athematical
nequalities
& Papplications
Volume 25, Number 4 (2022), 1079-1099 doi:10.7153/mia-2022-25-67

RUBIO DE FRANCIA EXTRAPOLATION RESULTS
FOR GRAND LEBESGUE SPACES DEFINED ON
SETS HAVING POSSIBLY INFINITE MEASURE

MONIKA SINGH, ARUN PAL SINGH AND PANKAJ JAIN*

(Communicated by J. Soria)

Abstract. In this paper, we present Rubio de Francia type extrapolation results for certain gen-
eralized grand Lebesgue spaces defined on sets Q C R" with |Q| < . Both diagonal and off-
diagonal cases have been considered. As applications to these results, boundedness of certain
integral operators has been studied and also a vector valued inequality has been established.

1. Introduction

Let Q C R” be open and w be a weight, i.e., positive finite almost everywhere
(a.e.) measurable locally integrable function defined on Q. For 1 < p < o, the weighted
Lebesgue space, denoted by L”(Q,w), consists of all measurable functions f defined
on  for which

£l e @) = </Q |f(z)1’w(t)d;) 1/p o

It is known that for 1 < p < e, LP(£,w) is a Banach space and for 1 < p < o, the
space is reflexive too.

After the celebrity extrapolation result of J. L. Rubio de Francia [24], a lot of
development has taken place in this direction. A generalized form of this result can be
stated as follows: If (f,g) is a pair of non-negative measurable functions such that for
some 1 < pg < oo, the inequality

SO x)wx)dx < C [ gPo(x)w(x)dx
Rn R”

holds for every w € A, (the Muckenhoupt class of weights, see [21]), then for every
1 < p < oo, the inequality

/n SP(x)w(x)dx < C - &P (x)w(x)dx (D)
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holds for every w € A, where C depends on [w] 4, (defined in Section 3). A justifica-
tion for 1 < p < eo in (1) has been given in [3].

In view of its usefulness, this theory has drawn the attention of many researchers.
It has been generalized to the case of A.. weights also (see [5]). One may refer to [4],
[25], [26] for the relevant literature. In [2], a parallel theory has been established for
B, weights. We may mention a very recent paper [31] for extrapolation results in the
framework of Lebesgue spaces with variable exponents.

In the above discussion, the integrals in the inequality represent L” -norms. In [17],
Kokilashvili and Meskhi have developed the Rubio de Francia extrapolation results
in the frame work of grand Lebesgue spaces defined on Q C R" with |Q| < eo: Let
I=(0,1) and 1 < p < co. The grand Lebesgue space, denoted by LP)(I) is the space
of all measurable finite a.e. functions f defined on I for which

1/(p—¢)
oy =, s (e firp<a) <o

O<e<p—1

These spaces were defined by Iwaniec and Sbordone [1 1], later studied and developed,
e.g., in [7], [9], [13] and the references therein. During the recent past, grand Lebesgue
spaces have caught the attention of many researchers. A lot of significant work has
been done in this direction. Unlike L? -spaces, grand Lebesgue spaces are not reflexive
for any p > 1. Moreover, the duality in these spaces does not behave the same way as
in L?-spaces. For such information and many more including the mapping properties
of various integral operators in these spaces, one may refer to [12], [16], [18], [20],
[27], [28] [29] and [32]. Similar results for B, weights have also been obtained in the
framework of grand Lebesgue spaces, see [13], [19].

Let us point it out that the grand Lebesgue spaces discussed above consist of func-
tions on sets having finite measure. The case of sets having infinite measure was first
studied in [27] and later generalized in [28], [32]: the weighted grand Lebesgue space
LZ)(Q, w) with suitable weight functions w and a on Q C R"|Q| < oo is defined to be
the space of all measurable functions f for which

1/(q—¢)
Hf”LZ)(Q,w) = sup <£/Qf(x)|qew(x)a5(x)dx) < oo, 2)

O<e<g—1

In the present paper, we deal with a variant of the space LZ) (Q,w) replacing the
multiple € of the integral in (2) by a more general function ¢ (&) and denote the space
by LZ)’¢(Q,W). We study certain embedding properties of the space LZ)’¢(Q,W). The
main aim of the paper is to establish Rubio de Francia extrapolation results in the frame-
work of LZ)’¢(Q,W) spaces. We discuss both diagonal and off diagonal cases. As
applications, we deduce boundedness of various integral operators.

In various inequalities we may have used the same symbol to denote the constant,
however its value may be different at different places. Also, for an index 7(say), we
shall denote its conjugate by 7/, i.e., %4— % =1.
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2. Generalized grand Lebesgue spaces

Let QCR", |Q| < oo, and w, a be weights defined on Q. Let .#°(Q) denote the
set of finite a.e. measurable functions defined on Q.

DEFINITION 1. Let 1 < g <o and ¢ be a positive non-decreasing function on
(0, g — 1) satisfying the condition ¢(0") = 0. Then, the generalized grand Lebesgue

space denoted by LZW(Q,W), is defined to be the space of all those f € .Z°(Q) for

which
1/(q—¢)
g =, 0 (0@ [ @l waar) <o
a” (Qw) 0<e<q—1 Q

where wat € Ll (Q) forall £ € (0, g—1). If ¢(t) =°, 6 > 0 then LI’ (Q,w) shall
be denoted by L1 (Q, w).

We begin with the following result, which establishes the embedding L7(Q,w) —

LZW(!LW). This result was proved in [32] and [33] for € instead of ¢(&). For com-
pleteness and convenience of the readers, we give proof with more clear explanation.

PROPOSITION 1. Let g > 1. The inequality
11l 000 ) < CI Nl 3)

holds for all f € L1(Q,w)if and only if a € L1(Q,w), where C > 0 is a positive con-
stant.

Proof. Let a € L9(Q,w). Then 0 < ||al|zqq) < . For 0 <& < g—1 using

Holder’s inequality with exponents z =, 1, we get
g @
q q(g—¢
HfIILZ>,¢<Q’W)<O<§g1; 1¢ )H/tae) ( / | () Tw(x) ) ( /Q aq(x)w(x)dx>
1
=l s (9(@Nalua) " lallia 4)
<e<q—

C(a7 ¢7q) Hf”L‘i(Q,w)a

so that (3) holds with C(a,¢,q) := Haug;(w)m(q— 1)+ 1) (lallzg@w +1)7
Conversely, suppose the inequality (3) holds. Taking g := | f|?w in (3), we get

/g )T Wi (x)af (x)dx < oo, forall 0<e<g—1, 5)

for every g% € Lq%s (Q). Therefore, by Riesz Lemma (see, e.g., [23], p. 120) and (5),
it follows that waaf € L# Jle,aeli(Qw). O
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REMARK 1. In view of Proposition 1, the following embeddings hold for all a €
L4(Q,w) andforall 0 <e<qg—1:

LI(Q,w) — LY (Q,w) — LI~(Q, wa®).

For a particular case of ¢, namely, ¢(¢) = ¢? in Proposition 1, the sharp value of the
constant C can be calculated. In order to prove that, we need the following lemma:

LEMMA A [32]. Let g>1, s>0and t € [0,q—1). Then

1 . 111
(1s)77, if s<tel™t;
_L _ 1
sup (xs)7F = Q MWlmwe /g Lolot <5< Lolm7;
t<x<q—1 -
. 1 1L
(g—1)s, if S?ﬁe a1,

where W () is the Lambert’s function (see [32] for definition).

COROLLARY 1. Let g > 1. The inequality
1199 0y < I st ©)

holds for all f € LY1(Q,w) if and only if a € L1(Q,w). Moreover, the constant C in-
volved in inequality (6) is sharp and is given by
1
(a=1)%allfy .- if llallfyq., < e 71
C=C(a,0,q9) = LA @) L) = a

W(—L—qHaqu(Q‘w)e*l)/q

lal Zocm) i llalyg > e

Proof. On taking ¢ (&) = £ in Proposition 1, we get the first part of the corollary.
To get the sharp value of the constant, take x = £% and s = ||a||zq( ) in (4) and use

Lemma A with t — 07. O

Qw
The following theorem indicates some of the important properties of the space
L @Qw):
THEOREM 1. Let 1 < g < e and a € L4(Q,w). The following hold:

(a) (Completeness) The generalized grand Lebesgue space LZ)’¢(Q, w) is a Banach
space.

(o) (Latice propersy) I 1 < [g] ace. on 2. then |l 0,0 <00,
(c) (Fatou property) If 0 < f, 1 f a.e. in Q, then ||f"||LZ)‘¢(Q,w) 1 Hf”LZ)‘“’(Q,w)'
(d) If ECQ,|E| <o then

15l 0,3, < 12 ] g0 g )



EXTRAPOLATION RESULTS FOR GRAND LEBESGUE SPACES 1083

(e) Forall f € LZ)’¢(Q, w) and 0 < 6 < q— 1, the following estimate holds:

1/(q—¢)
£l g < Cla-0.00) s (00e) [ 701w as)

O<e<o
@)

Proof. We shall only prove (d) and (e). The remaining are easy to prove.
(d) For 0 < € < g— 1, using Holder’s inequality with the exponents q%e and 1
we get

= q£
126l 0 i‘i%( / eI (o) 1)

_L_ q(q—¢)
< sup ¢(g)a (/ lxE (x)9w(x) ) (/aq )
O<e<g—1 o

L
e

)
1
L ae( RTIRTE
~lzlan s o(@7( [o vawax)" o,
O<e<g—1 ’
Q

= e st Il i Il g g

(e)LethLq (Q,w) and0<0'<q—l FOI’G < & < g—1, on applying

Holder’s inequality with conjugate indices A := =2 A := ; we have

Wlircame < (1 'q_o(")w(")“c(")dx> : (L“(Efﬂ’(x)w(x)dx) o

q@)ﬁ))
o £
= ”fHL‘i*"(Q,waG HaHqu QVZ)

1 ‘

Also,foro<e<g—1
E—0O —1—-0
<f1
(q—o0)(g—e) q—o

Using the above estimates, we have

0<

1190 ) =

= max{ sup ¢(8)1/(q7£) Hf”L"*S(Q,was)a sup ¢(8)1/(q78) ||qu5(Q,wu5)}

O<e<o o<e<q—1

q(e—0)
gmax{l, sup (e )l/q 8)¢(G) - “||a||mei)g)}><

o<e<q—1

x sup (&)1 fl| ae(a)

O<e<o
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1

<nmx{1x¢m—1»+w¢«w‘r6meﬂgw+4)q“ }x

X sup ¢(8)1/(q_£)Hf”L‘I*E(Q,waE)'

O<e<o

from which it follows that the estimate (8) holds with

ama¢®=mw{wa—U+0M®7%<a§@M+Q “} (10)

and we are done. [
REMARK 2. In view of Remark 1 and (7), it follows that yr € LZW(QW).

REMARK 3. For ¢(t) =9, the constant C(a,0,¢,q) can be obtained in a more
precise form. Indeed, on using Lemma A for x = €%, s = ||a||? 19(Q,) andletting 7 — 0,

we have

sup gq a-¢ ||fHLq €(Q,wat)
o<e<q—1

<Nl @uvam 1l fagany  sup (€%llallfyig,) "9
o<e<q—1

_6
= C(a7 o, 97(])61176 Hf”L‘I*G(Q,wu")a

where the constant C(a,0,0,q) is

—q — =0 1
lallfaiay (% Nalfaian) T 0T, if llallfyq, < e 0
W(=L—qlalfyqme Ve =% . 1- A,
||a||Lq(Qw)e Nam® Mgae  if 1 v < HaHLq @w) < qule h
q:—qc 79 . q T
”a”Lq(QM)( —1l)oa- if HaHLq(QW) > —1¢ -t

where W is the Lambert’s function. Consequently, (9) gives that
1/(g—¢)
£l < Cita:000) swp e ( [ 7ot oar)
La O<e<o Q

and
Cl (aa679aq) = maX{l,C(a,G,G,q)} .
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3. Extrapolation theorem for the diagonal case

In this section, our aim is to prove extrapolation theorem for the diagonal case in

the framework of generalized grand Lebesgue space L9 (Q,w), when |Q] < eo.
Let us recall A,, the Muckenhoupt class of weights. For 1 < r < e, we say that a
weight w € A, if

el = sup (51 fr0ae) (5 wl—”<r>dt)r_l <o,

where |B| being the Lebesgue measure of the ball B. The term [w]a, is usually known
as the A, constant of the weight w. In the sequel, we shall assume that the weight
class A, satisfies the following properties when considered on the general domain Q.
This seems reasonable to assume these properties since they are known to hold when
Q=NR".

(i) If 1 <s<r<eo, then Ay C A, and [W]a, < [W]a,.
(i) If w € A, then there exists 0 < € <r—1 suchthat w € A, _¢.
(i) If w € A, and 0 < & < 1, then w* € A, and [w*]4, < [W]§ .

1—t

(iv) If wi,wp €A,, then w”lwé_t €A, forall 0<r <1 and [Wyw, ']a, < [wl]gr[wz]l !

A
(v) If w € A, then there exists & > 0 such that w't& € A,..
(vi) [w]a, = 1.

We prove the following lemma which is a reformulation of Lemma 5 in [32] with
some modifications and more clear explanation:

LEMMA 1. Let 1 <r<oeo, w€EA, and a® €A, for some & > 0. Then there exists
05 > 0 such that o5 < 8 and wa* € A,—s for all s, 0 < s < 05. Moreover,

[WaS}Ar—s < [W]Arfo'(s [WaGB}Arfo'a :

Proof. Let w € A, and a® € A, for some § > 0, then there exist 6y >0, > 1
such that w € A,_g, and wh e A,. Further, there exist o7 > 0, 0, > 0 such that wh e

A,_g, and ad e A,_g,. For some s > 0, write
) 1 L
wa“:(wﬁ)ﬁ(a“ﬁ)ﬁ’. (11)

B’
Now, a*f = a( 5 ) € A,_s, whenever s < /% Choose 05 = min{co,al,cg,%}.
Then in view of (11), wa® € A5 whenever 0 < s < 05. Hence, wa' € A, for
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all s, 0 <s < 05. Also, we have

and we are done. [l

The A, class of weights is very important. It characterizes the boundedness of the
maximal operator

where B is ball in Q, in Lebesgue spaces [21], and also in grand Lebesgue spaces (for
|Q2] < o) [8]. This also characterizes the Hilbert transform for Q = R in Lebesgue
spaces [10] as well as on grand Lebesgue spaces [16], on Q = J, where J is some
bounded intreval in R. In [14] and [15] also, authors have characterized boundedness
of strong maximal fractions, multilinear maximal fractions and singular integrals in
weighted grand Lebesgue spaces with Muckenhoupt class of weights. Let us point it
out that in [1], the so called Bukley’s estimate has been given, we will use the estimate
for the L"(€2,w) norm, which reads

HMHL"((LW)HLr(Q,W) < Er/[w]j‘{(”—l)7 (12)

where € is a constant.

In [6], an extrapolation theorem of Rubio de Francia type has been proved in the
framework of Lebesgue spaces, which provides sharp bounds in terms of the A, con-
stant of a weight.

THEOREM B [0]. Let W be a non-negative non-decreasing function on (0,e0),
(f,g) be apair of non-negative measurable functions definedon Q CR". Let 1 <ry <
oo be fixed, and for every w € A,O

(/g dr) < Coy(wla,) (/f ) (13)

where Cy does not depend on w. Then for all r, 1 < r < e and for every w € A,, we

have
(/Qgr(t)W(t)dz> ’ < Co K(w) (/er(l)W(t)d;> ;7

W ([wla, 2lIM]|r()07") if r<ro;

K(w)= oo g :
v (DI Ml o)) 7o

and Cy is constant as in (13).

where

(14)
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REMARK 4. In view of (12) and (14), the above constant K (w) becomes

rol

con_ P (T o) it e

: (15)
v (Do )7t ), i e

Now, we give our first main theorem.

THEOREM 2. Let W be a non-negative non-decreasing function on (0,e) and
(f,8) be a pair of non-negative measurable functions defined on Q CR", |Q| < eo. Let
1 <rg < oo be fixed and for every w € Ay,

(/g ﬁ>) < Co y(] M)</fm )%,

where Cy does not depend on w. Then for all r, 1 < r < oo and for all w € A,, the
following inequality holds

”g”LZ)"d)(Q,w) < C(W7a7¢vr75)Hf||LZ)~,¢(Q7W)7

where a € L' (Q, w) and a® € A, for some & > 0.

Proof. Let 1 <r <o and w € A,. Then there exists 01 >0 suchthat w € A, g, .
By Lemma 1, there exists 02, 0 < 0, < 0 such that wa® € A,_, forall 0 < € < 0».
Take 05 = min{oy, 03}, therefore, by Theorem B and (15), we have

(few <>dr)%< Klwae) ([ 1<t ()d,)% (16)

for all 0 < € < 0§, where

ro—1

v ([wa‘g}lgrsel (2(r—8)’5)’°’+5) , it r—e <rp;

K(w,a,e) = e
v ([wa“s]AP8 (2(r—e)o) r*879> ) if r—e>rp.

Now, on using Theorem 1 (e) and (16), we have

1
HgHLZ)’¢(Q,w) <C(07067¢7V) sup (P( )r78||g||U*8(Q,wa5)

O<e<o

1
<C(a,05,¢,r) sup CoK(w,a,€)d(&)™= || fllr—e(@uae)

O<e<o

< C(a,05,9,r) sup CoK(w.a.e)| ],

O<e<o )

7)
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where C(a,0g,¢,r) is as in (10). Also, by Lemma 1, we have

o1 Lol
W([W]A T wa®]; % J(2re)” ’+G) , if r—o<ry;
sup K(w,a,€) < ne 0
oceso v (s obwvahs, o)1), i r—o >
= Ki(w,a,0,r).
Take

C(w,a,0,r,6) = 00 inf C(a os5,0,r)Ki (w,a,0,r),
<o<r—1
and using it in (17), we get
”g”LZ)"d)(Q,w) < C(W7a7¢vr75)Hf||LZ)~,¢(Q7W)

and the result is proved. [J

REMARK 5. Theorem 2 extends a result of Samko and Umarkhadzhiev [27], which
can be obtained by taking a(x) = wP(x), B #0 and ¢(t) =%, 6 > 0 such that
fQ W1+/3r < oo,

4. Extrapolation theorem for the off-diagonal case

The main result in this section is the off diagonal version of Theorem 2. To deal
with this, we first give @7, ,, the Muckenhoupt-Wheeden class of weights [22] and
some of its important properties.

DEFINITION 2. Let 1 < p,q < oo. We say that a weight p € @7, ; if

ol = g 7 o) (g o7 o) g

For p = q, we set &), 1= 7, 4.

As in the diagonal case, here too, we assume that the weight o7, , satisfies the
following properties when considered on general € since they hold when Q = R":

@) [plea, = [Pla,-
(i) pedpgepi€Ay g and [pla,, =[P, -

(i) If 1 <p<r<e and 1 <q<s<oo then &, , C 5. Moreover, [p]u,, <
[p}ﬁfpg N

(iv) pEdpgep? €Ay and [pla, =77}
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V) fwe )y, 1 <p<q<oo, thenthereexists 0 < g <g—1,0<n<p—1
such that w € @7, _p,, 4—g, With

1 11 1

P—"o 4—80 P q

Using the above properties (iii) and (v), the following can be proved:

LEMMA 2. Let 1 < p <q<oo. If w€E &) ,, then there exists 0 < & < g—1,
0<no<p—1with
1 1

1
P—No q—& p
such that w € @y q—¢ forall 0 < e < g, 0 <

=0

1

q
: 1 I
ngn()Wlﬂ’l ﬁ—qu—a

We prove the following crucial lemma:

LEMMA 3. Let 1 <p<gq<oo. Ifwe ,, and a® e o), 4 for some & >0, then
there exist & and N with 0 < & < 8, 0 <Ny < & with
1 1 1 1

P—Mo q—& P q

1
PN
such that (waq8>q € Ay, g forall 0 < e <&, 0< N <Ny with ——ﬁ o.
Moreover,
1
r a—c P
[(waqg)q g] S ey {waq‘c’o} . (18)
Ty, ge = =

Proof. Let w € <,, and a® € <, , for some § > 0,. Then w? € A1+§ and

ad GAle/. Therefore, for some ¢ > 1, (w?)’ GAle/ and (aéq)g € Ale/. Then by
using property (v) given above, there exists & >0, n; > 0 and & >0, 17, > 0 such

that w €A e, _ and (a7)%7 €A yep L, with
) o-my

1 1 oy 1 1
P—Mm qg—é& Pp—Mm q—8&

For given € > 0, we can write

oy Tl

1
wi(ah)® = (W)t ((af)'*7) " (19)

Now, (a‘i)t 4 ecA 4o
(p—my)
TR o - Then clearly, No < N1, Mo < N2 and by (19), we have

p— 1+o(g—¢
PEN 4
<wa q ) GAIJr q
(p—n)

+1 if € < tﬁ, Take & = min{ehez,[é,} and choose 19 =
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So, as g > 1, we have

Tea
wa i € q—¢
ooy
and consequently
1
PEN 7=¢
(wa ! )q ’ € JZ{F*Th q—¢€
forall 0 < e <&, 0 <n < ny with p%n—q%g = o. Also, we have
()] ¥
wa'a = |wad
Spn. e =
1—-£ PEo £
EO —=1 &
< [wly g [wa @] G-t
14+
(p—n) (p—n)
PEQ
S, ge a a4
(p—n) (p—n)
ﬂ

SWa | e WaT]a 4q
+ 7 1+ 7
(p—m0) (p—m0)

forall 0 < £ < &, 0 <N < N with p%n—q%g:a. O

We mention below the off diagonal case of Theorem B.

THEOREM C [6]. Let W be a non-negative non-decreasing function on (0,o0),
(f,g) be a pair of non-negative measurable functions defined on Q CR". Let 1 <
po < oo and 0 < qo < oo be fixed and for every w € o 4

</Q(8W)q°(l)dt> g < (W q) </Q(fw)po (t)dt) 0 ’ 20)

where ¢ does not depend on w. Then forall 1 < p < oo, 0 < g < oo such that

and for every w € <), 4, we have

(/g(gW)q(t)dz>‘17 <cK(w,p,q) ( /Q (fW)p(t)dt> 1 |

where
v (o, QUM o)™, if g <ao;
K(w,p,q) = -1 ro—ap) 1)
v 0 (201 ) i 4> a0,

Y= % + pL,, and c is the constant same as in (20).
0
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REMARK 6. The above constant K(w, p,q) given in (21) can be written in terms
of the Bukley’s estimate.

q07’

| W <2E<1+%'))Y(q_q0) . if g <qo:

pq

K(w.p.q) = v 22)
w([w}d,,ﬁq(zz(wg)) q ) it g> o,

Now, we are ready to prove our main theorem of this section.

THEOREM 3. Let W be a non-negative non-decreasing function on (0,%), (f,g)
be a pair of non-negative measurable functions defined on Q C R",|Q| < eo. Ler 1 <
po < oo and 1 < qo < oo be fixed and for every w € o 4

€L
]

(/Q(gw)qo(l)df) . < YWy ) (/Q(fw)’"’ (t)dt) ; (23)

where ¢ does not depend on w. Then for all 1 < p < q < o such that

po 49 P ¢
and arbitrary w € 47, 4, the following inequality holds:

1

sup (&8 [ e e mina (ar) " < Calen0,.p.0)
Q

O<e<g—1
< s (o) [ 1w e e was )"

)1*0!(1?*17)

where ¢(1) = (q—i— % , a€LP(Q,w) and a® € <7, , for some & > 0.

Proof. Let 1 < p < g < o be such that
1 1 1 1

Po g P 4q

and a € LP(Q,w), a® € 7, ;. Suppose that w € <7, ; i.e., wi €Ay, 4 and ad €A a.
By property (v), thereexist 0 < & <g—1land 0<n <p—1 Wi?h !
1 1

p—m q—&

= o and w? €A, oo . (24)
(p—my)

By Lemma 3, there exist 0 < & < 0 and 0 < 1 < & with
1 1

pP—M qg—&

PE
=o and wa ¢ €A, g (25)
(p—n)
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forall 0<e<e&,0<n< n with p—n—ﬁ—a Take & = min{&, &} and choose

pflno - —8() = a. Clearly, 19 = min{n;,n,}. From (24) and (25),

Mo > 0 such that
we have

PE
wqu1+ se and wad €A
(p—n9)’ (p=n)

forall 0 <e < g, 0<n <N with — — — - = . Now, for & > 0, using Theorem
1(e), we get

1
sup (89/ |g|q_8(x)w(x)a%(x)dx)q
O<e<g—1 Q
e

< Ci(a,&,q,0) sup ( /Igl" “(x)w(x)a’ (x )dX)q - (26)

0<e<g

where Cj(a, &y, 0,q) := max{1,C(a,&,0,q)}, and C(a,&,0,q) =

-6
— . 1—L
lall o oy (=8Nl ) ™ & 0 i gy < et

-6
L q N — )
q 80 eW( L, ‘IHMHUJ(Q w)€ )Sfl & if 1

1—L

el 30 i e <llallfyg, ) < e T
g(1+7%) = _ o
HaHLq(Q7qw)80 ( _l) 9= 807 if HaHlLI,q(Q,W)Zq%e g1

l

q—

and W is the Lambert’s function. Since (wa a ) €y nq-e forall 0 <e < g,

Lo
0<n<no w1th =1 == % by Theorem C, (22) and (26), we get

L PE q+€
sup £7z ( gl (wxa q()dx)

O<e<g—1

gccl(a 8070 q) sup K(C%W»P_n»q_g)x
0<e<g
1

X £7F (/Q|f|p”(x wa's )Z ‘ (x)dx)pn

<CC1((1,80,0,(]) sup sup K(aaw7p_n7q_8)x
0<e<gy0<n<mp

1
n

x sup <¢9(n) i f(X)w‘“(X)I”‘”W(X)a”(X)dx)p7 @

0<n<no
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where

K(a7W»P_Tl»q_5) =

(1o

e\ 77 | e _ny )\ Ya—€—a0)
o [(sa) 7 (e 1)) i <o

“p-n.q-¢

pey 2% ~ . v(qfsqui)g(pfn)’ '
v [(waq) } <2c<l+ﬁ>> , if g—&>qo,
Dp—n.q-¢
¢ and ¢ are constants same as in (23) and Bukley’s estimate (12) respectively, ¢ (1)
_ n-p_\'"erm _1.,1
—<q+m> andy—g-i-?.

Now, by using the fact that y is a non-decreasing function and (18), we obtain

KI(W7a7307770»P»CI)
= sup K(a,w,p—n,q—¢)

O0<e<yg
0<n<no
qo()’/*l)
L] Po g \Na9) .
y [W]A1 ey WA ]A1 -2 (20Yﬁ> , if g—€<qo;
_ = ooy
P& _  Ma=a9)a )
14 [W]A 9—& [wa q }A q9—£ (ZC(])/) 7 5 if q—&>qo.
1+ 7 1+ 7
(p—o) (p—m0)

(28)

By using (28) in (27), we have the following inequality

sup e7e (/Q g|q_£(X)W(x)a%(x)dx) 7

O<e<g—1

g Cc Cl(ayg();eaq)[(l (Cl,W, nOaSOapaq)x
1

< s (o) [ e @i e )

0<n<p-1

< Cz(a7w»97p,q75) sup (q}e(n)/s; ‘f(x)Wia(X)anw(x)an ()C)dx) =1 7

0<n<p-1

where

C2(a7 W79767p7q) :: inf c Cl(a7£0’q’0) Kl (a’ W7 n07807p7q)
0<gp,Mo<$

and the proof is complete. []
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COROLLARY 2. Let Y be a non-negative non-decreasing function on (0,), (f,g)
be a pair of non-negative measurable functions defined on Q CR". Let 1 < py < oo
and 1 < qo < e be fixed and for every w € ), 4,

([amre0a) ™ < wtin ) ( [ o)™,

where ¢ does not depend on w. Then for all 1 < p < q < o such that

and arbitrary w € <), 4, the following inequality holds:
7=
O<i]i2—l (89 /Q 1" wix) %( )dx> q
=

< Cy(a,w,0,8,p,q) sup (n%/Q|f(x)w_°‘(x)|p_”w(x)a”(x)dx) ,

0<n<p-1
where a € LP(Q,w), a® € o, , for some § > 0.

Corollary 2 can easily be deducted from Theorem 3 in view of the following
lemma:

LEMMA D [20]. Let 1 <p < g<e and Ny € (0,p—1). For x € (0,1m9), define

I—a(p—x)
_ X—p
R ec=)

where o = Then ¢(x) ~x7 nearto 0.

5. Applications

In this section, we apply our extrapolation results Theorems 2 and 3 to prove a
vector-valued inequality, boundedness of sublinear integral operators and boundedness
of fractional integral transforms in the framework of generalized grand Lebesgue spaces

o (Q,w), QCR, |Q| < oo. The first result in this direction is the following:

THEOREM 4. Suppose that ¥ is a non-negative non-decreasing function on (0, )
and F is the collection of all pairs (f,g) of non-negative measurable functions defined
on Q CR. Suppose that 1 < py < o be fixed, and for every (f,g) € F and w € Ay,

1

(fmom )" < <o wlula) ([, rowmioar)"
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where Cy is a constant independent of w. Then for all 1 < p,q < o and for every
w € Ap, the vector-valued inequality

1 1
= q oo q
|| (2 g?> e <€ (2 f) oo 29
holds for {(fi,gi)} C F, where a € LP(Q,w) and a® € A, for some & > 0.

Proof. Choose 1 < g < oo and fix it. Let

and

N
i=1

Clearly, (F,x,Gyx) is a pair of non-negative measurable functions. Now, for any w €
A, applying Theorem B, we get

/gl (0)dt < C4 K9(w /fq ()i, i=1,2,...k (30)
where
po—1
v ([W]Aqql (261/5)”0_‘1) » it g <po;
_4n .
v Wla,(2gc) " ), if g> po.

Adding the k inequalities in (30), we have

( GY (1)w (t)dt>%’gco K(w) ( /Q Fq‘{k(t)w(t)dt)?

Now, for 1 < p < oo and w € A,, by following the proof of Theorem 2, we obtain

HGq,k

LZ)‘¢(Q,W) <C(W7a7¢7q7p76)||F,k LS)‘¢(Q,W)’

where a € LP(Q,w) and a® € A, for some § > 0. This inequality is equivalent to (29)

for all finite sums. Therefore by using Fatou property for the space L{,’)"P(Q, w), the
assertion follows. [

The next result concerns with sublinear operators.
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THEOREM 5. Let W be a non-negative non-decreasing function on (0,e0) and T
be a sublinear operator which is bounded on LPO(Q,w) for a fixed py, 1 < py < e and
forevery w € Ay, ie.,

1
Po

(frmamoa) % o w(loln,) (forrwmior)™

where Cy does not depend on w. Then for all 1 < p < e and for all w € A, the
inequality
||TfHL5)‘¢(Q,w) < C(wvav(pvpva)”fHLg)‘ﬂ?(Q’Wy

holds where a € LP(Q, w) and a® € A, for some & > 0.

Proof. Assertion follows easily by using Theorem 2 for the pair of non-negative
measurable functions (Tf,f). O

REMARK 7. Recall that the L”-boundedness of the maximal operator M and
Hilbert transform .7 are characterized by A, class of weights. Consequently, by using
Theorem 5, sufficient conditions for the boundedness of these operators respectively in

the spaces Lg)’¢(§2,w) and Lg)"p(R, w) can be written. Note that for the maximal op-
erator, a sufficient condition was obtained in [32] for the case |Q| < e and in [33] for
|Qf < ee.

Now, we consider the fractional Riesz potential operator

I f(2) ::/ )

Q lx—y["@

and the fractional maximal operator
1
Mof () i=sup—— [ [7(ldy.
B>x ‘B‘ n JB

In [22], Muckenhoupt and Wheeden characterized the boundedness of these operators
in terms of .#7), ;-class of weights, where 0 < ot <n, on LP(R",w). In the next theorem,
we extend this boundedness to the generalized grand Lebesgue spaces.

THEOREM 6. Let 1 < p < oo, 0<Oc<%and9>0. Let Sq = Iy or My, If

w € 4, where q = ﬁ, then there exists C > 0 such that

S . <Clfw | 2
1561109 gy <P g

where a € LP(Q,w) and a® € <, , for some § > 0.

Proof. 1t is obtained by Corollary 2 and the fact that when w € @7 4,, So are
bounded from LP0(Q wF0) to L90(Q,w?0). [
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REMARK 8. In [29], results similar to the above theorem are given for Q = R".

Finally, we consider the commutators [g, /] of fractional integral operators, de-
fined by

[8:1a] f(x) := g(x)Io f(x) = Ia(gf)(x)
g(x) —gW) FO)dy,

o fx—yfre

where 0 < @ <n, g € BMO(Q), i.e.,
1
sup —/ 8(y) — galdy <,
5 |B| /B
where B is aball in Q CR” and gp is the average of g over B.

REMARK 9. For 0 < a < n, the fractional averaging operator is defined as

Aaf (@)1= oy [ 70Ny

In view of the estimate |Aqf(x)| < My f(x), we have Theorem 6 for the fractional
averaging operator as well.

Segovia and Torrea [30] proved the L? - L7 boundedness of [g,1] as follows:

THEOREME. Let 0<a <n, 1 <p< ¢ and I%— Ll] = %. Suppose g € BUO(Q)
and w € 4y, 4, then the commutator (g,1y) is bounded from LP(Q,wP) to LI(Q,w9).

Theorem E can be extended in the framework of generalized grand Lebesgue
spaces using Corollary 2 as follows:

THEOREM 7. Let | <p <o, 0<a <1 and 0 >0. If we 4 with g = L
and g € BMO(Q), then there exists C > 0 such that

,I R <C W_a P s
i el W0 gy < U o,

where a € LP(Q,w) and a® € <y, , for some & > 0.
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