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EXTENSIONS OF DEMOCRACY-LIKE
PROPERTIES FOR SEQUENCES WITH GAPS

MIGUEL BERASATEGUI AND PABLO M. BERNA*

(Communicated by P. Tradacete Perez)

Abstract. In [16], T. Oikhberg introduced and studied variants of the greedy and weak greedy
algorithms for sequences with gaps. In this paper, we extend some of the notions that appear
naturally in connection with these algorithms to the context of sequences with gaps. In partic-
ular, we will consider sequences of natural numbers for which the inequality nz; < Cny or
ng+1 < C+ny holds for a positive constant C and all &, and find conditions under which the ex-
tended notions are equivalent their regular counterparts. In this context, we study an extension of
democratic bases, proving that if n = (n;);7_, is an increasing sequence of natural numbers such
that either (ngy — )i, is bounded and (ex);, is a Markushevich basis or (ng41/ng)i; is
bounded and (e;);_, is a Schauder basis, then n-democracy is equivalent to democracy. Addi-
tionally, we give examples proving that these results are optimal, and we obtain similar results
for some of the other properties that appear naturally in the study of the greedy algorithm.

1. Introduction

Let X be a separable, infinite dimensional Banach space over the field F =R or
C, with dual space X*. A fundamental minimal system % = (e;);en C X is a sequence
that satisfies the following:

o X=l[e:ieN];

*

o there is a (unique) sequence #* = (e]

is, ej(e;) = O, forall k,i € N.

)7y C X* of biorthogonal functionals, that

If % verifies the above conditions and

e (x)=0 VieN=x=0 (totality),

1

we say that Z is a Markushevich basis. If there is also a positive constant C such that

||Sm(x)|| <C||XH VxeX,VmeN,
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where S,, is the mth partial sum X" | ef(x)e;, we say that # is a Schauder basis. Its
basis constant K is the minimum C for which this inequality holds.

If, additionally, there is C > O such that

[|Pa(x)]] < C||x]] Vx e X,VACN:|A| <eo,

where P4 is the projection on A with respect to Z (that is Pa(x) = Y,cx€f(x)e;), we
say that A is suppression unconditional. The suppression unconditionality constant
Cgy, is the minimum C for which the above holds. Equivalently (though not necessarily
with the same constant), & is unconditional if

1Y, aje;(x)e;ll <Clixll, VxeX,V(aj)jen CF:la;| <1 VjeN,
jeN

for some C > 0.
Hereinafter, by a basis for X we mean a fundamental minimal system % such
that both & and %* are semi-normalized, that is

0 < infmin{|le;]|, [|ef[|} < supmax{|le:], [|ef[|} <ee.
ieN ieN

We will use 4 to denote a basis, and we define positive constants o, 0, as follows:

oy :=sup|le;|| and 0 :=sup||e]]|. (1)
ieN ieN

In 1999, S. V. Konyagin and V. N. Temlyakov introduced the Thresholding Greedy Al-
gorithm (TGA), which has become one of the most important algorithms in the field
of non-linear approximation, and has been studied by researchers such as F. Albiac, J.
L. Ansorena, S. J. Dilworth, N. J. Kalton, D. Kutzarova, V. N. Temlyakov and P. Woj-
taszczyk, among others. The algorithm essentially chooses for each x € X the largest
coefficients in modulus with respect to a basis. A relaxed version of this algorithm was
introduced by V. N. Temlyakov in [18]. Fix 7 € (0,1]. We say that a set A(x,7) := A is
a t-greedy set for x € X if

min|e; (x)| > I%X\e,’-‘(xw

A t-greedy sum of order m (or an m-term ¢-greedy sum) is the projection

G),(x) = X & (x)e;,

i€A

where A is a t-greedy set of cardinality m. The collection (G/,)_, is called the
Weak Thresholding Greedy Algorithm (WTGA) (see [17, 18]), and we denote by ¢/,
the collection of 7-greedy sums G/, with m € N. If t = 1, we talk about greedy sets
and greedy sums G, .

Different types of convergence of these algorithms have been studied in several
papers, for instance [9, 10, 14]. For t = 1, a central concept in these studies is the
notion of quasi-greediness ([14]).
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DEFINITION 1. We say that 4 is quasi-greedy if there exists a positive constant
C such that

|Gn(x)|| < C|lx]||, Vx € X,Vm € N.

The relation between quasi-greediness and the convergence of the algorithm was
given by P. Wojtaszczyk in [19]: a basis is quasi-greedy if and only

imG,(x) =x, Vx € X.

Recently, T. Oikhberg, in [16], introduced and studied a variant of the WTGA
where only the 7-greedy sums with order in a given increasing sequence of positive
integers n = (ng);._; are considered. In this context, we will consider two types of

gaps of such a sequence: the quotient gaps of the sequence are the quotients ("’;,—Z‘> .

when ni.| > np + 1, whereas the additive gaps of the sequence are the differences
ny+1 — ng in such cases (although it is the only sequence without gaps, for the sake of
convenience we will allow n =N in our proofs and definitions unless otherwise stated).

In our context, Oikhberg’s central definition is as follows: given n = (n;);_ C N
a strictly increasing sequence n; < np < ..., a basis Z is n-r-quasi-greedy if

liin G, (x) =x, (2)

for any x € X and any choice of 7-greedy sums quk (x). In [16, Theorem 2.1], the
author shows that for sequences with gaps there is also a close connection between the
boundedness of t-greedy sums and the convergence of the algorithm. Indeed, % is
n-t-quasi greedy if and only of there is C > 0 such that

|G, (x)|| < Cllx]|, Vx € X,VG/, € 4},Vn € n. 3)

We will use the notation C,; for the minimum C for which (3) holds, and we will
say that # is C,;-n-t-quasi-greedy. Of course, if the basis is quasi-greedy, it is n-
quasi-greedy for any sequence n and, moreover, it is also n-7-quasi greedy for all
0 <1< 1 (see [16, Theorem 2.1], [15, Lemmas 2.1, 2.3], [13, Proposition 4.5], [12,
Lemma 2.1, Lemma 6.3]). The reciprocal is false as [16, Proposition 3.1] shows and, in
fact, this result shows that for any sequence n that has arbitrarily large quotient gaps
(see Definition 2 below), there are Schauder bases that are n-7-quasi greedy for all
0 <t < 1, but not quasi-greedy. On the other hand, it was recently proven that if n has
bounded quotient gaps, a Schauder basis that is n-quasi-greedy is also quasi-greedy
([4, Theorem 5.2]).

DEFINITION 2. Let n = (ny)ren be a strictly increasing sequence of natural num-
bers with gaps. We say that n has arbitrarily large quotient gaps if

. Nj4-1
lim sup ———+ = oo

k—oeo Nk
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Alternatively, for [ € N |, we say that n has /-bounded quotient gaps if

N1
ny

<,

for all k € N, and we say that it has bounded quotient gaps if it has /-bounded quotient
gaps for some natural number [/ > 2.

We will also need the following classification:

DEFINITION 3. Let n = (n;)en be a strictly increasing sequence of natural num-
bers with gaps. We say that n has arbitrarily large additive gaps if

limsupng, ) —ng = oo.

koo

Alternatively, for [ € N, we say that n has /-bounded additive gaps if nz| —ng </
for all kK € N, and we say that it has bounded additive gaps if it has /-bounded additive
gaps for some natural number [ > 2.

Several properties that appear naturally in connection to these algorithms have
been studied in the literature. In [14], Konyagin and Temlyakov characterized greedy
bases (that is, bases where the greedy algorithm produces the best possible approxima-
tion) as those that are unconditional and democratic, where democratic bases are those
bases such that there is C > 0 such that

12 el <Cl Y el  VABCN:|A|<|B| <ee.
JEA neB

A similar characterization was proven in [10] for almost greedy bases, which are quasi-
greedy and democratic. In papers such as [2, 11, 19], the authors studied properties
such as symmetry for largest coefficients — which has been used to characterize 1-
almost greediness and 1-greediness — and unconditionality for constant coefficients —
which is used for example to characterize superdemocracy.

Here, motivated by the theory introduced by Oikhberg in [16] and by some of the
examples from [6] and [7], we extend some of the aforementioned concepts to the con-
text of sequences with gaps, and study their relations with their standard counterparts,
that is the notions for n = N.

This paper is organized as follows: in Section 2 we introduce and study the no-
tions of n-unconditionality for constant coefficients and the n-UL property. Section 3
focuses on the concepts of n-democracy and other democracy-like properties, whereas
Section 4 looks at n-symmetry for largest coefficients and closely related properties.
In Section 5, we consider two families of examples that are used throughtout the paper.

We will use the following notation throughout the paper — in addition to that al-
ready introduced: for A and B subsets of N, we write A < B to mean that maxA <
minB. If m € N, we write m <A and A <m for {m} <A and A < {m} respectively
(and we use the symbols “>", “>" and “<” similarly). Also, AJB means the union
of A and B with ANB =0, and N-; means the set N\ {1,... k}.
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For A C N finite and a basis %, W4 denotes the set of all collections of sequences
€ = (&1)nea C I such that |g,| =1 and

lsA[%,X] = lsA B Z £,€;.

neA

If € =1, we just write 14. Also, every time we have index sets A C B and € € ¥p,
we write 1g4 considering the natural restriction of € to A, with the convention that
1ga=0if A=0.

As usual, by supp (x) we denote the support of x € X, that is the set {i € N :
e/ (x) #0}. For x€ X and 1 < p <o, by ||x|, we mean the ¢,-norm of (e (x));
when it is well-defined. Finally, we set

::{1 if F=R; @

2 ifF=C.

2. Unconditionality for constant coefficients

In the literature, it is well known that every quasi-greedy basis is unconditional for
constant coefficients, that is, for every finite set A and every sequence of signs € € ¥4,

[Leall = [[1al]-

This condition was introduced by P. Wojtaszczyk in [19] and it is the key to characterize
superdemocracy using democracy (see for instance [6, Lemma 3.5] for more details),
among other applications. Here, we consider a natural extension for sequences with

gaps.

DEFINITION 4. We say that % is n-unconditional for constant coefficients if
there is C > 0 such that

[Meall < ClTg4ll 5)

forall A C N with |A] €n and all €& € W4. The smallest constant verifying (5) is
denoted by K, and we say that % is K, -n-unconditional for constant coefficients. If
n = N, we say that & is K, -unconditional for constant coefficients.

The following result gives sufficient conditions under which n-unconditionality
for constant coefficients entails unconditionality for constant coefficients; since the re-
verse implication is immediate, the notions are equivalent.

PROPOSITION 1. Let % be a basis that is K, -n-unconditional for constant co-
efficients. Then, if oy and oy are the constants defined in (1), that is,

il
)

oq :=sup|e| and 0 :=sup||e;
ieN ieN

we have:
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i) If n has l-bounded additive gaps, then 9 is C-unconditional for constant coef-
ficients with C < max{(n; — )y, K, + K,loyon +lo0n}.

ii) If m has l-bounded quotient gaps and % is Schauder with constant K, then %

is C-unconditional for constant coefficients with C < max{(n; — 1) 00, (2] —
1)K, K}.

Proof. 1) Fix a finite set A C N with |A| € n, and €,& € W,4. If |A| <n;, we have
Meall < |Alon < (m1—1)ou < (n1 — Don a1l (6)

If |A| > ny, let
ko := max{n; < |A[},
keN

and choose A; C A with |A| = ny,. We have

Meall < [Tea, |+ [Teara, | < KulXga, | + Lot o[ Tgal

Ko [[1gall +Kqus’A\A1 | +lonon|lgall < (Ky+Kilogon +1ogon)|[1gall,

NN

which, when combined with (6), gives i).

To show ii), fix A C N,€,& € W, as before. If |A| < nj, then by the same ar-
gument given above we have (6). On the other hand, if |A| > n;, define ko as above.
Since n has [-bounded quotient gaps and ny, < |A| < ng 1 < Ing,, thereis 2 <m <1
and a partition of A into nonempty disjoint sets (A;)i<j<m such that

Al <mgg, Al =mV2<j<m, A <A VI<j<m—1.
For each 2 < j < m, we get
[ Lea, || < Kul[lea, || < 2KuK|[Lga]. (7

Let B be the (perhaps empty) set consisting of the first n;, — |A;| elements of A\ A;.
We have

[Lea, [l < EGI?E‘IXI} [1ea, + €l < Ku|1era, +1epl < K/K|[1g4]l-

From this and (7), it follows by the triangle inequality that
Meall < (20 = DKK|[1gr]]. (8)

The proof is completed combining (6) and (8). [

In the case n = N, it is is known that quasi-greediness implies a property that is
stronger than unconditionality for constant coefficients, namely the UL property: if A
is a finite set, then for any sequence (a;)ica ,

min|a;|[[1a] < H%aieill 521&X|ai\\\1f1||~ )
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This relation was shown for the first time in [10] when F = R and, for the complex
case, the result was proved in [3]. Moreover, the UL property has own life since in [0,
Section 5.5], the authors gave the first example in the literature of a basis in a Banach
space such that (9) is satisfied but the basis is not quasi-greedy. Now, we extend this
notion to the context of sequences with gaps.

DEFINITION 5. We say that a basis Z has the n-UL property if there are positive
constants Cy, C, such that

1
C—lrgégl\aillllAH <| %aieill < Comax faif[|14]] (10)

forall A C N with |A| € n and all scalars (a;);ca. If n =N, we say that % has the UL
property with constants C; and C;.

For sequences with (in either sense) bounded gaps, we have the following result,
similar to Lemma 1.

PROPOSITION 2. Let A be a basis that has the n-UL property with constants C
and C,. The following hold:

i) If # has | -bounded additive gaps, 9 has the UL property with constants C},C),
verifying the following bounds:

Cll < max{(m — 1oy, Ci+loyon +C11061062},

and
Clz < max{(m — 1o, Cr+loyon —|—C21061062}.

ii) If  has l-bounded quotient gaps and % is Schauder with constant K, % has
the UL property with constants C|,C}, verifying the following bounds:

C) <max{(n; — Doyon, K>Cy +2(1 - 1)CK},

and
C, <max{(n; — oyon, K> Cy +2(1 — 1)CoK}.

Proof. 1) Fix a finite set A C N with |A| € n, and scalars (a;);ca . If |A| <ny, then

min |;[|14]| < min|ai||Alon < (1 — Doy oy || Y areil, (1)
icA i€A icaA
and
|| ZaieiH < max\ai\nlal < (I’l] — 1)061062||1AH. (12)
i€A ieA

On the other hand, if |A| > n, let

ko := ma < |Al|},
0 kel{f{nk |A[}
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and choose A; C A a greedy set with |A;| = ny,. We have

+logoyp

2 ai€;

icA

2 a;e;

min|a[[|1a] < minla;||[ 14, ||+ minjaif[ Ly, | <C P

< (C1+Z(X1(X2) +Cy

2 a;e;

i€A

Y aie;

icA

2 a;e;

iEA\Al

(C1—|—lOC1(X2 +Clla1max|a,\

< (Cr+logon +Ciloyoyn) Za,-e,-
€A

) (13)

and

Z a;e;

ic€A

Z aie;|| +

i€Ay

<

2 ae;|| <Co I'IlElX|ai|||1A1 || +log max \ai\

ieA\A,| A i€A\AL

< Coymax|a;|||[1a]| + Comax|a;|[[14\4, || + 1010 max |a;][14]|
i€Ay €A i€A\A|

< m&x\ai\(Cz+C2la1a2+la1a2)H1A||. (14)
i

The proof of 1) is completed combining (11), (12), (13), and (14).

ii) Fix a finite set A C N with |A| € n, and scalars (;);ca. The case |A| <nj is
handled as in the proof of i), so we assume |A| > n; and we set kg as before. Since
n has /-bounded quotient gaps, there is 2 < m < [ and a partition of A into nonempty
sets (A;)1<j<m such that

‘A1| Nk |Ak‘:nk0V2<j<m7 and Aj<Aj+1Vl<j<m—l.
For each 2 < j < m, applying the n-UL property and the Schauder condition we get
min ||| La,]| < minal[|La,]| < Cil| Y, aieil| <2CiK| Y ajeil]. (15)
icA i€Aj i€A; icA

Let B be the set consisting of the first ny, elements of A. Since A is the set consisting
of the first |A;] < ny, elements of A, we have

min|a;| |1, | < Kmin |a:[|[15]] < KC, || Y aieil| <K*Cyl| Y aveil.
i€eB icA

Combining this with (15), it follows by the triangle inequality that

min|a;|[1a] < (K*Cy +2(1- 1)CK)[| Y asei|. (16)
! i€A
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Similarly, for each 2 < j < m, applying the n-UL and Schauder conditions we get

1Y aieil| < Camax|ai||14; ]| < 2KCymax|ai|||14]], a7
icA; i€A; i€cA

and
I 2 a;ei|| < K] EaieiH < KCymax|ail|| 15| < K2C2max\a,-|||1AH.
= icB icB ieA

From this and (17), by the triangle inequality we obtain

1Y aieil| < (K*Coy+2(1 - DKC2) max|a;||[14]]-
i€A !

The proof is completed combining the above inequality with (11), (12) and (16). O

Propositions 1 and 2 give sufficient conditions on a sequence with gaps n under
which n-unconditionality for constant coefficients and the n-UL property are equiva-
lent to their standard counterparts. Our next result shows that these conditions are also
necessary.

PROPOSITION 3. Let n be a sequence. The following hold:

e [f'n has arbitrarily large additive gaps, there is a Banach space X with a Marku-
shevich basis 9 that has the n-UL property, but is not unconditional for constant
coefficients.

e If m has arbitrarily large quotient gaps, there is a Banach space X with a
Schauder basis 9 that has the n-UL property, but is not unconditional for con-
stant coefficients.

Proof. See Examples 1 and 2. [

Summing up, we have the following equivalences.

COROLLARY 1. Let n be a sequence with gaps. The following are equivalent:
i) n has bounded quotient gaps.

ii) Every Schauder basis that is n-unconditional for constant coefficients is uncon-
ditional for constant coefficients.

iii) Every Schauder basis that has the n-UL property has the UL property.

COROLLARY 2. Let n be a sequence with gaps. The following are equivalent:
i) n has bounded additive gaps.

ii) Every basis that is n-unconditional for constant coefficients is unconditional for
constant coefficients.
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iii) Every Markushevich basis that is n-unconditional for constant coefficients is
unconditional for constant coefficients.

iv) Every basis that has the n-UL property has the UL property.
v) Every Markushevich basis that has the n-UL property has the UL property.

Note that there is a significant difference between the behavior of the extensions
to our context of the UL property and unconditionality for constant coefficients for
general bases or Markushevich bases on one hand, and Schauder bases on the other
hand. Similar differences occur when we consider democracy-like properties, as we
shall see in the next section.

3. n-democracy and some democracy-like properties

In greedy approximation theory, democracy and several similar properties are
widely used for the characterization of greedy-like bases (see for instance in [10, 12,
14]). Here, we study natural extensions of some of these properties to the general con-
text of sequences with gaps. We begin our study with the extensions of two well-known
properties.

DEFINITION 6. We say that % is n-superdemocratic if there exists a positive
constant C such that

[Meall < Cl1gg]l, (18)

for all A,B with |[A| < |B|, |A|,|B| € n and € € W4,€’ € Wp. The smallest constant
verifying (18) is denoted by A and we say that # is A,-n-superdemocratic.

If (18) is satisfied for € = €’ = 1, we say that & is A;-n-democratic, where Ay
is again the smallest constant for which the inequality holds. If n = N, we say that %
is Ay-democratic and Ag-superdemocratic.

REMARK 1. As in the standard case ([10]), it is immediate that a basis is n-
superdemocratic if and only if it is n-democratic and n-unconditional for constant
coefficients.

REMARK 2. Note that a straightforward convexity argument gives that basis %
is Ag-n-superdemocratic if and only if Ay is the minimum C for which

[Meall < Cll1gs],

forall A,B with |A] = |B| €n and all € € ¥4,€’ € Wp. Alternatively, this is equivalent
to ask that |A| < |B| and only that |B| € n.

As in the cases of the n-UL property and n-unconditionality for constant coeffi-
cients, a key distinction is whether the sequences have (in either sense) bounded gaps.
We begin with the results for Schauder bases.
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LEMMA 1. Let n be a sequence with arbitrarily large quotient gaps. There is a
Banach space X with a Schauder basis 9 that is n-superdemocratic but not demo-
cratic.

Proof. See Example 2 and Remark 4. [

Before we prove our next proposition, we prove a lemma that will be used through-
out the paper.

LEMMA 2. Let X be a Banach space, n a sequence with l-bounded quotient
gaps, and A C N a finite nonempty set, and (x;) jea C X. The following hold:

i) Either

max
ECA

2%

D Rl

or there is B C A with |B| € n such that

max <l

ECA

%) :

JEE

2%

jeB

it) Given (b;j)jea with |bj| > 1 forall j €A, either

max aixil| <2x(np—1)max||x;
(aj)jeaCF %4 | ( )jEA H jH
‘aj‘<1VjEA

or there is B C A with |B| € n such that

max Zajxj < 2kl ijxj s
(a))jeacF || ica jeB
|aj|§1Vj€A
where K is the constant defined in (4), that is,
o 1 fF=R,
" )2 fF=cC.

Proof. 1) Define
Y := {Eajxj taj ERV‘]EA}
jea

It is immediate that Y is a finite dimensional Banach space over R with the norm
inherited from X. Since the norms || - ||x and || - ||y are the same for elements of Y,
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we may work in Y to establish our result. We will denote the norm by || - || as in the
statement.
Pick D C A so that

Y x|l =Y, x|, VECA.
jeDb JEE
If |D| < ny, then
Yol < || Y x| < (mi—1) max||xJH VE C A. (19)
JEE JjED

On the other hand, if |D| > ny, set

ko —max{nk |D|},

and choose y* € Y* with ||y*|| = I so that

“(g0)-

ij

JEE

3 .

jeD

Note that,if 0 C E C D,

>y (xj)

JEE

ij

jeD

=D V(x)

jeD

Hence,
y'(xj) =0, VjeD.

Choose B C D with |B| = ny, so that
yi(xj) =y (xi)), VjeB,VieD\B.

Given that |D| <!|B|, for each E C A we have

2%

JEE

< X

jeD

=y x) <Yy (x))

jeD JjEB

1 X x| -

JjeEB

The proof of i) is completed combining the above inequality with (19).
ii) For each j € A, let y; := bjx;, and choose D C A so that

Zyj

JjED

Z)’/

JEE

, VE CA.
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Using convexity we obtain

max || Y ajxj|| < max || Y ajy;
(aj)jEAC]F jeA (“])/EACF JEA
|aj|<1VjeA laj|<1VjeA
< max | | Y Re(a)yj||+ || X, Im(a;)y;

(@))jeaCF \ || jca JEA
|a_,-|<1VjeA
<xomax || Ayl <2k (vl
7L€{ 11} jeA Jjeb

The proof is completed by an application of i) to (y;)jep. O

PROPOSITION 4. Suppose n has [ -bounded quotient gaps, and let 8 be a Schauder
basis with basis constant K. Then:

i) If B is Ag-n-democratic, it is C-democratic with

C < max{(m — l)ocl(xz,lKAd}.

ii) If # is Ag-n-superdemocratic, it is C-superdemocratic with

C < max{(m — l)alaz,lKAS}.

Proof. 1) Fix finite sets A,B with |A| < |B|. If ||14]] < (n1 — 1)@y, then
Mall < (m1 = 1)euop[[15]]. (20)
Otherwise, by Lemma 2 there is Ay C A with |Ag| € n such that

[11al] < 1|14, -
Let By be the set consisting in the first 1, := |Ag| elements of B. We have
L4 [l < Adl1p, | < AdK|[1g]. 21
Thus,
[Mall < 1AK|[1g].

Combining the above inequality with (20) we obtain that & is democratic with constant
as in the statement.
ii) This is proved by the same argument as 1). [J

Note that the Schauder condition in Proposition 4 can be replaced with uncondi-
tionality for constant coefficients.
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LEMMA 3. Suppose n is a sequence with [-bounded quotient gaps, and # is a
basis that is K, -unconditional for constant coefficients. Then:

i) If # is Ay-n-democratic, then
1) A is C-democratic with
C <max{(n; — 1)oygon,[K,Ay}.
2) B is M-superdemocratic with
M < min{max{(n; — 1) o 0, IK>Ay},2xcmax{ (n; — 1) o 02, IK, A} }.
ii) If # is Ag-n-superdemocratic, it is C-superdemocratic with

C < max{(n; — 1oy, K A}

Proof. 1) To show 1), we can use the same argument as Proposition 4, with the
only difference that instead of (21) we get

Mgl < Agl13, ]| < Aa max M5, + e1p\5, | < AdKul[15]].

For 2), fix finite sets A, B with |A| < |B|, e € ¥4 and €' € Wp. If |[1eal| < (m1— 1oy,
then then
[Leall < (n1 = 1)oy o[ 1ep]]-

Otherwise, by Lemma 2i) there is Ay C A with |Ap| € n such that
[Leall < 1[Lea -
Choose By C B with |By| = |Ag|. We have

[Meall < 2Teag || < IKul[ 14, [| < 1KuAgl[13,

<IK,A 15,+1
dger?jlffl}\\ By T 1p\s

<IK2A|1er5))-

Similarly, if |[1ga|| > 2K (n; — 1)c, by Lemma 2ii) there is Ag C A with |A| € n such
that
[Meall < 25714, -

Thus, choosing By as above we obtain
[Leall < 2x1[[14[| < 261K A4 |1

i) This is proved in the same manner as 1) of i). [J

For general bases, we have the following result.
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PROPOSITION 5. Let n be a sequence with gaps. Then:

i) If n has arbitrarily large additive gaps, there is a Banach space X with a Marku-
shevich basis 9 that is n-superdemocratic but not democratic.

ii) If m has l-bounded additive gaps and P$B is Ayy-n-superdemocratic, it is C-
superdemocratic, with

C< max{(m — ooy, Ay(1+1ayon) —|—l(X1(X2}.

iii) If m has [ -bounded additive gaps and % is Ay-n-democratic, it is C-democratic,
with
C <max{(n; — Dogon,As(1+1oy0n)+1logont.

Proof. 1). See Example 1.
ii). Choose A, B, €,€" as in Definition 6. If |[A| <n; — 1, we have

[1eall < cron(ng —1)[1gp].

Otherwise, there are kg € N such that ny, < |A| <ng 41 and k; > ko such that ny, <
|B| < ng,+1. Choose A C A and By C B with |A|| =ny, and |B;| = ny, . We have

[Leall < [[Lea, | + [ Leava, | < Asall1ers, || +10n 02 1gp]|
< Awllgpll + Al lgpp, || +1on 02| 1gp]l < (Aw(1+1lonon) + 1o on)|[1gp]-

iii) is proven in the same way as ii). [J

Next, we consider extensions of two other properties: conservativeness and super-
conservativeness (see [5] and [10]).

DEFINITION 7. We say that a basis % is n-superconservative if there exists a
positive constant C such that

[Meall < Cl[1el, (22)

forall A,B C N with |A| <|B|, |A|,|B|€n, A<B,and € € ¥4,& € ¥g. The smallest
constant verifying (18) is denoted by Ay and we say that & is Ay.-n-superconservative.
If (22) is satisfied for € = &' = 1, we say that % is A.-n-conservative, where A,
is the smallest constant for which the inequality holds.
For n =N, we say that & is A, -superconservative and A.-conservative.

The extensions of these two properties to the context of sequences with gaps be-
have like the extensions of democracy and superdemocracy, in the sense shown in the
following results, counterparts of the ones proven above.

LEMMA 4. Suppose n has l-bounded quotient gaps, and let % be a Schauder
basis with basis constant K. Then:
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o If B is A.-n-conservative, it is conservative with constant no greater than
max{(m — l)al (XQ,ZACK}.

o [f B is Ay -n superconservative, it is superconservative with constant no greater
than max{(n; — 1)oy o, lAK.}.

Proof. This is proved in the same manner as Proposition 4. [

LEMMA 5. Let n be a sequence with arbitrarily large quotient gaps. There is a
Banach space X with a Schauder basis 2 that is n-superconservative but not conser-
vative.

Proof. See Example 2. [

LEMMA 6. Suppose n is a sequence with [-bounded quotient gaps, and # is a
basis that is K, -unconditional for constant coefficients. Then:

i) If # is A.-n-conservative, then
1) A is C-conservative with
C <max{(n; — oo, KA.}
2) B is M-superconservative with
M < max{(n; — 1)o 0, K2A.}
ii) If # is Asc-n-superconservative, it is C-superconservative with
C <max{(n — 1)ay0,lK,Ay }.

Proof. This Lemma is proved by the same arguments as Lemma 3, with only
straightforward modifications. [

LEMMA 7. Let n be a sequence with gaps. Then

i) If m has arbitrarily large additive gaps, there is a Banach space X with a Marku-
shevich basis 9 that is n-superconservative but not conservative.

ii) If n has l-bounded additive gaps and % is Asc-n-superconservative, it is C-
superconservative, with

C <max{(n —Doyon,Axc(l+1oyan) +loyon}.
iii) If m has [-bounded additive gaps and % is Ac-n-conservative, it is C-conserva-
tive, with

C <max{(n — )ogon,Ac(1+1aj0n)+logon}.

Proof. This is proved in the same manner as Proposition 5. [
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4. n-symmetry and n-quasi-greediness for largest coefficients

In this section, we extend to the context of sequences with gaps the notions of
quasi-greediness for largest coefficients and symmetry for largest coefficients. We also
study an extension of suppression unconditionality for constant coefficients. We begin
with the first of these properties, introduced in [1].

DEFINITION 8. We say that Z is n-quasi-greedy for largest coefficients if there
exists a positive constant C such that

[Teall < Cl[1ea +x|| (23)

for every A C N with [A| €n, € € ¥4, and all x € X such that supp (x) NA =0 and
le; (x)| <1 for all i € N. The smallest constant verifying (23) is denoted by C,; and
we say that & is C,-n-quasi-greedy for largest coefficients. When n =N, % is
C,-quasi-greedy for largest coefficients.

It is immediate that if % is C,,-1-n-quasi-greedy, it is also C,-n-quasi-greedy
for largest coefficients with Cy,; < Cy, .

Note that it is enough to take x a finite linear combination of some of the €;’s in
Definition 8. More precisely, we have the following elementary characterization.

LEMMA 8. A basis A is n-quasi-greedy for largest coefficients if and only if
there exists a positive constant L. such that

[Teall < LfJx+ Leall, (24)

forevery ACN with |Al €n, € €Wy, and all x € [e; : j € N] such that supp (x) NA =0
and |€;(x)| < 1 forall j € N. Moreover, if (24) holds, then Cy < L.

Proof. Clearly we only need to show that if (24) holds, then it also holds for
x € X\ [e;: j € N|, that is for x which is not a finite linear combination of some of
the e;’s. Given such x, there is a sequence (xx)reny C [€; : j € NJ such that

Xp — X.
koo

For each k, let yj := x; — Pa(x;) . Since €j(x) =0 forall j € A and A is finite, we have

Yk X X,
o0

SO
[Vellee —— [Ix]l -

koo

Hence, if ||x]| < 1, there is ko € N such that ||y;||. < 1 forall & > kg, so

[Leall SLiTea +yierko [l ——— LllTea + .
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On the other hand, if ||x|| = 1, define

_ {nyk;lyk if yi # 0
T =

. (25)
0 otherwise.

Since

gk — X
k—so0

and ||z¢|l < 1 for all k € N, the proof is completed by the same argument used in the
case [xfl.<1. O

If a basis is quasi-greedy for largest coefficients, it is unconditional for constant
coefficients (this follows for example from the proof of [19, Proposition 3], or from
[6, Remark 3.4]). Hence, Example 2 shows that, for n with arbitrarily large quotient
gaps, n-quasi-greediness for largest coefficients is not equivalent to its regular counter-
part. On the other hand, the following proposition shows that equivalence holds in the
remaining cases.

PROPOSITION 6. Suppose m has [-bounded quotient gaps, and % is n-Cgy -
quasi-greedy for largest coefficients. Then 9B is C-quasi-greedy for largest coefficients
with

C< max{(nl — l)alag,qul}

Proof. Fix a finite set A C N with 0 < |A| € n, and x, € € W4 as in Definition 8.
If ||1gal] < (n1 — 1)y, then
[eall < (n1 —1)on o Lea +x].
Otherwise, by Lemma 2, there is B C A with |B| € n such that ||1¢4|| < {||1¢5||. Hence,
[Leall <1Lepl < ICulLes + Learp +x] = ICq | Lea + x|,

and the proof is complete. [J

Next, we consider an extension of suppression unconditionality for constant co-
efficients, a property studied in [1, 5, 6], among others. This property is equivalent to
unconditionality for constant coefficients (see [6, Remark 3.4]) but, as we shall see,
their extensions to our context behave differently and are not in general equivalent.

DEFINITION 9. We say that Z is n-suppression unconditional for constant coef-
ficients if there is C > 0 such that

[Meall < Cl[1es]|

forall AC BC N with |[A| €n and all € € . The smallest constant verifying
the above inequality is denoted by Ky,. and we say that & is Kg,.-n-suppression
unconditional for constant coefficients. If n = N, we say that Z is Kg,.-suppression
unconditional for constant coefficients.



DEMOCRACY-LIKE PROPERTIES FOR SEQUENCES WITH GAPS 1173

It is immediate from the definition that if % is C,;-n-quasi-greedy for largest co-
efficients, it is K, -n-suppression unconditional for constant coefficients with Kg,. <
Cy.

Unlike n-unconditionality for constant coefficients (see Propositions 1 and 3),
for sequences with bounded quotient gaps n-suppression unconditionality for constant
coefficients is equivalent to its regular counterpart.

PROPOSITION 7. Suppose n has -bounded quotient gaps, and # is Ky, -n-
suppression unconditional for constant coefficients. Then % is C-suppression uncon-
ditional for constant coefficients, with

C < max{(m — l)(X](XQJKSMC}.

Proof. This is proven by a simpler variant of the argument of Proposition 6, taking
x = 1gg for some finite set £ C N and ¢ € Wg. O

Finally, we extend the property of being symmetric for largest coefficients to the
context of sequences with gaps. This property was introduced in [2] (as Property (A))
and studied in [6, 8, 11, 6].

DEFINITION 10. We say that Z is n-symmetric for largest coefficients if there
exists a positive constant C such that

[+ Leall < Cllx+1erp], (26)

for any pair of sets A, B with |A| < |B|, ANB=0, |A|,|B| €n, forany € € ¥4, € ¥p
and for any x € X such that |ef(x)| < 1Vi € N and supp(x) N (AUB) = 0. The smallest
constant verifying (26) is denoted by A and we say that & is A-n-symmetric for
largest coefficients. If n = N, we say that &% is A-symmetric for largest coefficients.

Note that our definition is equivalent to only requiring that |A| = |B| € n instead
of |A| < |B| €n, and x € [e; : j € N]. The following lemma proves these facts.

LEMMA 9. A basis % is n-symmetric for largest coefficients if and only if there
exists a positive constant L. such that
x4 Leall < Lflx+ 1, 27

for any pair of sets A,B with |A| =|B|, ANB =0, |B| €n, forany € € ¥4, € ¥p
and for any x € [e; : j € N] such that |ej(x)| < 1Vi € N and supp(x) N (AUB) = 0.
Moreover, A is the minimum L for which (27) holds.

Proof. Of course, we only have to show that (27) implies n-symmetry for largest
coefficients with constant no greater than L. Let x,A,B,€,& be as in Definition 10,
with the additional condition that x € [e; : j € N|. If |A| = |B| € n, there is nothing to
prove. Else, choose a set C > supp(x) UAUB such that |A|+ |C| = |B|] € n. We have

1
e+ Leall < 5 (e +2ea+ 1l + [l +Lea — Icll) < Lilx+ L]l

To prove the result for x ¢ [e; : j € N], apply the argument of Lemma 8. [J
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REMARK 3. Note that for Markushevich bases, x € [e; : j € N] if and only if x
has finite support, so for such bases Lemmas 8 and 9 can be proved using [8, Lemma
3.2] (a result that can also be extended to bases that are not total, with only a slight
modification of the proof).

Next, we study the relation between n-symmetry for largest coefficients and n-
superdemocracy.

LEMMA 10. Let £ be a basis. If # is A-n-symmetric for largest coefficients, it
is Ag-n-superdemocratic with Ay < A2.

Proof. Consider two sets A,B with cardinality in n and |A| < |B|, and a set C >
AUB such that |C| = |A|. Then,

[Teall  [[Leall |I1c|l

= <A O (28)
el el [1es]

In the case n = N, it is known that if % is A-symmetric for largest coefficients,
then it is Ag-superdemocratic with Ay < 2kA ([6, Proposition 1.1]). In Lemma 10,
for a general sequence n, we have shown that if % is A-n-symmetric for largest
coefficients, it is Ay-n-superdemocratic with A; < A?. This suggests the question of
whether the latter estimate can be improved in the sense that A; < A. Our next result
shows that this is not possible. In fact, it is not even possible to obtain A; < A” for any
I<p<2.

PROPOSITION 8. Let 0< 6 < 1 and M > 1. There is a sequence n and a Banach
space X with a Schauder basis A that is A-n-symmetric for largest coefficients and
As-n-superdemocratic with

A>M  and Ay >ATS,

Proof. Fix 0 < € <1 < g < p so that the following hold:

q q pte
1 11

1-->(2-6§ (———). (30)
p (2-9) q pte

For example, one can take g = % and p =4 — ¢ for a sufficiently small €. Now choose
m € N an even number sufficiently large so that
11 111 11 )
ma pte >242pma P and m r>M. 3D

Define X as the completion of ¢y with the norm

~I—

[|(@i)i] := max
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and let n be the sequence {m} UNx a1, and By, := {1,... ,m}.

As the norm [|-||, when restricted to (e;),-,,,;, coincides with the usual norm
on /g4, it follows easily that the unit vector basis % = (e;),cy iS @ symmetric basis
for X, and thus it is symmetric for largest coefficients. Hence, in particular there are
constants A > 0 and A, > 0 such that % is A-n-symmetric for largest coefficients and
As-n-superdemocratic.

To estimate A, by Lemma 9 it is enough to consider sets A,B C N with |A| =
|B| €n, € € ¥4, € € g, and x € X with finite support such that |ef(x)| < 1Vie N
and supp(x) N(AUB) = 0.

First we consider the case |A| = |B| > m?+m. Take D > AUBUsupp (x) with
|D| = m. By (29) we have

1

1P, (x+ Lea) | <m < (B )1 (Zle envz,)|’ ) Slx+1gpll (32)
q

>m

On the other hand,

1

|1 Pag, (x+ Lea) || = (( i Ie?(X)I”> +|A\Bm>q

i=m+1

(( 3 |e;‘<x>|q>+|B\Bm+D|>q
i=m+1

|Ppg, (x+ 1ep) + 1pl| < || Prg, (x+1e) || + || 1p]|
x4+ Lep|| + || Pog, (Lerp)[| < 2[|x+ L. (33)

N

<|
<|
Combining (32) and (33) we obtain

||x+ lsA” zmax{||PBm(x+ lgA)H HPB‘ X+ lsA H } 2||x+ IE’BH (34)
Now we consider the case |[A| = |B| =m. As |supp(Pg,, (x+1g4))| < |Bn \ B| = |B\
B!, by (29) we have
11 1
[1PB,, (x+1ea)|| < [supp (Pp,, (x+1ea))| < \B\B |47 7¥ B\ By«
1 1
< mi 7 [P (Lerg)|| < i~ 7% x+ L. (35)

and

m

max{\B\Bm\q IBOBy|?

1

= o=

1 1
P (Tea) | < }max{|B\Bm|q,|BmBmp}

N

T max { || Pgg, (x+1grp) . [|Ps,, (x+ Lerg) ||}

—
"al»— S
\_/

— 257 e+ Lrg. (36)
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As ||Pge (x)|| < [[x+1gp]|, from (35), (36) and the triangle inequality we obtain

[+ Leal| = max {||Ps,, (x+ Lea) I, | P, (x + Lea)l| }

L1, 111
<max{mq P 142 mad P}||x+1£/BH
1 1
= ma 7 |+ 1], (37

where we used (31) for the last estimate. From (34) and (37), using (31) we deduce that

1

A< mi P (38)

Now let €' € Wp,, be any sequence of alternating signs. As m is even, we have

m

Ze;‘(lsle) =0.

i=1
Thus,
1
||1£/Bm H =mr.

Since ||1p,,|| = m, we conclude (using (30) and (38)) that
2-46
Azmr > <m$_#> > A9,
Finally, from this result and (31), by Lemma 10 we get
1 l
5 -1\ 2
AZAl > (mF) M D

Our next result shows that n symmetry for largest coefficients can be characterized
in terms of n-superdemocracy and n-quasi-greediness for largest coefficients (see [1]).

PROPOSITION 9. A basis A is n-symmetric for largest coefficients if and only if
A is n-superdemocratic and n-quasi-greedy for largest coefficients. Moreover,

qu <1+A AL 1+Cq1(1+AS).

Proof. To show that n-superdemocracy and n-quasi-greediness together imply
n-symmetry for largest coefficients, just follow the proof of [1, Proposition 4.3]. As-
sume now that % is n-symmetric for largest coefficients. By Lemma 10, £ is n-
superdemocratic. Given x € [e; : j € N|, |A| € n with ANsupp(x) =0 and € € ¥4,
choose C > supp(x) UA so that [C| = |A|. We have

[Leall < [lx+Leall + ||x]
1
< I Leall + 5 (le+ el +[lx—1cl])
< x4 Teal| + Allx + 1ea]|- (39)
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By (39) and Lemma 8, % is C,;-n-quasi-greedy for largest coefficients with C, <
1+A. O

Our next two results characterize the sequences n for which n-symmetry for
largest coefficients is equivalent to symmetry for largest coefficients.

PROPOSITION 10. Let n be a sequence with arbitrarily large quotient gaps. There
is a Banach space X with a Schauder basis 9 that is n-symmetric for largest coeffi-
cients but not democratic.

Proof. See Example 2 and Remark 4. [

THEOREM 1. Let A be a basis and assume that n has [ -bounded quotient gaps.
If # is A-n-symmetric for largest coefficients, then 9B is C-symmetric for largest
coefficients with C < max{1+2(n; — 1)oq0p, 1 +2A%(1+1)}.

Proof. To show that % is symmetric for largest coefficients we use Lemma 9:
Take x € [e; : j € N] so that maxey |€}(x)| < 1, and two finite sets A,B C N so that
ANB=0, |A| = |B|, and supp(x) N (AUB) = 0.

Assume first that there exists i € N such that n; < m < njy; with n;,n;4; € n.
Then, we can decompose A = AgUA; and B = ByU B with |Ag| = |By| = n; € n.
Thus,

[+ Leall < [lx+Tepll + [Leaoll + [ea, || + [ Ler | + [ Lerp, |- (40)

Take C > supp(x) UAUB such that |C| = |Ag|. Hence,

A
S Alell < S e+ Lo, + el + [lx+ e, —1c]))
< Amax{|lx+1gp, + 1], [x + Lo, —1cll}
<

A2||x+ g, + Lerg, || = A||x+ 1erp]). (41)

[Mea, |l

Thus, the same argument for (41) can be used to estimate ||1./5, ||, and we obtain that

maX{HISAoHvHIS’BOH} <AzHX'f'ls’B||~ (42)

To estimate ||1¢4, ||, take now a set F > supp(x) UAUBUC such that |F|+|A;| =
[n;, and write

!
18A1 =+ lF = Z IT]T,'a
=1
where T, NT; =0 for i # k, |Tj| =n; forall j=1,...,] and 1 the corresponding sign.
Hence, since ||1n7;|| < Al|1cl| forall j=1,...,1,

[Lea, || ([Lea, +1r (| + [[1ea, — 1£[)

aX{HISAl +1FH7 HISAI - 1F||}

@y
< IAJ1c] < 1A x4 1. 43)

1
<_
2
<m
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Applying (43) to estimate ||1./p, ||, we obtain
max{||Lea, | [ 1erp, ||} < A% x+ Lol (44)
Thus, applying (42) and (44) in (40),
e+ Leall < (14+24% 4 20A%) |+ Lerg .

for sets A and B with cardinality equal to or greater than n;. Assume now |A| < nj.
In that case,

x4+ Teall < llx+Lepll + [[Leall + [ Les]

<
< e+ Lgrgll + 200 (1 — 1)
< (1+2(n — Dogon)||x+ 1]

Thus, the basis is C-symmetric for largest coefficients with

C <max{1+2(n;— oyon, 1+2A*(14+1)}. O

To close this section, we use n-democracy and the n-UL property as an alterna-
tive to the Schauder condition in [4, Theorem 5.2] — where it is proven that if n has
bounded quotient gaps, every n-quasi-greedy Schauder basis is quasi-greedy — and we
also obtain symmetry for largest coefficients.

PROPOSITION 11. Suppose n is a sequence with l-bounded quotient gaps, and
% is a basis that is C;-t-n-quasi-greedy and has the n-UL-property with constants
C, and C,. Then, the following hold:

i) If B is Aj-n-democratic, it is C-t-quasi-greedy with
C <max{(n —1)oyon,Cy; (14 (1—1)Ci1CrAy)},
and is A-symmetric for largest coefficients with
A <max{1+2(n; — 1)ogon, 1 +2(1+1)(14+Cyy(1+C1C2A4))*}.
ii) If # is Ag-n-superdemocratic, it is C-t-quasi-greedy with
C <max{(n; — 1)00n,Cqy (1+ (1 —1)C1A)},
and is A-symmetric for largest coefficients with

A <max{1+2(n; — ogon, 1 +2(1+1)(1+Cyy(1+Ay))*}.

Proof. 1) Fix x € X and A a r-greedy set for x with |A| € n. If |A| < ny, then

1PA)[] < X lef ()] [fesl| < oo (m — 1) |-
i€A
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If |A| > ny, define
ko := max{n; < |A[},
keN

and let {Ai}lgigj be a partition of A such that 2 < j <, Ay is an ny -greedy set for
Py (x), and |A;] < nyg, forall 2 <i< j. Since Ay is a r-greedy set for x of cardinality
Ny, » we have

[1Pa, (0)[| < Coelx]]- (45)

Forevery 2 <i< j, choose A; C D; such that |D;| = ny, . Given that forevery 2 <i < j,
* : *
max |e,,(x)| < min |e,, (x
mEA,-‘ m( )| \m€A1| m( )|7
using convexity and the n-UL and the n-democracy properties we obtain

[1Pa; ()] < maxe,, (x)] sup |[Tea,l| < min |e,,(x)[ sup |[Lep|]
meA; e\PAi meA 5€\PDi

N

min |e;, (x)| Cz [[1p,]| < C2A; min [e,, (x)[[[14, ]|
meA | meA |

< C1C2Ad”PA1()C)||. (46)
Combining this result with (45) and using the triangle inequality, we get

J
[|Pa(x) ZHPA < Cgi (14 (1= 1) CLCoA) x|

This proves that & is t-quasi-greedy with constant as in the statement. To prove that it
is symmetric for largest coefficients, we apply Proposition 9 and Theorem 1, consider-
ing that # is C, -n-quasi-greedy for largest coefficients and A, -n-superdemocratic,
with qu < Cq.’t ,and Ay < CCoA,.

ii) This is proven by essentially the same argument as the previous case. The only
differences are that instead of (46), we obtain

||Pa;(x)[| = maxe;, (x)| sup [[Lgs;|| < min e, (x)| sup [[1ep,||
meA; meA

£€\I’Ai 1 ec¥p

g min ‘e:(n(x”As H1A1 H
meA|

i

< CLA [Py, ()]

(and thus, we also get Ay instead of C,A, in the upper bound for C), and that we apply
Proposition 9 using the hypothesis that % is Ay-n-superdemocratic. [

5. Examples

In this section, we consider two families of examples that are used throughout
the paper, and study the relevant properties of the bases. First, we construct a fam-
ily of examples that proves that for sequences with arbitrarily large additive gaps, n-
unconditionality for constant coefficients, the n-UL property, n-(super)democracy and
n-(super)-conservativeness are not equivalent to their standard counterparts.
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EXAMPLE 1. Given n with arbitrarily large additive gaps, choose recursively a
subsequence (ny,)ien, and (m;)icn a sequence of positive integers with m; > 4 so that
forevery i € N,

mi”l%,—+1 < Mg, ml2 < ny, ng; + 2m; < ny4q and n,%iH <M, (47)
and choose a sequence of sets of positive integers (B;);cn so that
m; < Bi < Bjy and |Bi g +m; VieN.
For each i € N, define
Fi = {fZ (fi)jen: [supp(F) < gy (Ifllee <1, (£l < iy D f :0}
JEB;
and, for (a;)jen € coo,

D fiaj

JjeN

1
H(aj)jeNHo,i = mfsgag,

Let X be the completion of cgg with the norm

I =max{||xm||x<> — supx }
ieN

and let A be the canonical unit vector system of X. Then, the following hold:

a) 4 is a normalized Markushevich basis for X with normalized biorthogonal
funcitionals Z*.

b) £ is C-n-superdemocratic (and hence also C-n-conservative) with C < 2.
¢) 2 has the n-UL property, with max{C;,C,} <2

d) £ is not n-suppression unconditional for constant coefficients, and thus not
unconditional for constant coefficients and it does not have the UL-Property.

e) A is not conservative and thus not democratic.

Proof. a) Itis clear that # and Z* are normalized. To see that & is a Markushe-
vich basis, fix x € X such that e}(x) =0 forall j € N, and choose a sequence (x;)en
with x; € [e; 1 1 <1< s(l)] for some s(I) € N, and

X; — X.

[—oo

Given v > 0, choose [y € N so that

e —x|| < v Vi > lp.
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L o
Now pick ip and f € %, so that

el < v+ Tl e

<2v+ Ef, (xlo)

JjeN

Since f has finite support and €7 (x) =0 forall j € N, there is /; > [y such that

2 € () [ < v (48)
1< j<max(supp(f))-+s(lo)
Hence,
ij (xlo Efj (xll) ij (xlo xll) <V""Hxlo_xllH <3v
JEN JEN JjEN
It follows that
Il < v.
Also by (48),
[ % lo = sup ’e;‘- (xp)| < sup ’ef; (xy,)|+  sup ’ef; (x1, —x) | < 3v.
Jesupp(x,) Jesupp(x,) Jjesupp(x,)
‘We deduce that

I3l < v+ [l || <

Since v is arbitrary, this entails that x = 0 and completes the proof of a).
To prove the rest of the statements, first we show the following:

i. Forall i e N,all sets A C N with 1 <|A| < ny, and all scalars (a;) jea,

Z aJeJ

JEA

max\aj\

nk 1+1

ii. Forall i € N, all sets A C N with m; < |A| <ny, and all scalars (a;)jea,

Za,ej

JjEA

> 5 minja;|-

nk 1+1

iii. Forall i € Ny, all sets A C N with ny, 1 <|A| <m; and all scalars (a;)jea,

. |A| mi—q
min |a ;| max 5 ,
jeA 2me ”k, 2+l

Z ajej

JEA

<

|A| mi—1
< max|a;|max { — s (-
jeA kil Mhatl
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< my and all scalars (a;)jeca,

iv. Forall A C N with 1 <

m1n|a,| <Y ajej|| < max|aj|—
2nk0+1 jeA JEA

To prove i., suppose first that / > i and f € .%;. By (47) we get

"k, 1+1 | jeA ”k, o ki+1

Similarly, for each [ < i and each f € .%; we have

Y fia; max\aj\ < max|aj|—
nkl 1+1 |jEA E k 1+1 JEA

Since, for f € %

"k, 1+1 |jeA ki1+1 jeN

taking supremum we complete the proof of i.

A )
Y. fja;| < max|aj| ——— < max|a;| Z < max|aj]
JEA

1
a maxa - a— max |a
3 ;| < maxlay| =— 3 |fj < maxlay|

Next, we prove ii. Assume a; # 0 forall j € A, choose Ay C A and Ay C B;\ A

with |A;]| = |A;] =m;, and let

la;] . .
ﬁjj if j €Ay,
e 1 [P .
Ji= 9 = Zieas, fi i j € Az,
0 in any other case.

Then f = (fj)jen € Fi, and

1
Sae| > |3 e (Sae )| = 50— 3 otz

l€A o ki_i+1 |jeN €A M1 +1 jeA;

——— min|qj]|.

To prove iii., by a density argument we may assume a; # 0 for all j € A. For

every [ > i and every f € .7,

Efja, meax\aj|

k/ 1+1 [jEA k, 1+1

Hence,

(49)
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Now pick B C B;\ A with |B| = |A|, and define

la;] e oA
T/_,- if jeA;
fi= —ﬁZIGAmBifI if j € B;
0 in any other case.

Then f = (f})jen € Zi, and

5 1 (Law ) - 5 o= Lol

jeN l€A jeA jEA

It follows from this and (49) that

Al Al
mina;| < 55— Y laj| < SUP Y. fiej]| < max|al 2 - (50)
2”k 41 €A ”k 1 jeA jeA o JeA T T
On the other hand, if 1 </ < i, using (47) we obtain
Zf,aj max\aj| <max|a,\ ! (51)
nkl 1+ |jea k,,1+1 jeA nk, )41

Now pick A} C A\ B;_; with |A;| =m;_1, and set
fi=1a if j€Ay;
’ 0 otherwise.
Then f = (fj)jen € Fi-1, and
2 fje; Ea;el = 2 fiaj= 2 |a.,'| = mi_1 mifl';l |aj|
jeN IeA jeA JjeA J€

which, when combined with (51) gives

—1
I}gg\aﬁ :

Zf,ej

JjEA

< sup
k .| 1<i<i

<max|a,\
j€

oi ”k o+l

The proof of iii. is now completed combining the above inequality with (50), whereas
iv. is proven by the same argument that gives (50).

b) n-superdemocracy: fix A,B C N with |A|=|B|=n€n,and e €A, ¢ €B.
Then ||1ga|| < 2||1¢5]| is obtained as follows:

o If there is [ € N such that ny, | <n <myyq, apply iii. with i =1+1.

e If there is [ € N such that m; < n < ny,, combine i. and ii.
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o If n <my, apply iv.

c) n-UL property: This is proven in the same manner as Step 1.
d) n-suppression unconditionality for constant coefficients: Fix i > 1, and choose
sets D; C B; with |D;| = ny, . Then by ii.,

s
[1p,]| = 2271 (52)
nki,1+l
Let us show that miy
1] < - (53)
ki_o+1
For 1 <l <iand f € .%;, we have
1 * my
5 > fie;(15)| < .
W1 +1 |jeN e 1+1
Hence,
nmy n;_q
sup [[1g,]lo; < max ——— = 2’ (by (47)).
I<i<i ISIS=Lme o Myt
On the other hand, for [ > i and f € .7,
1 B; 1
5 Y fie; (1g,)| < 2| < <1
M 1+1 |jeN W 1 kgt
Thus,
sup |1, [0 < 1.
I>i

Given that by construction HIB,.||<>J- =0, (53) is proven, and it follows from that, (47)
and (52) that
||1Di H

g, i

)

so Z is not n-suppression unconditional for constant coefficients.
e) conservativeness: For each i > 2, choose E; < B; with |E;| = m;. By iii.,

mj
g > L
M 1+1
From this, (47) and (53) it follows that
e ||
g ==

so % is not conservative. [

Next, we consider a family of examples from [16, Proposition 3.1], with a slight
modification for our purposes.
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EXAMPLE 2. Suppose n has arbitrarily large gaps, write n = (n;);_, and find
ki < ky < ... such that the sequence (ny,1/ny);>, increases without a bound and
ng, > 4. For i € N, write

1/4
ng.
Ci = <1—+1> ’ m; = L\/ nkiJrlnkiJ .

i

Let i = ¥;;m; (so that /iy = 0 and sty = iy +m; for i > 1), Bi:=|% |, and let
X be completion of coy with the norm:

i+l
(_1)9(.i)aj
J=mi+1

max
/My i<I<m;

2ajej
J

maX{ll(a/) Hz»sup

where

o)~ 2 A< <t f,
1= joooifm+ B+ < j<m+m.

The unit vector basis % = (e;);en is a monotone Schauder basis with the following
properties.

a) # is n-t-quasi-greedy with C,; < % forall 0 <t < 1, and not quasi-greedy.

b) A is Ay-n-superdemocratic (and hence also Ag-n-superconservartive) with Ay <

V2.
¢) A is A-n-symmetric for largest coefficients with A < 3 +2+/2.
d) % has the n-UL property with max{C;,C,} < v/2.
e) 4 is not conservative and hence not democratic.

f) 2 is not unconditional for constant coefficients. Hence, it does not have the UL
property.

Proof. 1t is clear from the definition that 2 is a monotone Schauder basis.

a) n-quasi-greediness: This was proven in [16, Proposition 3.1]: The only mod-
ification introduced in our construction is that for some j € N, e; is replaced with
—e;, and it is clear that this change does not affect the n-quasi-greedy or quasi-greedy
properties.

b) n-superdemocracy: Note that for every m € N, 2 |\/m| > \/m, so

L V2
VIvm]
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Now fix B C N with |B| € n, and € € Wp. Forevery i € N with |B| < ny,, we have

- ’El( 1)000e) (1n)| <~ ) = o/t 18
max - i\lep —F—IBl =
N P PERN S g e \/TM

< V24 N+1 |B| \/_|B| \/_‘B‘
s N \/\f
= \fz\/\f. (54)

On the other hand, if |B| > n,y1, then

nN’liJrl

‘L max (—1)°0e5(15)

/My 1<k<m;

j=mi+1

Taking supremum in (54) and (55) we get

|1ea]| < V2+/]B|. (56)

[1es| = [[1eall2 = \/|B],

it follows that # is A;-n-superdemocratic with Ay < V2.

¢) m-symmetry for largest coefficients: It follows by 2 that % is C,-n-quasi-
greedy for largest coefficients with C, < 2. From that and 2, an application of Propo-
sition 9 gives the desired result.

d) n-UL property: Fix A C N with |A| € n, and scalars (a;);e4 . By convexity and
using that the basis is v/2-n-superdemocratic,

1Y aieil| < max i max el < \fzgl&xmi”u/,u. (57)
i€A

As

On the other hand, using (56) we get

1Y aieill = || Y aieilla = [ laif? > mina;|V/|A]

icA icA icA

.
> El}égl\aiwlﬂ (58)

e) conservativeness: To see that 4 is not conservative, for each i € N let

B,‘IZ{I’%,‘—F],...,???,‘—FI}I'} and D,-::{r?z,-+[3,-+1,...,r71i+2[3,-}.
We have




DEMOCRACY-LIKE PROPERTIES FOR SEQUENCES WITH GAPS 1187

On the other hand, for each 1 <1 < f3;,

mj+l1 .
2 (_l)e(j)ej'(lDi) =0,

j=mi+1
whereas for ;i +1 <1< m;,
l’7li+l

Y (-Die(ip)| <.

j=mi+Pi+1

(—1)°Vej(1p))

Since

> (—1)Ves(1p) =0 Vi AN <I<my,

we deduce that

o]l = l1p,ll2 < VBi+ 1< /mi. (60)
Given that (¢;); is unbounded, B; < D; and |B;| < |D;| for all i, it follows from (59)
and (60) that 4 is not conservative.

f) Unconditionality for constant coefficients: This can be proven using the argu-
ment given in [16, Proposition 3.2] to prove that the basis is not quasi-greedy. We give
a proof for the sake of completion: Fix i € N, and consider again the set B;. By (59),
we have

15, > =,
! 3
Now let € € ¥, be a sequence of alternating signs. Then for all 1 </ < m; we have
c: mj+l 00 m;+max{l,B;} c:
— | Y (—1)Vel(1gp,)| = — gl < —=<2.
VI ! VI Vi

As

y my+l1 00))

: Y (—1)Vei(1ep,) | =0 Vi FNVI<I<my,

\% my Jj=my+1 !

it follows that

es, | = Les |l = V/Bi < v/mi.
As before, using the fact that (¢;); is unbounded we conclude that % is not uncondi-
tional for constant coefficients. [

REMARK 4. A slight modification of Example 2 shows that even for uncondi-

tional Schauder bases, n-superdemocracy does not entail democracy, or even conser-
vativeness. Indeed, if we replace the norm in Example 2 by the norm

2aje
J

mi+m;

Ci
=max [[(a;);[2,sup a;
Q { s "5 o}
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the resulting basis is 1-unconditional, and the proof of n-superdemocracy holds with
only minor, strightforward modifications. Since (c;); is unbounded,

Ci/ M Ci
zlle > 18]l > == > 3 VIBil

and the subsequence (e +)icn is clearly equivalent to the unit vector basis of /5, %
is not conservative.

Annex: Summary of some important constants

Symbol Name of constant Ref. equation
C, Quasi-greedy constant 3)
K, Unconditionality for constant coeff. constant (5)
Ay Democracy constant (18)
A Superdemocracy constant (18)
A Symmetry for largest coeff. constant (26)
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