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A SUFFICIENT CONDITION FOR A COMPLEX POLYNOMIAL
TO HAVE ONLY SIMPLE ZEROS AND AN ANALOG OF
HUTCHINSON’S THEOREM FOR REAL POLYNOMIALS

KATERYNA BIELENOVA, HRYHORII NAZARENKO AND ANNA VISHNYAKOVA *

(Communicated by M. Praljak)

Abstract. We find the constant be, (b ~ 4.81058280) such that if a complex polynomial or
entire function f(z) =¥, a7*, o €{2,3,4,...} U{eo}, with nonzero coefficients satisfy the

2
u > b forall k=1,2,...,0 — 1, then all the zeros of f are simple. We

conditions
A—1 A1

show that the constant b.. in the statement above is the smallest possible. We also obtain an ana-
log of Hutchinson’s theorem for polynomials or entire functions with real nonzero coefficients.

1. Introduction

In this short note, we obtain a simple sufficient condition for a complex polynomial
to have only simple zeros in terms of its coefficients. To formulate our results, we define
the second quotients of coefficients for a polynomial.

Let us consider a complex polynomial (or entire function) f(z) =Y aiZ, where
ar € C\{0} and o € {2,3,4,...} U{e=}. We define the second quotients of the Taylor
coefficients of f by the formula

a_,
n(f) =—"—, n=2. (1)
ap—20n
It is easy to check that
n
n = =1 71 nfl21 2 yn22 2
4o 492 493 - 4u—14n

One can see that the second quotients of Taylor coefficients are independent parameters
that define a function up to multiplication by a constant and changing z to Az.

In 1926, J. I. Hutchinson found quite a simple sufficient condition for an entire
function with positive coefficients to have only real simple zeros.
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THEOREM A. (J. I Hutchinson, [3]) Let f(z) = X5 qaxz*, ax > 0 for all k, be
an entire function. Then the inequalities q,(f) = 4 for all n > 2 hold if and only if the
following two conditions are fulfilled:

(i) The zeros of f are all real, simple and negative, and

(ii) the zeros of any polynomial Y, aiZ, m < n, formed by taking any number
of consecutive terms of f, are all real and non-positive.

For some extensions of Hutchinson’s results see, for example, [1], where, in par-
ticular, the following theorem is proved.

THEOREM B. (T. Craven and G. Csordas, [1]) Let N € N and (Yk)i\,:(y Y =1, be

a sequence of positive real numbers. Suppose that the inequalities 7 ﬁ,ﬂ > o hold
n— n

forall n=1,2,....N—1, where o, = max(2, ‘/75 (1++/T+ ). Then the polynomial

0x) =31~ M Vlen ) o only real, simple, negative zeros.

n:

There are a number of works which deal with statements of the following kind:
there exists a constant d > 1 such that if a real polynomial P satisfies the condition
qx(P) > d for all k, then we can state something about the location of the zeros of P.
For example, in [2] the author proved that if for some constant d > 0 a real polynomial
P satisfies the condition gi(P) > d for all k, then all the zeros of P lie in a special
sector depending on d. In [5] the smallest possible constant d > 0 was found such that
if a real polynomial P satisfies the condition g (P) > d for all k, then P is stable (all
the zeros of P lie in the left half-plane). In this paper, we study analogous questions
for complex polynomials and entire functions.

Hutchinson’s theorem inspired our investigations. The goal of this work is to find
sufficient conditions for complex polynomials or entire functions with non-zero coef-
ficients to have only simple zeros. More precisely, we answer the following question:
what is the smallest possible constant ¢ > 0 such that for every complex polynomial P
with nonzero coefficients if the inequalities g,(P) > ¢ hold for all n > 2, then all the

zeros of P are simple.
12

For x > 1 let us consider the function ¢(x) =1—23¥; ,x2 . We observe that ¢
is an increasing function on (0,e°), limy_,j40@(x) = —co and lim,_ ;. ¢(x) = 1. So,
the equation

o 2
1-2% x% =0 3)
k=1

has a unique positive root, which we denote by b... One can check that b., ~4.81058280.
For n € N we also define by, as the unique positive root of the equation

n 12
1-2% x7 =0. 4)
k=1

One can see that (bg,,):z | 1s an increasing sequence, lim,, ... by, = b.., and
by =4, by~4.79753651. ®))

The constant b.. firstly appeared in the paper [4] where some analogs of Hutchin-
son’s result were obtained for sign-independently hyperbolic polynomials.
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THEOREM C. (I. Karpenko and A. Vishnyakova, [4]) Let f(z) = Y30 a;7* be
an entire function with positive coefficients. Suppose that qi(f) = be. for all k > 2.
Then for every n € N, the n-th section Sy(z) := Yj_, ;7" is a sign-independently
hyperbolic polynomial, meaning that it remains real-rooted after arbitrary sign changes
of its coefficients.

Our first result is the following theorem.

THEOREM 1.1. (i) Let n € N be a given integer, and P»,(z) = 3" ai*, ar €
C\ {0} for all k, be a polynomial. Suppose that the inequalities |qi(Pan)| > bap hold
forall k=2,3,...,2n. Then all the zeros of P, are simple. Moreover, the moduli of
all zeros of Ps,, are pairwise different.

(ii) Let n € N be a given integer, and Pr,+1(2) = Zziglakzk, ar € C\ {0} for
all k, be a polynomial. Suppose that the inequalities |qi(Pan+1)| = bans2 hold for all
k=2,3,....2n+ 1. Then all the zeros of P, +1 are simple. Moreover, the moduli of all
zeros of Py, are pairwise different.

(iii) Let f(z) = Y5 qaz’, ar € C\ {0} for all k, be an entire function. Suppose
that the inequalities |q(f)| = b hold for all k = 2. Then all the zeros of f are simple.
Moreover, the moduli of all zeros of f are pairwise different.

Since the sequence (by,);_; is monotonic and tends to b.., we get the following
corollary.

COROLLARY 1.1. Let n > 2 be a given integer, and P be a complex polynomial
with nonzero coefficients of degree n. If the inequalities |q;(P)| = be hold for all k =
2,3,...,n, then all the zeros of P are simple. Moreover, the moduli of all zeros of P
are pairwise different.

The following statement shows the sharpness of Theorem 1.1 for entire functions
and polynomials of even degrees, and asymptotical sharpness of Theorem 1.1 for poly-
nomials of odd degrees.

THEOREM 1.2. (i) For every n € N there exists a complex polynomial P, (z) =
leio a5, ap € C\ {0} for all k, such that the equalities |qi(Ps,)| = ban hold for all
k=2,3,...,2n, and P>, has a multiple root.

(ii) For every n € N and every € > 0 there exists a complex polynomial P>, ¢
with nonzero coefficients, deg Py, 1¢ = 2n+ 1, such that |qi(Pa11,¢)| > bay — € for
all k=2,3,...,2n+1, and P>,11 ¢ has a multiple root.

(iii) For every € > 0 there exists an entire function f¢(z) = Yoo ar(€)Z*, ai(€) €
C\ {0} for all k, such that the inequalities |qi(fe)| > b — € hold for all k > 2, and
f has a multiple root.

In the following statement we find the sharp constant for polynomials of the third
degree.

THEOREM 1.3. (i) Let P; be a complex polynomial with nonzero coefficients,
degP; = 3, and suppose that |qi(P;)| > \/9+6\/3 for k =2,3. Then all the zeros
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of Ps are simple. Moreover, the moduli of all zeros of Py are pairwise different. Note

that \/9+61/3 ~ 4.4036695, and 4 = g» < \/9+6+/3 < qs ~ 4.79753651.

(ii) There exists a complex polynomial Q3 with nonzero coefficients, degQz = 3,
such that |qi(Q3)] = V9 + 63 for k= 2,3, and Q3 has a multiple root.

Using Theorem 1.1 and Theorem 1.3 (i) we obtain the following analog of Hutchin-
son’s theorem for real polynomials.

THEOREM 1.4. (i) Let n € N be a given integer, and Py,(z) = EI%ZOakzk, ai €
R\ {0} for all k, be a real polynomial. Suppose that the inequalities |qi(Pay)| = by
hold for all k=12.,3,...,2n. Then all the zeros of P>, are real.

(ii) For every n € N and every € > 0 there exists a real polynomial P, ¢ with
nonzero coefficients, deg Pay, ¢ = 2n, such that |qi(Pan.e)| > by, — € forall k=2,3,...,2n,
and P>, ¢ has nonreal roots.

(iii) Let n € N be a given integer, and Py,+1(z) = X" b axz, ax € R\ {0} for all
k, be a real polynomial. Suppose that the inequalities |qi(Pon+1)| = ban+2 hold for all
k=2,3,...,2n+ 1. Then all the zeros of P, +1 are real.

(iv) For every n € N and every € > 0 there exists a real polynomial P, 1 ¢ with
nonzero coefficients, degPs,11¢ = 2n+ 1, such that |qi(Pani1.e)| > boy — € for all
k=2,3,....2n+1, and Py,11 ¢ has nonreal roots.

(v) Let P3 be a real polynomial with nonzero coefficients, deg Py =3, and suppose
that |qi(P3)| = /9 +6+/3 for k =2,3. Then all the zeros of Ps are real.

(vi) For every € > 0 there exists a real polynomial Ps ¢ with nonzero coefficients,
degPs ¢ =3, such that |qx(Pse)| > /9 +6V3—¢ for k=2,3, and Ps ¢ has nonreal
roots.

We see that, unlike Hutchinson’s result, the sharp constant for the realrootedness
of a real polynomial depends on the degree of the polynomial.

2. Proof of Theorem 1.1

At first we consider the case of polynomials of even degrees. Let n € N, Py,(z) =
S axzk, where a; € C\ {0}, and suppose that the inequalities |gx(P»,)| > b2, hold
forall k=2,3,...,2n.

Without loss of generality, we can assume that ap = a; = 1, since we can consider
the function Q,,(z) = a;, 'p,, (aoaflz) instead of P,, due to the fact that such a rescal-
ing of P,, preserves its property of having all simple zeros and preserves the second
quotients: gx(Q2,) = qx(Ps,) for all k. During the proof we use the notation ¢ instead
of qix(Pan). So, we can write

@ . =
Pl =14zt b :
" @ A A EAER IRy BT/

We choose an arbitrary k = 1,2,3,...,2n— 1 and fix this £. Denote by

R =\, R =293 -qur/Gir1l, k=2,3,...,2n— 1. (6)



COMPLEX POLYNOMIALS WITH SIMPLE ZEROS 73

We have
k-1 j k
z Z
PZ"(Z):E —1_j—2 Ry
jzoq‘é qy g 4 45 e dk
+ 2 —=:Sl7k(Z)+S27k(Z)+S37k(Z).
j= k+1fI2 ‘I3 et qj
We want to prove the inequality
‘IPIH S2.4(2)] > ln‘lax(‘slk( )|+ 1834(2)])- @)
We obtain for every z, |z| = Ry,
k/2
1S2.4(2)| = |q2q§ ""'qk lqk{i-l ®)

Now we estimate from above |S; x(z)| for |z| = Ry. We have

k—1 ‘Zj|
|S1J<(Z)| < 2 -1 _j-2
—olay a3 gl
j/2
_ 2 qzqa ‘quk+1

k=2 k—1 (k=1)/2 k=3 k-2 k-2 (k=2)/2
= \6126]3 T P P /|+|6126]3 2919k ql(chl )/‘

Haxdd a3 33 P s aeya 1

(we rewrite the sum from the end to the beginning). Thus, we get

1514(2)| < 23 af3a} g ( 7 : 12 72
i1 i1 A—19%9k 41
ot !
qk*./+1ql%—j+2 L qk 1qkql(<zr+11)/2
- ! N ! )
add-d 2P edddy - d

Using our assumption |qx(Po,)| > by, for k =2,3,...,2n, we obtain

ko _2
k/2 =5
1S1x(2)] < ’qzq% qi fqi lqk{i-l‘ Zbﬁ . ()]
Jj=1
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Now we estimate |S3 (z)| from above for |z| = Ry. We have

2n J j J_J/2
q>49 “q1 4
Sl < 3 | Lh i
j=k+1|9> 51"3 '~~~‘51j
k-2)/2
s wvp |@dd Y
:“I2Q3'~~~'qk qk+1 |+
qk+2
2k—j)/2 2k—2n)/2
43 di g P df qf(m W/
+...+ - +...+ -
Gy --'qj—lqj di+2 e @5, G
_ 2 k=2 k—1 k/2 1 1
= ’42‘13' “qr_14k ‘lk+1‘< 12
e Qh+19k+2
- : o+ !
(j=k)/2 j—k—1 2 (2n—k)/2_on—k—1 2
i1 ‘11£+2 et diqdj Qi1 Gia e a9

Using our assumption |gx(Po,)| > by, for k =2,3,...,2n, we obtain

nk,j2

k/2
1S54(0)| < |02} .- di T3l all5 | 2 b (10)

Thus, by virtue of (8), (9) and (10), the desired inequality (7) follows from

2 2=k _;2

k
1= bt - Zb >0. (11)
j=1

Since the summands in both sums in the above inequality are strictly decreasing in j
we have
2 22—k _p2

k n _2
1-Y b, — Ebzn 1—22%?’:0 (12)
j=1 j=1

by the definition (4) of the constant by,. We have proved that for every k = 1,2,3,...,
2n — 1 the inequality (7) is valid. Thus, by Rouché’s theorem, we obtain that for every
k=1,2,3,...,2n—1 the polynomial P,, has exactly k zeros in the circle {z: |z| < Ri}.
Whence, the polynomial P, has one zero in the circle {z: |z| < R}, one zero in the
annulus {z: R} < |z| <Rz}, one zero in the annulus {z: R, < |z| <R3}, and so on, one
zero in the annulus {z: Ry,—3 < |z| < Ran—1} and one zero in the set {z: |z| = Ran—1}-
We have proved that all the zeros of P, are simple. Moreover, the moduli of all zeros
of P», are pairwise different.

Now we consider the case of polynomials of odd degrees. Let n € N and

Z2 Z3 Z2nJr1
Pui(d) =l+z+—+5—+.. .+ >
q2 ‘12‘13 % q3 s g5 q2n+1
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be a complex polynomial with nonzero coefficients. Suppose that the inequalities
|gk(Pon+1)| = banyo hold forall k=2,3,...,2n+ 1. We choose an arbitrary k= 1,2, 3,
.,2n and fix this k. We use the same notation R; as in (6). We have

]‘il Z Z
Poti(2) = —1_j—2 R
0 @y qp 4 3k
2n+1 Zj
+ 2 S U =: S17k(Z)+S27k(Z)+S37k(Z).
j=k+1493 g3 -t qj
We want to prove the inequality
min [S54(z)] > maX(\Slk( ) +1834(2)])- (13)

lz|=Rx |z[=R
As in the previous case, this 1nequality follows from
2 2nkl—k _p2

2 b2n+2 2 b2n+2 (14)
‘We have
2 2n+1—k 7]-2 n+1 ,jz
1- 2 b2n+2 2 byyia>1-2 2 bruya =0 (15)

Jj=
by the definition (4) of the constant b2n+2 Using Rouché’s theorem, we obtain that all
the zeros of P, are simple. Moreover, the moduli of all zeros of P, are pairwise
different.

It remains to consider the case of entire functions. Let f(z) =14z +Z + q s
p 2% . be an entire function. Suppose that the inequalities |gx(f)| = b.x, hold for
all k > 2. For all k € N we have
k—1 J k 0 J
z Z z
f(z) = 2 12 Ry ) + 2 1 2
=04 43 -----4q; 2 443 bk j=k+192 493 -0
=1 814(2) + S2.4(2) + S34(2).
We want to obtain the inequality
min | x(z)| > maX(\Slk( )+ 183,(2)])- (16)

|e|=Rx [z|=R
This inequality follows from

k J J
1— Y bt — ZbT> . (17)

Jj=1
‘We have

1—21;7’ Eij> 221)7’: (18)

by the definition (3) of the constant bw. Using Rouche s theorem, we obtain that all the
zeros of f are simple, moreover, the moduli of all zeros of f are pairwise different.
Theorem 1.1 is proved. [
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3. Proof of Theorem 1.2

At first we prove Theorem 1.2 (i). For every n € N and ¢ > 0 we consider the
following polynomial

2n
Poe(z) = 2 K@n—k)[2 k _ zcnz/Zzn. (19)
k=0
Note that, for all k= 0,1,...,2n the modulus of the k-th coefficient of P, . is equal to
ck@n=k)/ 2 so that

o=1)2n—k+1)

|k (Panc)| = (k—2)(2n—k+2)/2 . ck(2n—K)/2

=c (20)

for k=2,3,...,2n.
We observe that Py, (z) = 2 'P2n,c(%)7 $0 Py, is a self-reciprocal polynomial.
We have

1 I\ 1
Pén,c(z) =2n7""! 'P2n,c'<g> - Zz"len.,c (Z) 2

Thus, if P, (1) =0, we get

P2/n,c(l) = _P2/nc(l)

It means that if Py, (1) =0 then P, (1) =0, so 1 is a multiple root for this polyno-
mial. Now we consider the equation

2
Poe(l) = 3 fOr 02 50?2 g,
k=0
We rewrite it in the form 2 ¥/—} cK(21=k)/2 /2 = 0. After dividing by —c"/? we get
n—1 )
1-2Y 072 =,
k=0
or, changing the index in the sum: n —k = j,
n 2
1-2Y ¢/ /2 =0.
j=1

The unique positive root of this equation is by, (see (4)), so we get that the polynomial
P, 1,,, has a multiple root and |gy(Panp,, )| = bay forall k=2,3,...,2n.

Let us fix an arbitrary n € N and &€ > 0. To prove Theorem 1.2 (ii)) we use
the polynomial P, 5, . Let Q2,11.4(2) = Ponp,,(2) - (1 +5), where d > 0. We have
deg Q2114 =2n+1, and Q41 ¢ has a multiple root at the point 1 since P, hasa
multiple root at that point. Let Py, 5, (z) = X" a;Z*, then

a a arp— Aazn
Omt1.4(2) =ao+ <EO +a1>z+ (71 +a2>22 +...+ < 2d ! +a2n>z2" + %zz’”l.
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Thus, for all k =3,4,...,2n we have

(%2 + )
) (FF + ap-2)
For k=2 and k =2n+1 we have
(9 +ay)?
ap(%4 +az)

q1(Qomt1,4) = ( = qi(Pan by, ), d— .

q2(Qont1.4) = — q2(Popp,,), d— o0

and - 5
(% +a2n)
G2n41(Qont1,4) = Ty LT
So, for d being large enough we obtain |qi(Q2+1.4)| > ban—€ forall k=2,3,...,2n+
1.

— 00, (d — oo,

It remains to prove Theorem 1.2 (iii). Let us fix an arbitrary € > 0. Since lim,,—. b,
= b.., there exists ng € N such that by,, > b — € /3. We consider an entire function
of the form

- z
fS(Z) = P2n07h2no (Z) H (1 * d_> 7
j=1 J
where the polynomial P2n0.,b2,,0 is defined by (19), and positive constants (d j);f’z 1> such
that 37, % < oo, will be chosen inductively. We see that f; has a multiple zero at the

point 1.
We know that |Qk(P2n0,h2n0)| > be —€/3 for all k=2,3,...,2ny. As we have

proved above, for d; > 0 being large enough for the polynomial 7i(z) := P2n0,h2n0 (2)(1+
+) we have |qi(Ty)| > b —€/3 —€/4 for all k=2,3,....2n9+ 1. We addition-
ally suppose that d; > 2. We fix such d;, and now choose d,. For all d, > 0 be-
ing large enough for the polynomial 7>(z) := Ti(z)(1 + Z;) we have |qx(T2) > be —
€/3—¢/4—¢/8 forall k=2,3,...,2ny +2. We additionally suppose that d > 2.
Reasoning analogously, we construct a sequence of positive constants (d j)‘;’:l, such
that for every j the polynomial Tj(z) := Prng b, (2) H"zf=1 <1 + d%) has the property
lqi(T;)| > b —€/3—€/4—€/8—...—€/2/ ! forall k=2,3,...,2n9+ j, and d; > 2/.
Thus, ;":1 dij < oo, and f¢ is an entire function. We also observe that for every natural
k>2

< €
lai(fe)] Ebw—8/3—zlm =b.—€/3—€/2> b.. — €.
j:

Theorem 1.2 is proved. [J

4. Proof of Theorem 1.3

We consider a complex polynomial of degree 3 with nonzero coefficients

2 3

Pyap(z) =1+2+ % 2

porR a,b e C\ {0},
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so that g2(P3 4p) = a, q3(P34p) = b. The polynomial P;,; has multiple roots if and
only if its discriminant is equal to zero. We recall that, if Q(z) = az® + Bz> +yz+
5 € C[z], o #0, then its discriminant is equal to D(Q) = —4B38 + B2y* —4ay’ +
18aByS —27a>5%. So we have

4 1 4 18 27

PPar) = =Gt~ "
1 2 272 2
——W@ab —a*b”+4a b—18ab+27).

Thus, P; 5 has multiple roots if and only if
4ab® — a®b* +4a*b — 18ab +27=0. (1)
Denote by S := {(a,b) : a,b € C\ {0},4ab* — a’b* 4 4a’bh — 18ab +27= 0}, and

c:= sup (min(|al,|b]).
(ab)eS
By Theorem 1.1 (ii) we have ¢ < b4. By the definition of ¢, if |a| > ¢ and |b| > ¢ then

all the zeros of P; ,; are simple. We want to prove that ¢ = /9 + 61/3.
We rewrite (21) in the form

(4a — a®)b* + (4a®> — 18a)b +27=0. (22)

By our assumption @ # 0, consider now the case « = 4. Then we have b = 2277 and
min(|al,|b]) = & < V/9+6V3.

Let (ag,bo) € S, ap # 4, and |ag| # |bo|. Without loss of generality we suppose
that |ag| < |bo| since (21) is symmetric with respect to a,b. Let ap = re'®, r >0,
o € R. For € > 0 being small enough we denote by a. = (r+¢€)e'*, such that a. # 4.
We have |ag| > |ag|. Then we substitute a, in the equation (22) and find the solution
be, such that (ag,be) € S. By the continuity reasoning limg_.gbe = by, so for € > 0
being very small we have |bg| > |ap|. Thus, min(|agl|,|bo|) = |ao| < min(|ae|,|be|)-
Thus, we conclude that

c= sup  (min(|al,|D]).
(a,b)eS, |a|=]b|

Now let a € C\ {0}, b = ae’?, y € R. We substitute a,b into (21) and get
437 — a* Y + 4036 — 182 +27 = 0.

We are searching for the root of the last equation with the maximal possible modulus.
We rewrite the equation in the form

a*e® — 44’ (eziy +e?) + 18a%¢'" —27 =0,

or
. 3 [
a*e¥" —8a%¢ 7 cos %/ +18a%e™ —27 =0.
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—iy
We denote by x such complex number that ¢ = xe > , and note that |a| = |x|, we also
denote by A =cos¥, A €[0,1]. After substituting in the last equation we get

X8 +18x2 —27=0, (23)

and we are searching for the root of the last equation with the maximal possible modu-
lus.
At first let us estimate the maximal real positive root. We have for A € [0, 1]

= 8AX 182 =27 > xt — 8+ 187 — 27 = (x+ 1) (x — 3)?,

so for all A € [0,1] the maximal positive root of the equation (23) is less than or equal
to 3.

Now we estimate the minimal real negative root. We have for x = —y, y > 0, and
A €[0,1]

V84 4 18y2 — 27 > v + 18y* — 27

= (> +6V3-9)(y+ /94 6V3)(y—\/9+6V3),

so for all A € [0,1] the maximal modulus of the negative root of the equation (23) is

less than or equal to \/9 + 61/3.

Now we consider non-real roots of the equation (23). We will use the classical
Ferrari method to solve (23). For w € C we rewrite the equation (23) in the form

(6 —dAx+w)? — (16472 +2w — 18)x* — 8Awx+ (W? +27)) =0.  (24)

We want to find such w € C, that the discriminant of the quadratic expression in the
brackets will be zero. We have the equation

D
7= 164%w% — (W? +27) (1642 + 2w — 18)

= 16A%w? — 16A%w? — 2w’ 4+ 18w? — 27 - 16A% — 54w +27-18 =0,
or
w? —Ow? 4+ 27w — 27 —27(8 — 8A2%) = 0.
We get the equation
(w—3)3=27-8(1-1%) >0.
Letus put w=346+v/1 — A2 anddenote by r = v/1 — A2, r € [0, 1], sothat A2 =1—13,
w = 34 6¢. For the second quadratic expression from (24) we have
(1642 +2w — 18)x% — Awx + (w? 427)
= (16— 161>+ 64 121 — 18)x> — 81/ 1 — 13 (3 + 61 )x+ (9 + 361 4 361> 4 27)
= (4— 161>+ 120)x*> — 8/1 — 13(3 4 61)x + (36 + 361 4 361°)
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— ((1 S22+ 122 —6(1— 1) (14201 —Px+9(1 —t3)>
-t ((1 )2+ 1x—3V/1 —z3>2.

1—1¢
We substitute this in (24) and get
(=) (@
1—1¢

We write the last equation in the form

(x2—4 1—t3x—|—3+6t—2\/1—t(2t+1)x+6\/1—|—t+t2>

1—t)(2t+1)x—3\/1—t3>2:0.

(> —4V1—13x+3+61

~<x2—4 1—Bx+3+60+2v1 —t(2t—|—1)x—6\/1+t+t2> =0,

or

(xz— (41— 2T 12+ 1)x + (3+6t+6m)>
-<x2— V1= +2VT =12+ 1)x+ (3+ 61— 61/1 +t+t2)> ~0.

So, all 4 roots of the equation (23) are the roots of two quadratic equations above,
where £ = v/1— 22, 1 € [0, 1]. Both of these quadratic equations have real coefficients.
Since 3+ 61— 6v/1+1+12 <0, the roots of the second equation are real, and we have

proved above that the moduli of the roots are less than or equal to \/9 +6+/3. If the
roots of the first equation are real, then we have proved that the moduli of the roots

are less than or equal to /9 + 6+/3. If the roots of the first equation are complex and

conjugate, then their moduli are equal to \/ 3+6t+ 61+ +12. It remains to check
that for all 7 € [0, 1] we have

\/3+6t+6\/1+t+t2 < \/9+6\/§7

that is obviously valid. So we have proved that

c= sup (min(|al,|b]) = \/9+6V3.

(a,b)es

Theorem 1.3 (i) is proved. [
To prove Theorem 1.3 (ii) we consider the polynomial

2 ZS

Z
V9+6v3  (V9+6v3)3

so that degQ3 =3, ¢2(Q3) = V9+6V3, q3(03) = —V9+6V3, whence |¢2(03)| =
|g3(03)| = V9 +61/3. We recall that a complex polynomial P; ,, = 1 +2z+ % + %
has multiple roots if and only if 4ab* — a*b* +4a*b — 18ab +27 = 0 (see (21)). For

03(z) =1+z+
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the polynomial Q3 we have b = —a and the condition for having multiple roots takes
the form
4a* —a* —4a* + 18> +27 =0 < a* — 184> — 27 = 0.

It is easy to check that @ = \/9+6+/3 is a root of this equation, so for such a the
polynomial Q3 has multiple roots. These multiple roots can be found explicitly, but the
expression is rather cumbersome.

Theorem 1.3 is proved. [J

5. Proof of Theorem 1.4

Let n € N be a given integer, and P»,(z) = 2,%20 a?*, ap € R\ {0} for all k,
be a real polynomial. Suppose that the inequalities |gx(P>,)| = by, hold for all k =
2,3,...,2n. For an arbitrary A, 0 <A < 1, we consider a real polynomial Py, ;(z) =

Ziioak . kkzzk. We have for k =2,3,...,2n

2
ai_ - A2 _ qk(Py)

ak,2-7t(k*2)2 ~ak~7Lk2 A2

qk(Pyp) = > boy.

By Theorem 1.1 (i) the moduli of all zeros of P,, 5 are pairwise different. So, Py, ;
can not have complex conjugate zeros, whence all the zeros of P, ; are real. Since
limy, _,; Py, 5 (z) = Pu(z), and this limit is uniform on the compacts in C, using the
Hurwitz’s theorem we obtain that all the zeros of P»,, are real.

Theorem 1.4 (i) is proved. Using analogous reasoning we prove Theorem 1.4 (iii)
and Theorem 1.4 (v).

Statements (ii), (iv) and (vi) in Theorem 1.4 can be proved using an analogous
reasoning. To prove Theorem 1.4 (ii), for example, we fix an arbitrary n € N and
£ > 0, and consider a polynomial Py, ;, (z) = 321, b5 H/2k _ Zbgf/ 2 (see (19).
We recall that |gi(Pap,,)| = bay for all k =2,3,...,2n (see (20)), and that Py,
has a double zero at the point 1. Since the sequence of coefficients of P, 4, has two
sign changes (all coefficients, except the n-th, are positive, and the n-th coefficient is
negative), we conclude, using Descartes’ rule of signs, that P, ;, has not more than
two positive zeros. So the polynomial P, ;, has exactly two positive zeros counting
multiplicities. Whence,

Py p,, =0 forall x2>0.

Now for a small 6 > 0 we consider a polynomial Qy, 5(x) = Payp,, (x) + 6x". Then
we get 0y, 5(x) > 0 for all x > 0. We observe that g (Q2, 5) = qi(Pan,p,,) forall k =
2,3,...,n—1,n+3,n+4,...,2n, sothat |g;(Q2, 5)| = bz, forall k=2,3,....n—1,n+
3,n+4,...,2n. We also see that |g,(Q2,.5)| > |ga(Panp,,)| = b2 and [gn12(Qay 5)| >
|@n+2(Panb,, )| = ban. Since limg_o[gn11(Q2n.5)] = |Gn+1(Ponpy,)| = b2n, We obtain
that g1 1(Q2,5)| > b2, — € for & being small enough. Thus, |gi(Q2, 5)| > b2, — € for
all k=2,3,...,2n for & being small enough. It remains to show that the polynomial
0»,,5 has nonreal zeros. Suppose that all the zeros of Q,, s are real. Then, since
Qo.5(x) > 0 for all x > 0, we get that all the zeros of Q,, 5 are negative. Then all the
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coefficients of Q,, 5 have the same signs, but we know that all coefficients, except the
n-th, are positive, and the n-th coefficient is negative for & being small enough. Thus,

we have proved that 0, s has nonreal roots.
Theorem 1.4 is proved. [
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