ¢ > 0 such that

E[IX|")7 < cC(p,s)E[X]],
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where
1

p for s > o
C(p.s) = __TL_jfﬁr__<S<_%j~ 3)
sl P (1=pls))?

The next lemma provides bounds on the var-entropy of s-concave random vari-
ables, and was established in [27].

LEMMA 2.3.([27]) Let k€ (—%,—!—oo}. Let X be a random variable in R" with
density f being k-concave. Then,

n
Var(log(f Z 1—|—1K

The next lemma is implicit in [28] and [26]. It is an extension of a result of
Griinbaum [31]. We include a proof for reader convenience.

LEMMA 2.4. Let s > —1. Let X be an s-concave random variable in R. Then,

P(X > E[X]) > (1+5) .

Proof. Assume s < 0, the argument for s > 0 is similar. Since X is s-concave,
—X is s-concave and therefore the cumulative distribution function of —X, F(x) =
P(—X < x), x € R, is s-concave. Therefore, F* is convex. Denote by f the density of
—X . By Jensen’s inequality,

sty X=ee
FS(E[_XD _FS (/R[f(t)dt> < ‘/RFS(t)f(t)df: FS+(1) - l—lFS'

X=—00

1
s

Equivalently, P(—X < E[-X]) > (1+4s) . O

2.3. Maximum of the density of convex measures

It is known that the density of a convex measure is bounded (see, e.g., [9]). This
section gathers and develops explicit bounds on the maximum of the density of isotropic
s-concave distributions. In dimension 1, there is the following bound.

LEMMA 2.5.([3]) Let s € (—%,0). Let X be an isotropic s-concave random
variable in R with density f. Then,

1
1+2s

£l <

Next, we develop a multidimensional analog of Lemma 2.5.
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PROPOSITION 2.6. Let s € (—4,0). Let X be an isotropic s-concave random
variable in R" with density f. Then,

1f < " F0g
where ¢ > 0 is a universal constant and
(1 +n|s|)4(1+n|s\)
do=d = . 4
o =do(n,s) 1525 )
Proposition 2.6 extends [3, Theorem 9(e)] to the whole range s € (—5,0) and
provides a simpler estimate. Note that the constant dy in Proposition 2.6 becomes

absolute when s > — . The proof relies on the following lemma
Let X be a random variable in R" with

LEMMA 2.7. ([27]) Let s € (—o0,0)
density f being K -concave, with K =1s/(1—sn). Forany co € (0,1) such that nlog(c)

(14iKx)~"1, there exists c¢; € (0,1) such that
1 —cf.

<=2
P(f(X) = coll fll) =

Proof of Proposition 2.6. The proof of Lemma 2.7 in [27] provides information

on the constant c; . Precisely, one may take

1
1 l+ik 7
c1=coH<1+m a) ; (5)
where « € (0,1 + nk) satisfies
n
1
S| .
Z; Trik—o  "ogl@)
/2 for

Note that by the AM-GM inequality, and the simple inequality log(x)

x>0, we have
1& 1+ix i 1 1 2«
g _ —< o - = 061 —_— < — 2. 6
“l COnE;l—i—iK—a COnZ{l—i—iK—a 0 Og(co) o0 ©)

Moreover, if a < 1+2—"K , then
1 1 2
< < .
l+nk—o 1+4+nk

We deduce that if —log(co) > 2/(1 +nk), then o > (1 +nk)/2. Now, choose
4
(7)

l+nK(1+s)_% b
o= =)
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and recall that k = . € (—

sn

ﬁ,o) and s € (—1,0). Note that this choice of co
satisfies 0 < ¢g < §~ T , therefore ¢o € (0,1), —log(co) =2/(1+nx) = +3" (14
ix)~!, and thus the corresponding ¢ such that 3", 1 +i11<7 5 = —nlog(co) satlsﬁes o>
(1+nK)/2. Hence, recalling (5), we have by (6),

1
o< 2o < gt =Y ®)
Now, consider the convex set
K={xeR": f(x) = g/},
where ¢ is given in (7), and choose
(1 —|—s)_?1-
cz=(1—|—25)#. )

We will prove that K D ¢B5. For this, we follow [35]. Assume that K does not
contain ¢2B5. Since K is convex, this implies that there exists 6 € §"=1 such that
K C{xeR": (x,0) <c}. Therefore, by Lemma 2.7 and (8),

(1+5)"s

P((X,0) <) 2PXeK)>21—-c{>1—c1>1— 5

However, denoting by g the density of (X,0) and recalling (9), we have by Lemmas
2.4 and 2.5,

P((X,0) < c2) = P((X,0) <0)+P(0 < (X,0) < c2)

1
<1—(145)75 +||g]|lc2
1 1
<1-(1 5+
( —|—S) +2s62
_,_(+97
=1

Hence, we have a contradiction. Therefore, K O c2B%. We deduce that

1> [ £ > F1-Vol(K) > cif Vol (B5).

It remains to note that one may find a universal constant ¢ > 0 such that

1 c
—<le(1 A1nls)) ~ < )
o S le(l+nls]) o ST

] (10)
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2.4. L'-regularization of the density of convex measures

The following proposition extends a result of Eldan and Klartag [23] to convex
measures. First, recall the density of a centered Gaussian in R" with variance 2,
t>0,

1 _b?
—e 22 xeR" (11)
(2me2)z

o (x) =

PROPOSITION 2.8. Let s € (—%,O) and let f be the density of an isotropic s-
concave measure in R". Recall the value of dy in (4). Then, there is a universal
constant ¢ > 0 such that for all t > 0,

If = f* 0l < ldgrn. (12)

Proof. First, let us show that one may assume that f is of class C! and strictly
positive on R". Since f is k-concave, kK = = <0, we have that the function F' = f*
is convex. Define, for € > 0, the Moreau envelope of F (also called infimum convolu-
tion),

. 1 0
Fe(x) = inf {F()+ b=y}, xeR"

It is known that for all € > 0, F, is convex, of class C', and finite on R", and F; JF
1

pointwise as € N\, 0 (see, e.g., [43], [19], [33], [7]). Therefore, defining f; = F;

gives rise of a family of x-concave functions of class ct, strictly positive on R", and
converging pointwise to f. Since fe < fi for all € € (0,1), if one can show that
f1 € L'(dx), then one may apply Lebesgue dominated convergence theorem to deduce
that f; convergesto f in L'(dx) as € — 0. This would conclude the argument that one
may restrict the proof to k-concave density functions that are C! and strictly positive
on R". To show that f; € L'(dx), we use that since f is the density of an s-concave

measure,

C
x) < —, xeRY
L+ |x|"~5

for some constant C > 0 (see, e.g., [9]). Therefore,

Fi) = inf {700+ 3le-P} > int (b Sy

yeR?
> yggl{ﬁ<1+|y|>+—|x—y|2}
= %(1 +yi€ann{|y| +— 2217“(‘ |x— v })
where the last inequality comes from concavity of x — xl¥l ) as |x| = [n < ﬁ <1,

and (n— 1)|x| = 1. We recognize the Moreau envelope of the Euchdean norm, which
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is known to be the Huber function (see, e.g., [7, Chapter 6]), namely

1
Jnt bl b P} = Ha (),

21-]x|
with A = 21 M , where, for r >0,
r— % r>A
H) (r) =
ﬁr2 r<aA
Finally,
1-|x]|
1 2T C
filx) =FF(x) < 1

which is an integrable function since ﬁ >n.

Now, let us prove inequality (12) for C! and strictly positive x-concave functions,
=, - For this, we follow [23]. Recall from the proof of Proposition 2.6 that the

K=
set
K={xeR": f(x) > gl fll--}

contains ¢, B, where ¢ is defined in (7) and ¢; in (9). Denoting F = f*, we have
that F is convex and thus for all x,y € R",

(VF(x),y) < (VF(x),x) + F(y) = F(x).
Taking y = ¢ VF (x)/|VF (x)| when |VF(x)| # 0, we deduce that for all x € R",

2| VF (x)] < (VF(x),x) + sup F(y) — inf F(x) < (VF(x),x) +supF(y) — inf F(x).

lyl<ea xeR? yek xeR?

Therefore,

&2 K[|V ()] < KV (@),2) + @I~ ).
Hence, for all x € R",
-1
cal k|

1
V()] < —5<Vf( x),%) +f(x )
Integrating the above inequality and using an integration by parts, we obtain

nK _ |
/ |Vf<x>|dx<1(1+co )<L.
R7 c n|x| coca

We conclude by using the estimate (10) and the following particular case of a result of
Ledoux [36] (valid for all C' functions),

If= el <2 [ Vredx. O
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3. Main results and proofs
First, we introduce the next elementary lemma, which will be implicitly used.

LEMMA 3.1. Let A,B,m,p,M > 0. Define F(t) = At" + & . Then,

b _m_ A nip 1
inf F (1) = A7 B mu{Mmaﬁ} T _
t=M B m max{%M"”l’,%}m*P

e
Proof. The infimum is attained at = max {M  (BLyme } . O

The first theorem provides quantitative reversal bounds between total variation
distance and bounded Lipschitz distance.

THEOREM 3.2. Let s € (—%70). Let 1L and v be s-concave isotropic probability
measures on R". Then, there exists a universal constant ¢ > 0 such that

d < oltnls] (1 +n‘s|)2(l+n\s|) \/di
Tv(M,v) <c Vi T Vn\/dpr (1, v).

Proof. Similarly as in [40], let g be a continuous function with ||g|| < 1. For
t>0,let g = gx @, where ¢ is defined in (11). Note that ||g||~ < 1 and that g, is

1/t-Lipschitz. By triangle inequality,
—l—l/gtd[.l—/gtdv

‘/gdu—/gdv

Denote by f the density of (. By Proposition 2.8, we have

<|[te=erau +|f (e-av

2tn
<fF=rFrdll < —.
coC2

(e sau| = | [ etr- reaas

[t

Similarly,

2tn
< —.
coC2

Finally,

<dpr(u,v)||g || < dpr(u,v)max(1,1/t).

‘/gtd“_/gtdv

Combining the above estimates, taking the supremum over all such g, and using the
dual representation

drv (i, V) =Sup{'/gdu—/gdv

:geC@@mmpsl}
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of total variation distance (see, e.g., [40]), we deduce
4n
dTV(,U, V) g dBL(“: V) max(l, l/t) +—t
CoC2

for every t > 0. To conclude, choose

_ [d(p,v)
S Y R TR
coCp

and note that 7 < 1 since cg,¢; € (0,1) and dpr(1,v) < 2, then apply (10). O

REMARK 3.3. We recover the result of [40] for log-concave measures by letting
s — 0 in Theorem 3.2.

Next, we provide a comparison between 1-Wasserstein distance and bounded Lip-
schitz distance.

THEOREM 3.4. Let s € (—%,0). Let 1 and v be isotropic s-concave probability
measures on R". Then, there exists a universal constant ¢ > 0 such that

1 T 1
Wl (X,Y) < C\/ﬁmax{l, W} 1+4HdBL(X7Y) 1+4[s| |

Proof. We follow [40]. First, recall the representation

/gdu—/gdv

where the supremum is over 1-Lipschitz functions g: R" — R (see, e.g., [47]). Let
g: R" — R be a 1-Lipshitz function. Assume without loss of generality that g(0) = 0.
For R > 0, define

; 13)

Wi(u,v) = sup
g

—R if g(x) < —R
gr(x) = ¢ g(x) if —R<g(x)<R.
R if g(x)>R
By construction, we have
18rllL < max{1,R}. (14)

Note that

Ellg(X) —gr(X)|] = E[(g(X) = R)14x)>r}] — E[(¢(X) + R) L {g(x)<—r}]
< E[lg(X) 1 {jg00)5r}]-

Since |g(X)| < |X]|, we deduce by Cauchy-Schwarz that

Ellg(X) — ()| S E[IX[1{ x> ry] < /E[IX[?]V/P(|X] > R).
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Using that X is isotropic and applying Lemma 2.1, there exists a universal constant
¢ > 0 such that

cmax{/n, & al
=000 - sn) < v | )

The same inequality holds for E[|g(Y) — gr(Y)|]. We deduce that

cmax n,% aw
[E[¢(X)] —E[g(Y)]| < |[E[gr(X)] —E[gr(Y)]|+2vn (#) .

Using the fact that |E[gr(X)] — E[gr(Y)]| < |lgr|lsrdpL(X,Y), we arrive at

cmax{y/n, L Wlﬁ"
[B[g(00)] ~ Blg(V)] < lgnludou (X, ¥) + 2/ (W) o ay

Taking supremum over all 1-Lipschitz function g, using (14) and the representation
(13), inequality (15) leads to

L
S|

cmax{./n, |17\} 4
— .

Wi (X,Y) < max{1,R}dp.(X,Y)+2v/n ( (16)

Note that there exists a universal constant ¢ > 0 such that

1
1 1 s

A (X,Y) <2< m2\/5 (cmax {\/ﬁ, |—}) 7

S K

therefore, taking supremum over all R > 1 in (16), we deduce from Lemma 3.1 that
there is a universal constant ¢ > 0 such that

L
1

sl

4s]

1 1+4[s 4 . EtH
P +4|s|
(4|S) T (@ls)

m 1
The result follows since m™ T+n +mTn <2, with m=4[s| >0. O

REMARK 3.5. As s — 0, the constant in the right-hand side of Theorem 3.4 blows
up to +oo. One may recover the result of [40] for log-concave measures as s — 0 by
applying the second part of Lemma 2.1. The details are left to the readers.

The following theorem establishes a comparison between Wasserstein distances.
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THEOREM 3.6. Let 1 < p<gqand o. € (1,2]. Let s € (—O%WO). Let 1 and v be

isotropic s-concave probability measures on R". Then, there is an absolute constant
¢ > 0 such that

q—p
_2lsle! (g=p) 1 (+2s[e’(g—p))
Wo(i,v) < ¢ (Clag,s)y/m) #20ean (max{ﬁz, |—}> B
S

P 1
pr(u, v) q 1+2[s|o’ (g—p) ,
where
ogq for s > —ﬁ
C(og,s) = 1 fi 1 1.
—  for —— <5< ———
/' (1-ccqls)y aq T et

Here of = 3% denotes the Holder conjugate of o.

Proof. We follow [40] with the necessary modifications. Let X and Y be dis-
tributed according to it and v respectively. Note that for all R > 0,

E[IX Y7 =E[|X = Y"1 {x—yj<gy] +E[X =Y |["1x_y|>r))-
On one hand,
EHX — Y|q1{‘X_y‘<R}} < qup]EHX — Y|p}. (17)
On the other hand, by Holder’s inequality,

€1
7

1
E[X — ¥ |1y yor)] <E[X —Y[“]eP(X Y| > R)o . (18)

Since P(|]X —Y|>R) < P(|X| > R/2)+ P(|Y| > R/2), Lemma 2.1 implies that there
is a universal constant ¢ > 0 such that

1

2cmax(+/n, |%)) 2

R 19)

P(]X-Y|>R) <2<
By isotropicity of X and Lemma 2.2, there is a universal constant ¢ > O such that

B{X - v|%0]% < (B[x|%)@ +B[ly|“]% )" < (cClags)vm)'.  20)

Combining (17), (18), (19) and (20), we obtain

2cmax(+/n, ﬁ
R

E[|X — Y| < RIPE[X — ¥|P] +2& )> o (cC(ag,s)v/n)".

Taking infimimum over all coupling results in

) ZCmax(\/ﬁ,ﬁ) 2Rl
Wo(u,v)? < inf | RTPW, (1, v)P 4207 | ————— (cC(ag,s)v/n)’
>
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By Lemma 3.1, we deduce that
q-p

_1 T
D eClaquo)vilt)

Wl < Wy () T (27 (ema{ v

q—pr
1 r . 1
% 2[5l T 2|s\oc/(q—p) 142]s]o’(g—p) | .
[<2SIa’(q—p)) ( )

We conclude by using the fact that m™ T +mrE < 2, with m = 2|s|lo/ (g — p) >
0. O

REMARK 3.7. Similarly as in Remark 3.5, as s — 0, the constant in the right-
hand side of Theorem 3.6 blows up to 4o, and one needs to apply the second part of
Lemma 2.1 to recover the result for log-concave measures. We do not know whether
Theorem 3.6 is valid when s is in a neighborhood of —é .

We now discuss entropic distances. In general, one cannot compare the relative
entropy D(u||v) and, say, dry(u,v), for arbitrary s-concave measures [,V, since
dry (1, v) <2 while D(u||v) = +oe if u is not absolutely continuous with respect to
v. Next, we establish quantitative comparisons for relative entropy and more general
Rényi divergences when v = 7, the standard Gaussian measure in R”. The quantity
D(ut|]y,) is of fundamental importance as it is strongly related to the hyperplane con-
jecture (see, e.g., [1 1], [39], [13]) and to the entropic Central Limit Theorem (see, e.g.,
[51, [2], [24]). The following result provides a comparison between the relative entropy
and total variation distance.

THEOREM 3.8. Let o € (1,2]. Let s € (—,0). Let u be an isotropic s-
concave probability measure in R", and let v, denote the standard Gaussian distri-
bution in R"™. Then, there is a universal constant ¢ > 0 such that

2
cn(1+nls|)log(a'n) 1 T4
) < M-y max L \/—TM

(1 _ 20(|SD 1+4|s]a’

o
X (dTV(Lm/n) I+dlsla’ +dTV(#,Yn)) ,

D(ul |7

where o = 3% denotes the Holder conjugate of a.

Proof. We follow [40] but correct a mistake in their original argument. Let us
denote by f the density of it and denote
2
o(x)=(@2n) %7, xeR"
the density of the standard Gaussian measure 7%, in R"”. Denote by Z a random variable
with density ¢, by Y a random variable with density f, and denote

@), )

0@ T e(y)
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Note that

Epxioe()] =5 | 100 0g (2] = [ regtog (525 ) as=iulim). - v

It is classical that if u and v have densities u and v respectively (with respect to
Lebesgue measure), then dry (U, v) = [ |u — v|dx, therefore

drv () = [1709 = 0W)ldr =E[X —1] = 2B[(X ~ Dlgray],  (22)

where we use E[X] =1 in the last equality. Now, consider the function A (x) = xlog(x)
n [0,4-<0). Since & is convex and i(1) =0, we have forall 1 <x <R,

h(R)
R—1

(x—1).

Hence, if R > 2, then for all 1 <x <R, xlog(x) < 2log(R)(x— 1). Therefore, using
(21) and (22),

D(u||%) = E[Xlog(X)] < E[Xlog(X)1{1<x<r)] + E[Xlog(X)1(x-r)]
< 21og(R)E[(X — 1)1 11<x<py] + E[Xlog(X) 1 x~r)]
< log(R)drv (U, ) + E[X1og(X) 1 (x> ry)- (23)

Since W = f(Y)/¢(Y), we have

E[Xlog(X) 1l x>ry] = /f )log (Z;E i) L porey (x)dx
= Efllog(W)1wsry)
E[|log(W)|“|«P(W > R)'" &, (24)

where the last inequality follows from Holder’s inequality. Next, we are going to upper
bound the term E[|log(W)|*]"/*. Note that

Elllog(9(1))|] < & log(27) + SE[[¥[*]

Since Y is isotropic, we deduce by Lemma 2.2 that there exists a universal constant

¢ > 0 such that on
Ef[log(¢(¥))[*]

<— (25)
(1-2als)

On the other hand, by Holder’s inequality and Lemma 2.3,

RI=

E[[log(£(Y))|”]# < Ellog?(£(¥))] = Var(log(f(¥))) +Eflog(£(¥))]?
s (1 +nn1<)2 +h(Y)%, (26)
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Here, we correct a mistake from [40], where it is claimed that the inequality
h(Y) > 0 holds for isotropic log-concave Y, which is being used to obtain an upper
bound on A(Y)?. This is inaccurate, and in fact, the inequality 4(Y) > 0 would imply
the hyperplane conjecture (see, e.g., [1 1], [39], [13]).

Since Gaussians maximize the entropy when fixing the covariance matrix, we have

h(Y) < glog(Zne). @7
On the other hand, by Proposition 2.6, there is a universal constant ¢ > 0 such that
11l < D2, (28)
where dy is defined in (4), hence

h(¥) = E[~log(f(Y))] > —3 log(*" "M} n). (29)

Since s > — we have

2a’

do < o (1 +n|s|)*(1Fkh (30)

therefore, combining (27) with (29), we deduce the existence of an absolute ¢ > 0 such
that
h(Y)? < en®(1+n|s|)*log(a'n)?,

where o is the Holder conjugate of o . In particular, there should be an extra log(n)
factor in the proof of [40, Proposition 7]. Recalling (26), we deduce that
1
E[|log(f(¥))|*]# < cn(1+nls|)log(a'n), (1)
for some absolute constant ¢ > 0. Therefore, combining (25) and (31),

E[|log(W)[*]

< mn(l +n)s|) log(o'n), (32)
olsh

RI—

for some absolute constant ¢ > 0. It remains to upper bound P(W > R). By Lemma 2.1
and (28), there is a universal constant ¢ > 0 such that for all R > c"(”""‘)d(’)’(Znn)% ,

n Y2 R
PW>R) <P (@r)le? > ——~
c"(1+"|s‘)d6'n7

R
== IP Y > 21 n
Y| 0g (cn(1+n.v|)d(r)l (27n)? )

L
2s]

cmax{/n, |IT\}

R
\/210g< 1+n\r\)d”(2ﬂn) )

(33)
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Finally, combining (23), (24), (32) and (33), there is an absolute constant ¢ > 0 such
that for all R > "+ g (27n)7

|-

D(ut||3) < log(R)drv (i, 1) + [ log(W)|*|a P(W > R)@

en(14 nls]log(orn)  (emax{vi i)™

1
(1-2als|)= R "
log( ——
Cn(Hn\S\)d(’; (27mn)2

< log(R)dry (1, %) +

B
=At+AM+ —,
74

where

R ) n
A=dry(u,v), t=log ( ( ) , M= log(c"(1+"|“‘)d6’(277:n)7)7

cen(Htnlshgn (2n)s

1
1 I ! 1 slo/ 1
B= cn(1+ nls)) og(loc n) (cmax{\/ﬁ, —}) ! , P=——.
(1—2als|)@ 5] 4|sla

Minimizing over R > c”(””“"')d{)‘(Znn)%, or, equivalently, over r > 0, we have by

Lemma 3.1,
L 1 1 1 ™
D(ull) < APTB7 (,, +(3) ) AM,
p

and the result follows using (30). O

We do not know whether Theorem 3.8 holds when s is in a neighborhood of
-5 L with a rate of convergence independent of . Nonetheless, under an exponential
moment assumption and a weaker rate of convergence, one may provide a comparison
(dependent on the exponential moment) between more general Rényi divergences and
total variation distance for s € (— % ,0). This is the aim of the next theorem.

THEOREM 3.9. Let s € (— 70). Let 1 be an isotropic s-concave probability
measure on R", and let 7, denote the standard Gaussian distribution on R". Let
p> 1 and a € (1,2]. Under the moment assumption

M= / g (x) < oo,

we have, denoting dry = drv (U, 1),

p—1 2[slo’
G ) [ evr—Tmax{vin, )
IAMIPARS - \/drv +d3, + M@
10g(1+#>

where ¢ > 0 is an absolute constant and dy is defined in (4).

)
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Proof. Recall the definition of the Tsallis entropy of order p > 1 of ¥ with density
f and Z with density ¢,

Tp(YHZ):pil U q)](:(:)czpldx—l}

Denote, as in the proof of Theorem 3.8,

_f2 fY)

-~ 9(2) oY)
We have, for R > 1,
(p = DT,(Y]|Z2) =EX" = 1] <E[(X” — D1pex<ry] + E[(X7 = D 1xopyl-

Note that the function h(x) = x” — 1 is convex, and k(1) = 0, therefore, we have that
forall 1 <x <R,

h(R)
R—1

h(x) < (x—1).

Hence, for all R > 2, recalling (22),

RP—1
B(X" = Dlgexery) S 2= —ElX = Dljrexen] < RV Ldry (1, 10)-

On the other hand,
EX71xopy] = EWP o] < EWwr-D)aP(W > R) T .

Using Proposition 2.6, we have for some absolute constant ¢ > 0,

(o]

and by (33), we have for all R > c”(1+”‘5|)d6'(27tn)% ,

E[WOC(P—U}& —F <Cn(1+n|s\)d(f)7n%)IF1 E[e#a(p_l)] é,

N

1
=

cmax{\/r_z,ﬁ}

#
\/Zlog <C,,(1+ns)dg(27rn)’21 )

- A
(p—DTp(Y|Z) <R drv () + T

ol
log % e
Cn(1+n\x\)d8(2n-n)§

P(W >R) <

Hence,
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where

1
. n -1 ‘ > ! e
A— (c"(H"I“‘)dgn?)p E[e%a(z?fl)]é (cmax{ﬁ,m}) .

It remains to choose

n 1 2(1’*1)
szwmwnanQ+____j .
0(2mn) drv (1, %)

Let us comment on the moment assumption in Theorem 3.9. It was shown in [10]
that the assumption 7,,(Y||Z) < 4o, p > 1, implies that ¥ has moments of all orders,

and in fact
v

Bl < oo

forall ¢ < pT_l . On the other hand, note that if ¥ has a bounded density, which is the
case if Y is s-concave, then the assumption

v

Ele 2 P7V] < 4oo,

implies that 7),(X||Z) < -eo.
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