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HARDY OPERATORS AND COMMUTATORS ON
GENERALIZED CENTRAL FUNCTION SPACES

NGUYEN ANH DAO

(Communicated by J. Pecari¢)

Abstract. In this paper, we would like to study the boundedness of operators of Hardy type
on generalized central function spaces, such as the generalized central Hardy space HA’(,’)(]R”),
the generalized central Morrey space M’J,(R”), and the generalized central Campanato space
CMOZ(R”), with p € (1,00), and @(r) : (0,00) — (0,00). We first show that HAQ’,’(R”) is the
predual of CMOg (R™). After that, we investigate the boundedness of operators of Hardy type on
those spaces. By duality, we obtain the boundedness characterization of function b € CMOZ (R™)
via the M';, (R") -boundedness of commutator [b, 77*].

1. Introduction and main results

1.1. Introduction

The aim of this paper is twofold. First, we study some generalized central func-
tion spaces, such as Mj(R"), CMOy,(R"), and HA{(R"), where p € (1,e0). Through
the paper, we always assume that ¢(¢) is nonincreasing on (0,o°), and tr ©(t) is non-
decreasing on (0,0). Then, we prove that HAﬁl (R") is the predual of CMOZ (R™).
Second, we investigate the boundedness of operators of Hardy type on those spaces.
By duality, we obtain the boundedness characterization of function b in CMO” (R”")
by means of the boundedness of commutators [b,.°] and [b,.7*] in the above central
function spaces.

NOTATION. Forany g € (1,0), we denote ¢’ the conjugate exponent, Ll] + % =1.
With |Q| we denote the Lebesgue measure of a measurable set Q in R”, and B, is the
ball centered at O € R" with radius #. As usual, we denote a constant by C, which may
depend on p,n and is probably different at different occurrences. Finally, we denote
A < B if there exists a constant C > 0 such that A < CB.

The Hardy operators are defined by

1
B Vi x|

AN = o [ SO, xR0}, 1)

Mathematics subject classification (2020): 42B20, 42B35, 42B30, 46A20.
Keywords and phrases: Hardy operators, commutator, generalized central function space, central
atomic space.
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and (dual form)

. 1 f() "
H (f)(X)—v—n o P dy, x€R"\{0}, 2)

n/2 . . .
where v, = 1"(&72/2) is the volume of unit ball in R”.

In the pioneering work, Hardy [20] established the integral inequality

/ON (i/oxf(t)dt>pdx< (%)p/:f(x)l’dx 3)

for all non-negative f € L”(R ), with 1 < p < . Note that the constant # is sharp.
By considering two-sided averages of f instead of one-sided, (3) can be equiva-
lently formulated as:

1 (e < 5 M oy )

In [5], Christ—Grafakos extended (4) to n-dimension. Furthermore, a sharp bound of
weak type (p,p) of J# was obtained by the authors in [13]. Specifically, for any
1 < p <o we have

1 ()l < NI f e
forall f € LP(R"). In addition,

| |p—rp= = 1.

It is known that the inequalities of Hardy type play important roles in many areas of
mathematics such as analysis, probability and partial differential equations (see, e.g., [2,
3,5,12,19, 21, 22, 27] and the references therein). For example, a slight modification
of (3) by setting F(x) = [y f(¢)dt provides us

/0oc F)(;i)p dx < (%)p/omF/(x)pdx.

The analogue of this inequality in R” for n > 1 is
P » \’
< (—) |Vf(x)|P dx )

[ Ay

X
where V£ is the gradient of f as usual; this holds for all f € ¢;°(R"\ {0}) if n < p <
eo, and for all f € €;°(R") if 1 < p <n. The constant is sharp and equality can only
be attained by functions f =0 a.e.
Since the Hardy operators are centrosymmetric, the function spaces, which are
characterized by the boundedness of J# and .7* are central ones. For example, Shi—
Lu, [26] established the boundedness of 77 and JZ* in the central Morrey spaces

\Y ’A(R") (see Definition 1).

THEOREM 1. (Shi-Lu, [26]) Ler 1 < p < oo, and A € (0, ;1—7) Then, A (resp.
%) is a bounded operator from MP*(R") — MP*(R").
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Moreover, the boundedness characterization of operators of Hardy type in the ho-
mogeneous Herz spaces has been studied by the authors in [14].

Inspired by the above results, we would like to study the boundedness of operators
of Hardy type in generalized central function spaces. Therefore, it is convenient for us
to introduce the notions of those spaces.

DEFINITION 1. A real-valued function f is said to belong to the generalized cen-
tral Morrey space Mj,(IR") provided the following norm is finite:

Hf”L’ Br
5 BI7 o)

where the supremum is taken over all the balls B, in R".

1 v, =

REMARK 1. A canonical example is ¢(r) =t*, A € (0, %) In this case, we
denote M (R") by MP* (R").

Next, let us define the ¢ -central Campanato space CMO’; (R™).

DEFINITION 2. A function f € L’ (R") is said to belong to CMOZ (R") if

Hf_th”U B;
Hf”cMo{; = supli() < oo,
=0 |B/|7 (1)
with fp = ﬁfo(y)dy, for set B in R”".
REMARK 2. When ¢(z) = 1, we denote CMOg,(R") by CMO”(R") for short.
And,if (1) =17*, A € (0, ], we denote CMO))(R") by CMO"” (R").

REMARK 3. If there exists a constant Dy € (0, 1) such that ¢(2¢) < Doo(z) for
all # > 0, then by using the same argument as in [31], we also obtain

Mj (R") = CMO (R"). (6)
In particular, we have MP* (R") = CMO”* (R"), with A € (0, L
REMARK 4. Obviously, for 1 < p; < p» we have
CMOy’ (R") € CMO' (R"). (7)
Moreover, it is known that
BMO(R") € CMO™*(R") C CMO"' (R"). 8)

We emphasize that CMO” (R™) depends on p. Therefore, there is no analogy of the
famous John—Nirenberg inequality of BMO(R") for the space CMO” (R").
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Our last interested central function space is the generalized central Hardy space.
To define this space, we first point out the definition of a central (1,q, ¢)-atom.

DEFINITION 3. Let 1 <g < eo,and ¢ :(0,00) — (0,e0). A function a(x) is called
a central (1,q,@)-atom, if there exists a ball B; in R” such that

(i)supp(a) C B,

(ii) /Bta(x)dx: 0,

1
(i) lall e € —5—

[Bi| 7 (1)
Now, we are ready to define HA{(R") (see definition H”?(IR") by Zorko [31]).

DEFINITION 4. Let 1 < p < oo, and let @(¢) : (0,00) — (0,). We denote, by
HA@ (R™), the family of distributions / that, in the sense of distributions, can be written
as

h= i?tjaj7
Jj=0

where a;, j >0 are central (1,p,)-atoms, and Y |A;] < oo.
j=0
It is clear that HA@(R") is a vector space. In addition, we denote

llaag = inf{ > w}
j=0
where infimum is taken over all possible decompositions of 4 as above.
Then, (HA@ R, g AD ) becomes a normed space.

Such a space of this type has been studied by the authors in [4, 17, 18] and in
the references cited therein when @(¢) = 1. In fact, Chen-Lau, [4] studied a theory
of Hardy spaces HA”(IR) associated with the Beurling algebras A?, 1 < p < oo, the
space consisting of functions f on R" for which

S kn
1fllar = 227 [ faller < oo,
k=0

where yj is the characteristic function on the set {x € R": 2871 < |x| <2¢}, k> 1.
For convenience, we recall here the definition of HA”(R) via the Beurling alge-
bras A”.

DEFINITION 5. Let f* be the vertical maximal function, defined by

£ () = sup |(f  yr) (x)]

t>0
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where y; (x) =¢""y/(x/t), and v is an integrable function on R” such that [p. y(x)dx
=1.

Then, we define HA?(R) by the set of functions f such that ||f*||s» is finite.
Moreover, if we set || f|lgar = [|/*|lar . then || [|gar is a norm.

The most interesting aspect of the theory constructed by Chen—Lau is the atomic
decomposition of HA?(R), for 1 < p < 2. Thanks to this decomposition, they obtained
the following duality

HA? (R")* = CMO”(R"). )
After that, Garcia-Cuerva [17] extended their results for all p € (1,e0) by using the

characterizations via the grand maximal functions. Moreover, the associated spaces
HA??, 0 < g<1, 1< p< e was investigated by the authors in [18].

REMARK 5. Obviously, for any 1 < p; < py < oo we have
HA@2 (R") C HA@l (R™). (10)

It is interesting to emphasize that when ¢(z) =1 the inclusion in (10) is strictly accord-
ing to (8) and (9). This observation is different from the point of view of the classical
Hardy spaces. That is

H'”(R") =H"/(R") (11)

for 1 < g < oo, see Theorem A, [7]. By (11), one can define Hl(R") (the real Hardy
space) to be any one of the spaces H!(R") for 1 < g < co.

Next, we discuss the commutators of Hardy operators. For any operator 7', let us

define
[0, T](f) :=bT(f) = T(bf).

Note that b is called the symbol function of [b,T]. When T is an operator of Hardy
type, the study of [b,T] has been investigated by many authors in [13, 16, 14, 23, 24,
25, 26,27, 29], and the references therein. In [29], Long—Wang proved Hardy’s integral
inequalities for commutators [b,.7#’] and [b, 73] (the fractional Hardy operator), B €
(0,1), with b belongs to the one-sided dyadic functions CMO” (R™). Moreover, Fu
et al., [14] obtained some characterizations of CMO” (R") for 1 < p < oo via the L”-
boundedness of [b,.7] and [b, 7*] in the following theorem.

THEOREM 2. (Fu et al., [14]) Let b e CMO™ P} (R"). Then both [b, #] and
[b, %] are bounded on LP. Conversely,

(a) if [b,#)] is bounded on L, then b € CMO” (R");

(b) if [b,.#*] is bounded on LP, then b € CMO” (R").

We also mention that Komori, [16] obtained a characterization of function b €
CMO”(R™) by means of the L”-boundedness of [b,.7#] and [b,.#*]. Note that his
argument can be adapted for the setting of the Euclidean space R” instead of R™ .

Next, Lu—Zhao, [23] extended Theorem 2 to the space cmo™ P ’}L(R") as
follows.
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THEOREM 3. (Lu—Zhao, [23]) Let 1 < g < p < o be suchthat 0 < A =
L Then b e CMO™™ P (R) s [b, 2], [b, 2] : LA(R?) — LP(R").

11
i p <
1.2. Main results

As mentioned at the beginning, our first result is the following duality.
THEOREM 4. Let 1 < p < oo, and @(t) : (0,00) — (0,0). Then, we have
HAJ (R")* = CMO) (R").
REMARK 6. As a consequence of Theorem 4, we observe that CMO’; (R") is a

Banach space.

Next, we extend Theorem 1 to Mj,(R").

THEOREM 5. Let 1 < p < oo. Assume that there is a constant Dy € (0,1) such
that
@(2t) <Doo(t), Vi>0. (12)

Then,  (resp. #*) is a bounded operator from Ml (R") — My (R").
In addition, we have

1 g < (52 ) 11 13
for f € My(R"); and there is a constant C = C(n,p) > 0 such that
1727 () lIyaz, < Clf Ny, (14)
for f € Mi(R").

REMARK 7. We emphasize that condition (12) can be relaxed in the Mﬁ -boun-
dedness of 77, see the proof of Theorem 5. This means that one can take ¢(t) =C >0
in (13).

As a consequence of Theorem 5, Remark 3, and Theorem4, we have the following
corollary.

COROLLARY 1. Same hypotheses as in Theorem 5. Then, the following state-
ments hold true.
(a) € and A* are bounded operators from CMOZ (R") — CMOZ (R™);

(b) A and F* are bounded operators from HA{/’,/ (R") — HAI(Z,, (R™).

Concerning the boundedness of commutators of Hardy operator, we have the fol-
lowing theorem.
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max{p,p'} (R")

THEOREM 6. Same hypotheses as in Theorem 5. If b € CMO , then

the following statements hold true
(a) [b,] (resp. |b, ) is a bounded operator from My (R") — Mg (R");

(b) [b,H) (resp. [b,#7™]) is a bounded operator from Mj, (R") — M, (R").

REMARK 8. Similarly as in Remark 7, (12) can be relaxed for conclusion (a) of
Theorem 6.

By duality, we have the following result.
COROLLARY 2. Same hypotheses as in Corollary 1. If b € CMOmax{p’pl} (R™),
then [b, ) (resp. |b,7*]) is a bounded operator on CMOZ (R") and HAG (R").

A
Typical examples for the Corollaries 1,2 are @(r) =¢—*, and @(r) = (m) ,
for 4 € (0, %}
Our last result is a characterization of function » in CMO” (R”) by means of the
boundedness of [b, 7] in Mj(R").

THEOREM 7. Same hypotheses as in Theorem 5. If b € L, (R"), and [b, #’*] is
a bounded operator on Mjy(R"), then b € CMO" (R").
Furthermore, there exists a constant C > 0 depending on n, p such that

1Bllextor < Cll b, ey iy (1s)
By duality, we have the following corollary.

COROLLARY 3. Same hypotheses as in Theorem 7. If b € LI (R"), and [b, )

loc
is a bounded operator on HAﬁ, (R"), then b € CMO" (R™).
In addition, there exists a constant C > 0 depending on n,p such that

1Bllenor < €Il [, A1]] (16)

HAJ —HAL
As a consequence of Theorem 7 and Corollary 3, we have the following result.

COROLLARY 4. Same hypotheses as in Theorem 7. Suppose that tmin{ﬁ"?}(p(t)

is nondecreasing on (0,%0), and b € Lfgix{p '} (R"™). Then, the following statements
hold true. )
(a) If [b, ] is a bounded operator on My(R") and M (R"), then b €

cmo™ P (R™). In addition, there exists a constant C = C(n,p) > 0 such that

[ty <€ (10 vty g #1107 Yy )+ A7
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(b) If [b, ] is a bounded operator on HA{/’,/(R") and HAL(R"), then b €
cMo™ PP }(R"). In addition, there exists a constant C = C(n,p) > 0 such that

bleggmost <€ (110 gy g +10A g g ) - (19

p
¢

A
Typical examples for Corollary 4 are () =¢*, and @(t) = (*) , for

log(1+7)
A € (0,min{%, 55 }].

Our paper is organized as follows. We study the generalized central Hardy space,
and prove Theorem 4 in the next section. The last section is devoted to the proof of
Theorems 5-7, and of Corollary 1-4.

2. HA’J,/ (R") as the predual of CMOy,(R")

For any ball B in R” we denote L}j(B) by the subspace of L?(B) of functions
having mean value zero. It is not difficult to verify that

Ly(B) =L"(B)/C(B), (19)

where C(B) is the set of the functions, which are constant on B. Then, we have the
following embedding result.

PROPOSITION 1. Forany T >0, and for f € L§(Bz), we have

1
||lBrf||HAg < [Be| 7 o(7) 1AW (ss) -

Proof of Proposition 1. Let us set

alx) = . 1p.f(x) .
Be|” () | fll o 8,

Since [p_f(x)dx =0, then it is not difficult to verify that a is a central (1, p, ¢)-atom.
Thus, the desired result follows from the Definition 4. [

REMARK 9. As a consequence of Proposition 1, if f € HA{/’, (R™)*, then for any
T >0 we get

IBTf € Lg(BT)* .

Now, we prove Theorem 4.
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Proof of Theorem 4. Let a be a central (1,p’, @)-atom with supp(a) C B, for
some ¢ > 0. Then, for any f € CMOI(; (R") we have

[ 7o) dx

= | 6= ) atoyax

<N =Byl g,

If = fB.|lLr (s
< < fllewrop
|Bi|7 (1)

For every g € HA’J,, (R"), one can decompose g = X7 A;a;, where {a;} ;>0 is a se-
quence of central (1,p’,¢)-atoms; and 37 [A;| < eo. Thus, we deduce from the last
inequality that

f(x)g(x)dx
Rn

go /R A (x)aj(x)dx

< (z M,-) 1 lesog
j=0
< lglyyp 1 llcmog- (20)
This yields
CMOJ(R") C HA (R")*.
It remains to show that

HAJ (R")* C CMO)(R"). @1

Let F € HA{;/ (R™)*. Thanks to Remark 9, we have that 15 F € Lg, (B7)* for 7> 0.
By (19), there exists f; € LP(B;)/C(B¢) such that

<IBTF7g>LP7LI’/ :/B fr(x)g(x)dx, Vg € LS (Bz). (22)
Thus, for every 0 < 71 < 7o, we have

S, (x) = fr,(x) fora.e. x € By,

which makes sense by (22).
Next, let us define f(x) = f;(x) if x € B;. Obviously, we have f € LI (R").

loc

Now, we show that f € CMO@ (R"). Indeed, for any ball B, in R", let us fix
Tp > t. Remind that f(x) = f;(x) € LP(B;)/C(B;) for x € B,. By duality (19), we
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obtain
S =I5 / |
] B e () = T sup (f(x) — f3,) h(x)dx
‘Bt‘f’(p(l) ‘Bt|l’ (p(t) HhHLp, —1|/B,
o (Br)
1
=—71 _ Sup f(x) (h(x) — hp,) dx
B |7 @(t) I,y =11/
o (Br)

[ a1

= sup T
|B:|7 (1)

. (23)

Il =1
b ()

(h(x) B hB/) lBt

- is a central (1,p’, @)-atom
|B:|7 (1)

Since h € Lg,(Bt) and [|12] 5, = 1. then

(see the proof of Proposition 1), and

lBt (h(x) B hBr)
B/|7 (t)

HA!
With this inequality noted, it follows from (23) that

13/ (h(x) — hBt)

If = o) _
1
BI7 o)

i <|

|B:|7 (1)

<|Fl

BTO H(HA{:,,)* (HAIJ)/)* :

/
HAL
Since the last inequality holds for every ¢ > 0, then we obtain

||fHCMOI(; < HF||(HA$,)*7

which yields (21).
Hence, we have completed the proof of Theorem 4. [

Next, we exploit some properties of HA’J, (R™) under certain conditions on ¢.

PROPOSITION 2. Suppose that ¢(t) is nonincreasing on (0,e0), and there exists
7o > 0 such that t? @(1) is nondecreasing on (Tg,°). Then, HA (R") is the subspace
of L7 (R™)*.

Proof of Proposition 2. Let a be a central (1,p’, ¢)-atom with supp(a) C B;,
and let y be a test function in L?(R") (the space of bounded functions with compact
support) with supp(y) C By, .

Applying Holder’s inequality yields

|||z |B; By, |'/P
B/|'/Po(t)

<Nl g, 1W<

/n a(x)y(x)dx
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If + < max{r, T}, then it follows from the last inequality and the fact ¢(z) >
min{@(1), (1)} that

[wlle-
/na(x)l//(x)dx’ < min{¢ (1), ¢(70)}

n

Otherwise, we have 1] ¢(fp) < t%(p(t). Thus,

Wl B vl
a(x)y(x)dx| < = .
IRGE ‘ Blaoo) () 90)

By combining the two cases, we get

W]z
foovora| < sty (2‘”

Now, for any & € HA’J,/ (R"), we can write h = 37 (A;a;, where a;, j >0 are
(1,p', ¢)-atoms, and 7 |4;] < e.
Then, it follows from (24) that

(x)y(x)dx
Rl‘l

vl
<2| /|> min{(t),p(10)}
vl
<l ”HA@’,’ min{(P(lO)f(P(TO)} '

Hence, we obtain the conclusion. [

REMARK 10. Asaconsequence of Proposition 2, if / € HAg (RY), h= Zf}o:o Ajaj,
then the series converges to / in the norm of L7 (R™)*.

PROPOSITION 3. Same hypotheses as in Proposition 2. Then, HAg (R") is a
Banach space.

Proof of Proposition 3. Let {fy}n>1 be a Cauchy sequence in HAﬁl (R™). Then,
there exists a subsequence { fy, },>1 such that

e = o gy <27 25)
Put

F=ti+ Y (fve—fv) -

k=2
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Note that for any k£ > 1, we have

ka _ka—l = Z A'J]'{alj{'v

j=0
where {a’J‘-} j>0 is a sequence of central (1,p’, ¢)-atoms, and

A< | fve = fvi ||HAP/(R,,) +27k,
>0 b

With this inequality noted, and by (25), we obtain

Y YIS Y 2 <, (26)

k=120 1

This implies that f can be decomposed into central (1,p’, @)-atoms.
Next, we claim that fy, — f as k — o in the norm of L7 (R")*. If this is true,

then by (26) we can conclude that fy — f in HA{/’,/ (R") as N — oo.

Since f = fu,, + 2 (fn, — fn,_, ). then it suffices to prove that 2 (fiv, —
k=ko+1 k=ko+1
fn,_,) converges to 0 as kg — oo with respect to the norm of L7 (R")*.
By (24), we obtain

< Y YA

k>ko+11>0

k>ko+11>0 min{e(t0),p(70)}

L3 Un— v Jwwioax

" k>ko+1

[ d@was

With this inequality noted, it follows from (26) that

=0.
L (Rm)*

lim
ko—co

2 (ka _kaq)

k>ko+1

Thus, fy, — f in LZ(R")" as kg — oo.
This puts an end to the proof of Proposition 3. [

3. The boundedness of operators of Hardy type in generalized
central function spaces

3.1. Hardy operators in generalized central function spaces

Proof of Theorem 5. We first prove the Mﬁ -boundedness of 77. In fact, for any
ball B; in R", let us write

H(f)(x) = A (f1)(x) + A (f2)(x), VxeR,
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with fi = f1p,, and fo = flg, BS = R"\ B,.
For f1, we apply (4) to obtain

122 (fi)ll e (8, (P Ifille ( p \ fllers) (P '
T s\ T =77 T s{po 1 Wy, -
B:|7 (1) p |B|7p(t) \P B:|7 (1)
27)

=0 on By, then for any x € B, we observe that

Hf)0) = —— /y _, PO)ay=0. 28)

Vi |x["

Next, since f>

A combination of (27) and (28) yields

12 (Ollriy 172 (F)lle ) p
X = T < == ) IflIyez -
|B/|7 (1) B/| 7 () p

Since the last inequality holds for any 7 > 0, then we obtain

1%
1l < (52 ) 11

It remains to prove the M’(Z, -boundedness of 7#*. We argue similarly as in (27) in

order to obtain 12
1
28 <l - (29)

I
|B:|7 o(r)

Next, we observe that

1/ f(y)dy‘:L
Vi Jlyjz2e [y]" Vn
<3 (24 *"/ d
ngi( ™ fosteapyenonn 709

Thanks to Holder’s inequality, and (12), we obtain

S Sk hi<oeriny [y

<y [ ol

k=1

1
k. \—n =
Q)N f e (B iy, ) | Borsis |7

M

[ (f2) ()] S

k=1

8

1Al i) ety
E By | P p(24+1)

<X o) £l

<

~

8

T
L

<205 o@)If g < 001 Iy -

M s

w-
Il
-
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Thus, we deduce that

177 (f) e ) S |Bt‘%(P(t)||fHM’(;~ (30)

Combing (29) and (30) yields the desired result.
Hence, we complete the proof of Theorem 5. [

Proof of Corollary 1. The proof of (a) just follows from Theorem 5 and Remark

3.
It remains to prove (b). Thanks to duality, for every f € HAﬁl (R") we have
1Dy = s | [#N@e@dx = swp | [ 1@ (@)@ ax
? llglloyor =1 llgllcyior =1
¢ ¢

< sp Al 1 ) lewos
HchMol(;zl ¢

S osup Hf”HAP’HgHCMO’(; = Hf”HAP’ :
HchMof(;=1 ¢ ¢

Hence, we conclude that 7 maps HAﬁ, (R") — HA’J,/ (R™).
Similarly, the conclusion also holds for J#*.
Thus, we obtain the proof of Corollary 1. [J

3.2. Commutators of Hardy operators in generalized central function spaces

Before we prove Theorems 6 and 7, we recall a fundamental result being useful
for our argument later.

LEMMA 1. Let 1 < p <o, and k> 1. For any ball B; in R", then we have

1
b b5 < 2" (k- 1)l cwror B

2k¢ LP(By)

Proof of Lemma 1. For any j > 1, we observe that

1
<o) [po)—ta,
‘szt| szt ( ) 2+l

‘BZf+1t| 1 / ’
< b(y) —bp .
b |Baji| By, Byjy1, 2t

<2 < 2"[blleyior -

dy

’szer o sz.f/

dy

|b||CMOl
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With this inequality noted, we obtain

Hb—bB

< (16— bp,lr (s, + 2 o, ~ 22

Lr(8 244 | (s))

1 116 = bl (s,
< |B|? L) +z|b3

B[

\Bt|”

2]+l
2" (k+ l)HbHcMo”|Bt|F :
Thus, we complete the proof of Lemma 1.

Next, we estimate ||lBrHMg for any ball B, in R".

LEMMA 2. Suppose that ¢(t) is nonincreasing, and t%(p(t) is nondecreasing.
Then, for any ball B, in R" we have

1 o= —.
” BrHMé (,0(7‘)

HlBrHL/’

\Bz\l’fp()

Proof of Lemma 2. We consider the following term I(z) := ,1>0.

If + < r, then since ¢@(¢) is nonincreasing, then we obtain

1 1
:\B,OB,\P_ |B; |7 - 1

Blro()  [Blrg@) 90

1
Otherwise, it follows from the monotonicity of |B;|? ¢(¢) that

1
|B, |7 < 1

I(r) < - < )
B lro(r) O

Combining the two inequalities yields
15,y < — G1)
Bl & —— -
Mo = o(r)

The reverse of (31) is obvious since I(r) = ﬁ .
Thus, the desired result follows. [

Now, we are ready to prove Theorem 6.

Proof of Theorem 6.
(a) Fix ball B; in R". We write

[bv‘%](f) = [b’%](fn'i'[b?%}(fﬁ;
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with fi = f1g, and fo = flg.
Since [b,.#’] maps LP — LP, then we have

116, 22 (f) o s,y S 110l I fille = |2
Thus, it follows from the monotonicity of ¢ that

|6, ] (f1)||m(3, <]
1 ~ CMOmax{P r'}
|B:[7 (1) 1B,|7 (1)
Next, for any x € B, we observe that
[b,7)(f2)(x) =
A combination of this fact, and (32) provides us that

10 ANy _ oA i my

L - I
[B:|? (1) B[P (1)

Therefore, we obtain the desired result.
(b) Since [b,.#*] maps L? — L?, then we can mimic the proof of (32) to obtain

1B, 2] (f)ll Lo (8y) <[]
I ~ '
B[ o(r) Mo

cMom PP cnomx{pr'} [RalF (By) -

1l 820)

mas(p) Iy - (32)

<ol

CMO

CMOmux{pm’} ”fHM'q’) .

max (o'} |1 [y, - (33)

Concerning f>, we write

1 o)
Vi A)|>2t(b(x) —b(y)) |y|n dy

b, 2V () 1o (8, =

LP(Br)

@ [ b(x) ~ba,, | LFO)
kgb {2he<ly|<2k+1e) 2 _
O b(3) b, | LF )y
k=0 {2ke<lyl <2kt ey . (B,
=1 +1. (34)

We first treat I; . Applying the triangle inequality, Minkowski’s inequality, and the
Holder inequality yields

iy O

DM
—~
o)
N??"
i

I <

’b - szkH,

/{2"t<\y\<2"“t}

T
[}

‘B2k+lt‘ Hb bB

N
M

1
ok+1y (B,) ||fHLI’(sz+ll)|sz+1,\P'

=~
Il
=]

P10 Iy -

k414

HMX

S

LP(B;)
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Thanks to Lemma 1 and (12), we get from the last inequality that

< 1
LSy 2"(k+2)HbHcMoﬂIlef’D'é“(P(f)llmeg
k=0

1
N ‘Bt|”‘P(Z)HbHcMo”HfHM{;~ (35)

Note that (35) was obtained by the fact X7 (k+ Z)D’(‘)Jrl < oo,
For I, we use Holder’s inequality, and Lemma 1 in order to obtain

I, < b—bp

k+1y ”fHLP(szHI)

!
L7 (Byit1,)

i (2kl) —n
k=0

_ Hb—bB

LP(By)

k414

LY (B 1) Hf”U’(B ) L
: ok+1; 2k+1; §0(2k+11‘)|Bt‘f’

1
k=0 |Boes1, | 7’ |B2k+1t‘p¢(2k+lt)

- k l
< X 1Bl o 1 g D6 00 1By |
k=0

1
S B @10l g 1/ s, - (36)

cMo”
Combining (34), (35), and (36) yields
16, 727 (f2)ll o (s,
1
|Bi| 7 (1)

Thus, the desired result follows from (33) and (37).
This ends the proof of Theorem 6. [

S8 ygomaxtr 1 Iy - 37

Proof of Corollary 2. The proof is similar to the one of Corollary 1, then we leave
its details to the reader. [

Finally, we prove Theorem 7.

Proof of Theorem 7. The proof follows by way of the following lemma.

LEMMA 3. Let a be a central (1,p')-atom. Then, there exist two functions f €
HA (R"), and g € My(R") such that

a(x) = f(x)77(g)(x) — 8(x) A (f)(x), (38)

and

n

2pr
/ oy < —
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Proof of Lemma 3. Suppose that supp(a) C B; for some 7 > 0. Let us set

a(x)
flx) = W’ and g(x) = (P(T)l{r<\x\<2r}(x)-
We first claim that the above construction satisfies (38). In fact, if |x| > 7, then it
is clear that

Fx) = A (f)(x) =0

since supp(a) C Bz, and the cancellation property of a respectively. Thus, (38) is true
forall |x| > 7.
Otherwise, we have g(x) =0, and

(9] U
A (g)(x) = i/ o(7) {1<] \<2r}(}’) dy
Vin J]y[=>|x| ‘y‘"
27
:M/ vnsinsnildSZ(p(’[)]nz.
Vn Jz

This yields the above claim.
Now, we prove (39). Since a is a central (1,p’)-atom, then f is a multiple of

central (1,p’, ¢)-atom, and
1

< —. 4
1Mhasy <73 (40)

Moreover, thanks to Lemma 2, we obtain

o(7)

&llye, = @D fraiy<ary v < 000 20

=

TEH‘P(T) <25 @D
(27)7 @(27)

The last inequality follows from the monotonicity of function t7 o).
As a result, (39) follows from (40) and (41).
Thus, we obtain Lemma 3. [

REMARK 11. The above construction demonstrates that g € L7 (R"), and f €
j746:0%

In addition, the result of Lemma 2 can be considered as a HA” ' (R™)* factorization.
Note that the H!(R") factorization by means of the Calderén—Zygmund operators has
been studied by the authors in [6, 8, 9, 10, 11, 15, 28, 30] and the references therein.

Now, we are ready to end the proof of Theorem 7 by using the duality argument.
Since CMO” (R") = HA? (R™)*, then for any h € HA? (R™), one can decompose

h= ikjaj,
Jj=0

where {a;} >0 is a sequence of central (1,p’)-atoms; and 37 |4 < oo.
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Forevery j > 0, by applying Lemma 3 to a; we have that there exist two functions
gj € MG(R"), and f; € HA) (R") such that

aj(x) = fj(x)7#"(g;)(x) -

and

&) (f7)(x),

In2’

(42)
loc ’
satisfy

1l g N8 lway <
Since b € L (R"), and by Remark 11, the following integrals are well-defined, and

[ bx)ay()dx| = \ L B0 (8)(6) = 8,7 (£) ()] v

= | [ 5000, 7)) )
<17 15,7181

(43)
Note that (43) was obtained from the fact M%) (R")

P(R") = CMO) (R") = HAL (R")*.
Since [b, #¢*] is a bounded operator on M{/’, (R™), then it follows from (43) and
(42) that

. b(x)aj(x)dx| <

n

% 2 %
6,2 }HM”—>M”ng”M””fjHHAp S 1_||[b H }HM" —My

With this inequality noted, for any 7 € HAL , (R") we get

b(x / b(x)a;(x)dx
., Y= 2 M f, b0
Z ) b %*]HMP*)MP
j:
%
< g 10 g g 1l g - (44)
By duality, we obtain
20 .
1Bllesior < g 16 7 ey (45)
Hence, we have completed the proof of Theorem 7. [J
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Proof of Corollary 3. To obtain the result, we can repeat the proof of Theorem 7
with a slight modification in (43) as follows

b(x)aj(x)dx| = | | b(x)[f;(x)H"(g;)(x) —&;(x)H(f;)(x)] dx

Rn
= | [ 1) 0 )
<A gy st o

Since [b, ] maps HA’(Z,, — HA’(Z,,, then we deduce from (46) that

Rnb(x)a,-(x)dx < ”[b"%ﬂ]”HAg),HHAg;H‘fj”HAg/”ngMIq’)
2b
< EH[@%H\HAgHHAg-

By arguing similarly as in (44), for any h € HA’J,/ (R™), we also obtain

2
< =

b(x)h(x)dx| < 3

Rn

11, ]| 2]

HAPI .

HAJ —HA! |
This yields (16) O

Proof of Corollary 4. The proof of Corollary 4 is just a combination of the results
in Theorem 7 and Corollary 3. Thus, we leave its details to the reader. [
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