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HARDY OPERATORS AND COMMUTATORS ON
GENERALIZED CENTRAL FUNCTION SPACES

NGUYEN ANH DAO

Abstract. In this paper, we would like to study the boundedness of operators of Hardy type
on generalized central function spaces, such as the generalized central Hardy space HA% (R™),
the generalized central Morrey space Mg (R™), and the generalized central Campanato space
CMOg(R”) , with p € (1,00), and @(¢) : (0,00) — (0,e0). We first show that HAg(R") is the
predual of CMOZ (R™). After that, we investigate the boundedness of operators of Hardy type on
those spaces. By duality, we obtain the boundedness characterization of function b € CMOZ, (R™)
via the Mi (R") -boundedness of commutator [b,.7*|.

Mathematics subject classification (2020): 42B20, 42B35, 42B30, 46A20.
Keywords and phrases: Hardy operators, commutator, generalized central function space, central atomic

REFERENCES

W. BURNSIDE, A rapidly convergent series for logN!, Messenger Math., 46, 1 (1917), 157-159.

K. ANDERSON AND B. MUCKENHOUPT, Weighted weak type Hardy inequalities with application to
Hilbert transforms and maximal functions, Studia Math., 72 (1982), 9-26.

H. BREZIS AND J. L. VAZQUEZ, Blow-up solutions of some nonlinear elliptic problems, Rev. Mat.
Univ. Complut. Madrid, 10 (1997), 443-469.

Y. CHEN AND K. LAU, Some new classes of Hardy spaces, J. Funct. Anal., 84 (1989), 255-278.

M. CHRIST AND L. GRAFAKOS, Best constants for two nonconvolution inequalities, Proc. Amer.
Math. Soc., 123 (1995), 1687-1693.

R. COIFMAN, R. ROCHBERG AND G. WEISS, Factorization theorems for Hardy spaces in several
variables, Ann. of Math., 103 (1976), 611-635.

R. COIFMAN AND G. WEISS, Extensions of Hardy spaces and their use in analysis, Bull. Amer. Math.
Soc., 83 (1977), 569-645.

N. A. DAO, S. G. KRANTZ AND NGUYEN LAM, Cauchy integral commutators and Hardy factoriza-
tion on Lorentz spaces, J. Math. Anal. Appl., 498 (2021) 124926.

N. A. DAO AND BRETT D. WICK, Hardy factorization in terms of multilinear Calderon—Zygmund
operators using Morrey spaces, Potential Analysis, 55 (2021),
https://doi.org/10.1007/s11118-021-09960-x.

N. A. DAo, Hardy factorization in terms of fractional commutators in Lorentz spaces, Front. Math.
China, (2021), https://doi.org/10.1007/s11464-021-0946-1.

X. T. DUONG, RUMING GONG, MARIE-JOSE S. KUFFNER, JI L1, BRETT D. WICK AND DONGY-
ONG YANG, Two weight commutators on spaces of homogeneous type and applications, J. Geom.
Anal., 31 (2021), 980-1038.

W. FARIS, Weak Lebesgue spaces and quantum mechanical binding, Duke Math. J., 43 (1976), 365—
373.

ZHAO FAYou, FU ZUNWEI AND LU SHANZHEN, Endpoint estimates for n-dimensional Hardy
operators and their commutators, Sci. China Ser. A, 55 (2012), 1977-1990.

Z.Fu,Z.L1u, S. Lu AND H. WANG, Characterization for commutators of n-dimensional fractional
Hardy operators, Sci. China Ser. A, 50 (2007), 1418-1426.

© ey, Zagreb

Paper MIA-25-61


http://dx.doi.org/10.7153/mia-2022-25-61
https://doi.org/10.1007/s11118-021-09960-x
https://doi.org/10.1007/s11464-021-0946-1

964

[15]

[16]
[17]

[18]
[19]

[20]
[21]

[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]

[31]

N. A.Dao

Y. KOMORT AND T. MIZUHARA, Factorization of functions in H'(R") and generalized Morrey
spaces, Math. Nachr., 279 (2006), 619-624.

Y. KOMORI, Notes on commutators of Hardy operators, Int. J. Pure. Appl. Math., 7 (2003), 329-334.
J. GARCIA-CUERVA, J. Hardy spaces and Beurling algebras, J. London Math. Soc., 39 (1989), 499—
513.

J. GARCIA-CUERVA AND M.-J. L. HERRERO, A theory of Hardy spaces associated to the Herz
spaces, Proc. London Math. Soc., 69 (1994), 605-628.

N. GHOUSSOUB AND A. MORADIFAM, Bessel pairs and optimal Hardy and Hardy-Rellich inequal-
ities, Math. Ann., 349 (2011), 1-57.

G. HARDY, Note on a theorem of Hilbert, Math. Z., 6 (1920), 314-317.

G. HARDY, J. LITTLEWOOD AND G. POLYA, Inequalities, London/New York: Cambridge Univeristy
Press, 1934.

N. LAM, G. LU AND L. ZHANG, Geometric Hardy’s inequalities with general distance functions, J.
Funct. Anal., 279 (2020), 108-673.

S. LU AND F. ZHAO, A characterization of A -central BMO space, Front. Math. China, 8 (2013),
229-238.

S. SHI AND S. LU, Some characterizations of Campanato spaces via commutators on Morrey spaces,
Pacific J. Math., 264 (2013), 221-234.

S. SHI, Z. FU AND S. LU, On the compactness of commutators of Hardy operators, Pacific J. Math.,
307 (2020), 239-256.

S. SHI AND S. LU, Characterization of the central Campanato space via the commutator operator of
Hardy type, J. Math. Anal. Appl., 429 (2015), 713-732.

S. LU, Function characterizations via commutators of Hardy operator, Front. Math. China, 16 (2021),
1-12.

J. TAO, D. YANG AND D. YANG, Boundedness and compactness characterizations of Cauchy integral
commutators on Morrey spaces, Math. Methods Appl. Sci., 42 (2019), 1631-1651.

LONG SHUNCHAO AND WANG JIAN, Commutators of Hardy operators, J. Math. Anal. Appl., 274
(2002), 626-644.

A. UCHIYAMA, The factorization of HP on the space of homogeneous type, Pacific J. Math. 92 (1981),
453-468.

C. ZORKO, The Morrey space, Proc. Amer. Math. Soc., 98 (1986), 586-592.

Mathematical Inequalities & Applications

e-math.com

e-math.com



