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ON RAMANUJAN’S PRIME COUNTING INEQUALITY

CHRISTIAN AXLER

(Communicated by J. Jaksetic)

Abstract. In this paper, we give a new upper bound for the number Ng which is defined to be
the smallest positive integer such that a certain inequality due to Ramanujan involving the prime
counting function 7(x) holds for every x > Ny .

1. Introduction

Let m(x) denote the number of primes not exceeding x. Since there are infinitely
many primes, we have 7(x) — oo as x — co. Gauss [10] stated a conjecture concerning
an asymptotic behavior of 7(x), namely

m(x) ~li(x)  (x = o), (1.1)

where the logarithmic integral 1i(x) is defined as

*ode 1=¢ dr *de
li(x)= | — =i = = 12
i) /0 log? e {/0 log? +/1+g log? } ' 12)

where logx is the natural logarithm of x. Hadamard [11] and de la Vallée-Poussin
[6] independently proved the asymptotic formula (1.1) which is known as the Prime
Number Theorem. In a later paper, [7] where the existence of a zero-free region for
the Riemann zeta-function {(s) to the left of the line Re(s) = 1 was proved, de la
Vallée-Poussin also estimated the error term in the Prime Number Theorem by showing

7(x) = li(x) + O(xexp(—8p+/logx)) (1.3)

as x — oo, where & is a positive absolute constant. Integration by parts in (1.3) implies
that for every positive integer n, we have

2 6 Y
)= —— = 2 +...+u+0<%) (1.4)
log" ™" x

" logx log’x  log’x log*x log" x
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as x — oo. In one of his notebooks (see Berndt [3]), Ramanujan used (1.4) with n =15

to find that 5
,  ex X X X
T -7 - ) =— +0 1.5
(X) IOg)C (e) ]0g6x (10g7x> (1.5

as x — oo and concluded that the inequality

r()?< S g (f) (1.6)

logx \e

holds for all sufficiently large values of x. The inequality (1.6) is called Ramanujan’s
prime counting inequality. Recently, Hassani [13, Corollary 1] found the full asymp-
totic expansion in (1.5) by showing that for every integer n > 4, one has

2
2 ex .E 2 X
m(x) logx <e> 2 logk+2 (10gn+3x>

as x — oo, where
k
)]
J

A legitimate question is to find the smallest positive integer N4 so that the inequality
(1.6) holds for every real x > Ngp. The first result made in the search for Ny is based
on the assumption that the Riemann hypothesis is true. The Riemann zeta function is
for all complex numbers s with Re(s) > 1 defined as

S

Es) =

_S'
n=1"

Itis well known that the Riemann zeta function is a meromorphic function on the whole
complex plane, which is holomorphic everywhere except for a simple pole at s = 1. The
Riemann zeta function satisfies the functional equation

C(s) = 2m* lsm(’;s)ru_s)gu_s),

where I'(s) is the gamma function. This is an equality of meromorphic functions valid
on the whole complex plane. Due to the zeros of the sine function, the functional
equation implies that {(s) has a simple zero at each even, negative integer known
collectively as the trivial zeros. The nontrivial zeros, i.e. the zeros in the set {s € C |
0 < Re(s) < 1}, have attracted far more attention because not only is their distribution
far less well understood, but their study also yields important results concerning primes
and related objects in number theory. The Riemann hypothesis asserts that the real part
of every nontrivial zero of the Riemann zeta function is 1/2. To this day, the Riemann
hypothesis is considered one of the greatest unsolved problems in mathematics. Under
the assumption that the Riemann hypothesis is true (RH), Hassani [12, Theorem 1.2]
has given the upper bound

RH = Nz < 138766146692471228.
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Dudek and Platt [8, Lemma 3.2] refined Hassani’s result by showing that
RH = N4 <1.15-10'°. (1.7)

Wheeler, Keiper and Galway (see Berndt [3, p. 113]) attempted to determine the value
of Ny, but they failed. Nevertheless, Galway found that the largest prime up to 10'!
for which the inequality (1.6) fails is x = 38358837677. Hence

Ng > 38358837677.

Dudek and Platt [8, Theorem 1.3] showed by computation that the largest (not necessar-
ily prime) integer counterexample of (1.6) up to x = 10! occurs at x = 38358837682
and that the inequality (1.6) holds for every x satisfying 10'! < x < 1.15 x 10'6. If we
combine this result with (1.7), it turns out that

RH = Ny =38358837683.

Based on a result of Biithe [4, Theorem 2], the present author [2, Theorem 3] extends
the computation of Dudek and Platt by showing that Ramanujan’s prime counting in-
equality (1.6) holds unconditionally for every x such that 38358837683 < x < 10'°.
This was improved by Platt and Trudgian [16, Theorem 2]. They showed that Ra-
manujan’s prime counting inequality (1.6) holds unconditionally for every x satisfying
38358837683 < x < ¢°%. Recently, Johnston [14, Theorem 5.1] utilized a simple (but
computationally intensive) method to show that the inequality (1.6) holds uncondition-
ally for every x with 38358837683 < x < ¢!03.

In another direction, Dudek and Platt [8, Theorem 1.2] claimed to give an upper
bound for N5 which does not depend on the assumption that the Riemann hypothesis
is true, namely Ny < exp(9658). After the present author identified an error in the
proof given in [8, Theorem 1.2], he proved [2, Theorem 4] the even stronger result

Nz < exp(9032). (1.8)

In the proof of (1.8), effective estimates for the prime counting function 7(x) which
hold for all sufficiently large values of x play an important role. Using their effective
estimates for |9 (x) — x|, where Chebyshev’s ¥ -function which is defined by

B (x) = logp, (1.9)

X

where p runs over all primes not exceeding x, Platt and Trudgian [16, Theorem 2]
fixed the error in the proof given in [8, Theorem 1.2] to show that Ramanujan’s prime
counting inequality (1.6) holds unconditionally for every x > exp(3915); i.e.

Ny < exp(3915). (1.10)

Cully-Hugill and Johnston [5, Corollary 1.6] used the method investigated by Platt and
Trudgian to prove that
Ny < exp(3604). (1.11)
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Recently, Johnston and Yang [15, Theorem 1.5] utilized the same method to improve
the last result by showing that
Ng < exp(3361). (1.12)

In this paper we will also make use of this method combined with a recent result con-
cerning the difference of ©¥(x) and x due to Fiori, Kadiri, and Swidinsky [9] to show
the following

THEOREM 1.1. Ramanujan’s prime counting inequality (1.6) holds uncondition-
ally for every x > exp(3158.442); i.e.

Ny < exp(3158.442).
2. Preliminaries

The prime counting function 7(x) and Chebyshev’s ¥ -function (cf. (1.9)) are
connected by the identity

() = 2 +/2x o) 2.1)

~ logx tlog*t

which holds for every x > 2 (see [1, Theorem 4.3]). The method established to prove
results like (1.10)-(1.12) or Theorem 1.1 goes back to Dudek and Platt [8] and was
further refined by Platt and Trudgian [16] and is as follows. We start with a function a
and a positive real number x, so that a is non-increasing for all x > x, and that

a(x)x

9(x) — x| <

< 2.2
log’ x (22

for every x > x,. Then we substitute this inequality into (2.1), write

¢ = log® x, /Xa 720 —|—7a(t) "
Xa J2 log't
logbx, [* 720 —a(t
¢, - ot [T _cle),
Xa J2 log't
2logbx, & k!
G="thy

)
Xa  Silogt!2

and obtain upper and lower bounds for the prime counting function 7(x) of the form

4 ! 4 !
. 2 k! N mg(x)x < () <x k! n M, (x)x

2.3
Shlogtx o loglx (23)

Shlogt x  loglx

for every x > x;, where the functions M,(x) and m,(x) are defined by

1 7x2%  Tloglx,
M, (x) =120+ a(x) +C1 + (720 +a(x,)) Tt > 3
logxa  log®x, /xqlog®2
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and

6
ma<x>=lzo—a<x>—<c2+c3>_a<xu>(1 7528 7logxa>'

T 8
logx, log”x, /Xqlog®2

Using these estimates, Dudek and Platt [8] as well as Platt and Trudgian [16] were able
to give an explicit version of (1.5). As already mentioned in the introduction, we also
use this method. So, we need to find a function a and a positive real number x( so that
the inequality (2.2) holds. For this purpose, we set

R =5.5666305

and, similar to [16, p. 879], we define the function a : R~y — R by

2 —log2

7204‘5 if 2 < x < 599,

1 2

8°g x if 599 < x < 1.101 x 1026,
a(x) T\ /X

logsx a 8 logx 1/4 logx . 26 673
_ £1.101 x 1026 < :
V1772 \6a55 ) P 6455 ! X r<e
] 3/2 ]
121.0961 <%) exp | —2 % if x> 73,

Then we get the following result concerning Chebyshev’s © -function.

(2.4)

LEMMA 2.1. Forevery x > 2, we have

O (x) —x| < .
209 —x < {055

Proof. If x satisfies 2 < x < 599, then the given bound is trivial. The second
one was proven by Johnston [14, Corollary 3.3] and the third bound was given by
Trudgian [17, Theorem 1]. The last bound was recently established by Fiori, Kadiri,
and Swidinsky [9, Corollary 14]. [

We also need the following result on our function a.

LEMMA 2.2. Let x| be real number with x| > 3. Then a,(x) < a,(x;) for
every X 2= Xi.

Proof. By a straightforward calculation of the derivative, we see that the inequality

d'(x) < 0 holds for every x > ¢573. [
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Now, let x; be a real number with x; > €573, According to the method we use, we
set

X _ 5 |
D0:/1720 a(z)dt_22 k!
2

log’t S logkt12’
DI:/XI 720+a(t)dt—2i k!
2 log’t S loght12

Contrary to Dudek and Platt [8] as well as Platt and Trudgian [16], who have estimated
the integral

xode
| = 2.5)
2 log't
we will use the identity
*odr
5 =E(x)—E(x1), (2.6)
x log't
where
E(x) 1 (h( : x X 2x 6x 24x 120x>
x) =— | li(x) — — — — — — ,
720 logx log’x log’x log*x log’x loglx

to find the following explicit version of (2.3).

LEMMA 2.3. Let

6x
8alx) = 120 — a(x) + (Do + (120 — a(x)) (E(x) — E(x))) -
and
log®x
Ga(x) =120+ a(x) + (D1 + (7204 a(x1)) (E(x) — E(x1))) —
Then

x4 k! +ga(x)x<n_(x)<x4 k! +Gu(x)x
> >,

Shlogt x T loglx Shlogt x  logbx

forevery x > xj.

Proof. We only give a proof of the required upper bound. The proof of the required
lower bound is similar and we leave the details to the reader. Let x > x; . If we combine
(2.1) with Lemma 2.1, we can see that

7)< +’“‘(’“)+/; d +f at) 4

" logx  logx log?t log’t

Integration by parts in (1.3) provides that

dr.

4
k! 120+ Y720+ a(t
( a(x))x D, / a( )

wx) <x
) S logkt x logf x

1 log7t
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Since a(r) < a(x;) for every ¢ with x; <7 < x (cf. Lemma 2.2), it turns out that

4
k! 120+ rodr
- 4! :(X))X+D1+(720+a(x1))

i—olog" x log”x

w(x) <x .
®) v log’t

Finally, it suffices to apply the identity (2.6). O
Now we have all the necessary tools to give a proof of Theorem 1.1.

Proof of Theorem 1.1. Let x; = exp(3157.442). Then, one has a(x;) =
1056.767676... and E(x;) > 0. Since the function E(x)log®(x)/x is decreasing on
the interval [xj,o0) and a(x) < a(x) for every x > x| (cf. Lemma 2.2), we can use
Lemma 2.3 and a computer to get that

4 4
k! gaX k! Gux
+ <m(x)<x — +
,ZBlogk“x logfx () < Shloghtx  logbx
for every x > x;, where

8a = —936.64603213534,
G, =1177.56019022252.

Now we can argue as in the proof of [8, Lemma 2.1] to see that

Pw- o (¥) < x (_Heca(x)—ega(x)) A

- logx T e log®x logx

for every x > ex;, where

364 381 238 97 30 8

logx  log>x log®x log*x log’x loglx’

2G,+132 4G, +288 12G,+576 48G, G2
logx log?x log®x log*x  log’x’

£, (¥) = 206+ g4+

&, (x) =72+2G,+

Note that &g, (x) — &, (x) < logx for every x > ex; = exp(3158.442). Finally, it suffices
to substitute the last inequality into (3.1) and we arrive at the end of the proof. [l

REMARK. In our method, we use the identity (2.6). However, the improvement
over the method of Dudek and Platt [8] respectively Platt and Trudgian [16], which
estimated the integral in (2.5), is not very substantial. If we substitute our function
a given in (2.4) into the method of Platt and Trudgian [16], we get that Ramanujan’s
prime counting inequality holds for every x > exp(3158.597).

3. Future work

It is natural to ask whether we can derive comparable results if we replace the
number e in (1.6) by an arbitrary positive real number ¢ . In this context, Hassani [13,
Theorem 3] was able to show that if o > e then one has

)t < g (i) (4.1)

logx \o
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for all sufficiently large values of x and if 0 < o < e, then the above inequality reverses.
One could investigate a method, similar to the one we used in the proof of Theorem 1.1,
to find effective estimates for the smallest positive integer Ny o so that the inequality
(4.1) holds for every real x > Ny .
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