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INTEGRAL EQUATIONS ON COMPACT MANIFOLD WITH BOUNDARY

YAZHOU HAN

(Communicated by J. Jaksetic)

Abstract. Let (M",g,%) be a smooth compact Riemannian manifold with boundary and n > 3.
This paper is devoted to studying a class of integral system

& () = [ K(ey)f()dS,,  xeM",
F0) = fyn K(o)g@)dVe,  yEX,

where ot € (1,n), po = ;2% Po = ,,+a 2 (f,g) € LPe () x LP*(M™) and the kernel function
K(x,y) € C(M" x M™\{(x,x)}) satisfies K(x,y) ~ [x—y[¢~" as [x—y|, — 0. Since the system
is the Euler-Lagrange equations of extremal problem

Nt ) =sup{| [ [ 0K (5.9 0)S,aVe] 1103y = Nglnuny = 1},

we will study the existence of the system by concentration-compactness principle. Firstly, we get
Nk (0, M) = C,(n, 0, Py ) , where C,(n, 0, py) is the best constant of Hardy-Littlewood-Sobolev
inequalities on the upper half space established by Dou and Zhu [6] and equals to Nk (o, M)
when (M",g,%) = (B1(0),|-|,0B1(0)) and K(x,y) = |x—y|* ™. Secondly, if Nx(a,M) >
Ce(n, o, pe), we prove that Ng(o,M) is attained. Namely, under the criterion Nk (o, M) >
Ce(n,0,py ), we get the existence of the system. Lastly, a concrete example satisfying the
criterion is given. The example is closely related to the conformal problems studied by Escobar
[9, 10].

1. Introduction

n [15, 14], a class of conformal integral equations

b5 () = [ (6]

were studied. In [15], M is a compact Riemannian manifold without boundary, Q is
the geometric dimension and G, (y ) is the Green’s function with pole at x for the con-
formal Laplacian operator —Ag + 577 = )Rg. So, (1.1) is equivalent to Yamabe equation
when o =2. While in [14], M is a compact CR manifold without boundary, Q is the
homogenous dimension and G, (y) is the Green’s function with pole at x for the CR
conformal Laplacian operator —b,,Ag +RY. Therefore, if =2, (1.1) is equivalent to
CR Yamabe equation studied by Jerison and Lee [20].

S

—a

“Zu(y)dVy (1.1)

Q)
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Apart from their own research significance, as stated in [28], (1.1) is closed related
to the curvature problems such as Yamabe problem, Q-curvature problem, etc.. This
paper is mainly devoted to studying a class of integral equations with general kernel
K(x,y) on compact Riemannian manifold with boundary by concentration-compactness
principle.

Let (M",g) be a smooth Riemannian manifold with boundary ¥ = dM", where g
is the Riemannian metric on M" and n > 3. Denote by |x — y|, the geodesic distance
from x to y on M" under metric g. We will concern with a class of integral system

g H(x) = [fK(x,y)f(y)dSy, xeM", 12)
P y) = [y K(x,y)g(x)dVe, y€EX, '

where pg 1= 2L | o= 2l (f,g) € LP«(X) x LP(M™") and the kernel function

n+o’ n+o— 2 ’

K(x,y) € C=(M" x M"\{(x,x)}) satisfies
(K) K(x,y) ~x—ylg " as [x—ylg — 0.

It is easy to see that the system (1.2) is the Euler-Lagrange equations of extremal prob-
lem

N(OcM—sup{‘/Mn/g )

:Sup{”EOC.,Kf”LW(M") A llzre(s) = 1}» (1.3)

A e ) = l18llzra ) = 1}

where Eqxf(x) = [sK(x,y)f(y)dSy and qo = -2~ is the conjugate number of p,.
Particularly, when K(x,y) =[x —y|¢ ™", denote Eq k f(x) by Eqf(x).

Let R? := {x= («',x,) € R"|x, >0}, n > 2 be the upper half space and |- | be
the common Euclidean distance function. On (R, |-|), Dou and Zhu [6] proved that,

forany 1l < <n,1<p,g<-+oo satlsfymg1 ”;1(%—‘;‘:11),

Ce(n, 0, p) =sup{ | Eaf o) : | fllLromny = 1} (1.4)

can be achieved. If (f,g) € LP* (JR".) x LP=(R™.) is any solution of (1.2) with K (x,y) =
|x — y|*~", they classified them and computed the best constant C,(n, o, Py )
Under the Mobius transformation .7 : x = (x',x,) € R, — x € B;(0) defined as

4(x x, +2)
(%0 +2)[?

it holds that, if K(x,y) = [x—y|*™", system (1.2) on (R’,|-|) is equivalent to the
system on (B1(0),]|-|). So, if (M",g) = (B1(0),]-]) and K(x,y) = |x—y|* " with 1 <
o < n, Dou and Zhu [6] also classified the solutions (f,g) € LP*(dB1(0)) x LP=(B1(0))
of (1.2).

When (M",g) = (Q,]-|) and K(x,y) = |x —y|>*", where Q C R"*(n >3) is a
bounded smooth domain, Gluck and Zhu [13] studied the following extremal problem

&(Q) =sup{|Eof|| 2 - =1} 1.6
2(Q) =sup{| 22 gy I 20 } (1.6)

y(x): — €p, en:(07"'7071)7 (15)
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They proved

2(n—1 e O )
£(Q) > &(B1(0) =C. (2 (n >) e, T
n
and gave a criterion of the existence of extremal function of (1.6). Namely, if &5(Q) >
52(31(0)) the best constant &>(€) can be achieved by some extremal function f €
A (8!2) Moreover, for the annular domain A, = B1(0) \ B-(0), they proved that
the criterion &3(A,) > &(B;(0)) holds if r is sufficiently small. So, for any bounded
smooth domain Q, if & (Q) > &»(B;(0)), there exists function pair (f,g) €L o (0Q)
x L2 (Q) satisfying (1.2) with (Pg, pa) = (2(’7;1), %)
If (M",g,X) is compact and the first eigenvalue A;(Lg) of Ly = —A, + ﬁRg
is positive, we know that there exists the Green function G(x,y) with pole at y, which
satisfies

—AG(xXY) + 10 )R G(x,y) = éy(x), onM", an
3 G( ) +hyG(x,y) =0, onX, '

where R, is the scalar curvature, 7 is the outward normal with respect to metric g,
and hg is the mean curvature of X. Escobar [9, 10] showed G(x,y) ~ |x — y\f,‘” as

|x —y|g — 0. We can prove routinely that (1.2) is conformal if K(x,y) = G(x,y)% .
A natural question is what about the existence of the solutions for (1.2) with kernel
function G(x, y)% .

In the sequel, assume always that (M",g,X) is compact. The main goal is to
study extremal problem (1.3) with general kernel K(x,y) satisfying (K) and to get the
existence of extremal functions.

Main results state as follows.

THEOREM 1.1. Assume 1 <o <n, 1 <p,t <o with

1 n—a+1
+ -+ —=2, (1.8)

n—ll
n p t n

and K(x,y) € C*(M" x M"\{(x,x)}) satisfying (K). Then there is a positive constant
C=C(n,o,p,M), such that Hardy-Littlewood-Sobolev (HLS) inequality

o fisem0)

holds for all f € LP(XZ) and g € L' (M"). Define

<l fllee)llgllz am) (1.9)

Nk (p,o,M) = )// f(y)dS,dVy|. (1.10)

I£ller () HgHLr umy=1

Then, Nk (p,o,,M) = C.(n,ot,p) and Ng(p,o,M) can be attained if Nx(p,o,M) >
C.(n,a,p). Moreover, if Nx(o,,M) = Nx(Po,0,M) > C.(n, 0, po), extremal pair of
(1.3) satisfies system (1.2).
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Since G(x,y)% ~ |x—y[¢™" as |x—y[g — 0, then as [15], it is sufficient to

discuss the following HLS inequality: for any f € LP(X) and g € L'(M"),

[ Lsl—slg mrmasavi| <Clflpeleloom, (1)
which is equivalent to
|Eof||Lagey < ClIfl|ze(s)s (1.12)
where ¢ satisfies
I n—1/1 a-1
S (— - ) (1.13)
q n \p n—1
and é < ”n;l% < % ie., 1 <p <gq. So, I will get the following result.

PROPOSITION 1.2. Assume that 1 <o <n, 1 <p< (';11 and q is given by

(1.13). Then there is a positive constant C = C(n,a, p,M) such that (1.12) holds for
any f € LP(X). Moreover, for 1 <r < q, operator Ey : LP(M") — L"(X) is compact.

Define

Np.omt =sup { |[|Eaf||raqumy = |1 fllrz) = 1}- (1.14)

We have the following criterion for the existence of the extremal functions.

THEOREM 1.3. N, oM = Ce(n,ot,p). Moreover, if Npoyu > Ce(n,o,p), then
Np.am can be attained.

REMARK 1.4. If (M",g,%) = (Q,|-|,0Q) (where Q C R" is bounded and smooth),
oa=2,p= —2(";1) and t = 22

5 the result of Theorem 1.3 is the main result of Gluck
and Zhu [13].

A more general example for Theorem 1.1 is given as follows. Assume that (M", g)
is a locally conformally flat compact Riemannian manifold with umbilic boundary X.
If A1(Lg) > 0, Escobar [9, 10] showed that the Green function G(x,y) for conformal
Laplacian L, has the following asymptotic expansion

G(x,y) = [x—y[; "+ AQ) + alx,y) (1.15)

for |x—y|, small, where A(y) is nonnegative, o(x,y) is a smooth harmonic function
near y € X and o(y,y) = 0. Moreover, A = 0 if and only if M" is conformally diffeo-
morphic to B1(0).

Based on the above positive mass type result, we have

THEOREM 1.5. Let M" be a locally conformally flat compact Riemannian mani-
Sfold with umbilic boundary X and K(x,y) = G(x,y)%. If Mi(Lg) > 0 and M" is not
conformally diffeomorphic to B1(0), then

NK(pNOH(XaM) > Ce(naa7p~06)7
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which implies the existence of solutions to (1.2) with K(x,y) = G(x,y) (= by Theorem
1.1.

REMARK 1.6. When M" is a bounded domain Q C R" with umbilic boundary
and isn’t conformally diffeomorphic to B;(0), it holds NK<2("}:1),2,Q> >

C. (n,Z, @) with K(x,y) = G(x,y). For example, for any r € (0, 1), annular do-

main A, = B}(0) \ B,(0) satisfies the foregoing conditions. The result is not same as
the example given by Gluck and Zhu in [13].

Ngb [25] showed that the range (1,n) of parameters ¢ of (1.4) is not necessary.
And an optimal HLS inequality with necessary range of o, which generalized the clas-
sical HLS inequality and the HLS inequality (1.4), was established by a new method
in [26]. Namely, their proofs do not make use the layer cake representation technique
nor the Marcinkiewicz interpolation inequality.

In Lemma 2.3, we will establish a subcritical type inequality with 0 < o < n.
So, applying the Marcinkiewicz interpolation theorem, we can give a new proof for the
HLS inequality on the upper half space.

PROPOSITION 1.7. Let O < ot <n suchthat po < qo. Then there exists a positive
constant C := C(n, p, o) such that

H/BR e — yl” “

holds for any f € LP*(JR™).

The paper is organized as follows. In Section 2, we first establish a subcritical type
inequality (see Lemma 2.3) and a €-level inequality (see Lemma 2.6). Then, complete
the proof of Proposition 1.2. In Section 3, we present the concentration-compactness
principle. Section 4 is devoted to the proof of Theorem 1.3. Therefore, we can get our
main result — Theorem 1.1. Finally, conformal HLS inequality on the upper half space
(Proposition 1.7) are established in Section 5.

2. HLS inequality

This section is devoted to establishing a rough HLS inequality on a smooth com-
pact Riemannian manifold (M",g) with boundary X = dM".

For convenience, we introduce firstly some notations. For 6 > 0 small enough,
write Mg = {x € M" : dist(x,X) < 6} is a tubular neighborhood of ¥ and 7 : M5 — X
denotes the nearest point projection. For & € X, choose a normal coordinate for X at
&, namely 1y,...,7T,—1. Let Cs = {x € Ms : dist(n(x),&) < 8}. For § small, we have
a coordinate near £ for M" as

9:Cs — By 1(0) x [0,8] : x = (2(m(x)),1(x)),
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where #(x) := dist(x,X). It is usually called the Fermi coordinate at £ . We will identify
Cs with B '(0) x [0, 6] through ¢.

Note that g = g;;dx; ®dx;+ dx, ®dx, . Under the Fermi coordinate (see e.g., [17]),
we know that for any € >0 and & € X, there exists 6§ > 0 such that

(1—e)I<g<(1+e)l in Cs. 2.1)

2.1. Subcritical HLS inequality

Firstly, we recall the following Hausdorff-Young type inequality established in
[17].

LEMMA 2.1. (Lemma2.3in [17]) Assume X and Y be measure spaces, and 1 <
P:d0,q1,7 < o0, p<1, o<1 and 5+ =2+ 1. Define (Kf)(x)= [y K(x,y)f(v)dy,
where K is definedin X xY and satis]%es

€1 €

([ Ky ma® <a, ([ K@ylna) <a
X Y
then for a function f definedon'Y,
IKfllrxy < Allfllzecr)- (2.2)

REMARK 2.2. By a careful study of the origin proof of Lemma 2.3 in [17], I find
that the condition of ¢gg,q; > 1 can be weakened to gg,q; > 0.

As an application of the above Hausdorff-Young type inequality and Remark 2.2,
we have the following subcritical inequality.

LEMMA 2.3. Let o, p,q,r satisfy o € (0,n), L <p<r, g=1and

1 —1/1 o—1
. (—— ) 2.3)
q n \p n—1

1

- >

,
Then there is a positive constant C(o, p,M",g), such that

Eaf!|rumy < C(n, 00, p, M", @) 10 (x) (2.4)

holds for all f € LP(X). Moreover, for 1 < r < q, operator Eq : LP (M") — L'(X) is
compact.

Proof. Let g1 >0 and go = ;%5q1 satisfy

1 11
et R} 2.5)
rq0 qo\p

Then go <, qo € (0, ;25) and g1 € (0 "_1).

‘n—o
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n

For any x € M" and y € X, since (n— o)qo < (n— )~

5 =n,we have

JL =l () < Clngo, o M),
Mn

Using (n— ot)q; < (n— &) 2=L = n— 1 and the fact

n—o
[7(x) = ¥lg < |7(0) = xlg + [x = ylg < 2=,

we have
/|x Y@ gs, (y C/|7r )=y NS () < Cln,gr, o, MP).

Hence, the inequality (2.4) follows from Lemma 2.1 and Remark 2.2.

Now, we show the embedding E : LP(M") — L' (X) is compact. In fact, it is
sufficient to prove the result for the case p < r < q.

Let {fu(y)} C LP(X) be a bounded sequence. Then there exists a subsequence
(still denoted by {fi»(y)} ) and some function f € LP(X) such that

Jm — f weakly in LP(Z).

For some constant p > 0 determined later, we write Eg f,(x) as

But) = [ 220 as, 0
8
Jm(y) Jm(¥)
N oy adse) T — S,
~/Zﬁ{|x—y\g>p} |x_y|;7’—06 A(y) ,/Zﬂ{\x—ylgép} |x_y|;q’—oc A(y)
— EL fu (%) + E2 fn (). (2.6)

For a given point x € M", since |x — y[¢"" X{y:[x—y|,>p} € LP/(P=1)(%), the weakly
convergence implies that

ELfn— ELf pointwisely a.e. in M",
and by Holder inequality we deduce that

fn ()]
Eufl< S, 0)
’ {beylg>p) =yl

(a—n)p

p—1
<[ =l asd0) 7 Il < Cp).
{k=ylg>p}

Hence, by dominated convergence theorem, we have

E\fn — ELf stronglyin L (M"). 2.7)

Since go € (0,-2) and ¢ € (0,2=1) in (2.5), we have

7n0£

nt
o n+q0

a—n)qo L
-y dv a0 < C,
(/{M"mlx y\g<p}‘ : B)® <Cp
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and

oa—ntt-1

1
(/ |x y|a nq1ds())q_<Cp q1
{Z0lx—yle<p}

n n—1
Write A = Cmax{ p® "0 p* " a } Obviously, A — 0 as p — 0. From Lemma

2.1, it yields
IES(fn = D)z aamy S Allfn = Fllrs)- (2.8)
Choosing p small firstly in (2.8) and then sending m to infinity in (2.7), we arrive at
Eofm — Eqf  strongly in L' (M").

Hence the embedding is compact. [J

REMARK 2.4. Under the conditions of Lemma 2.3, wehave 1 <p<r<gq, p<

slifl<oa<nand p< - ifO<a<1.

Define the extremal problem for inequality (2.4) as

Nprom :=sup{||Eafllram) s 1 flles) =1} (2.9)
By the compactness of Lemma 2.3, we have
PROPOSITION 2.5. N ;oM can be attained. Namely, there exists some nonnega-

tive function f € LP(X) such that || f||rpz) =1 and Np ra.m = ||Eacf | 1r(un) - Moreover,
f satisfies the following Euler-Lagrange equation

r—1 X
N;,r,a,pril(Y) :/ o) )d

——dV.. (2.10)
o fx =yl

Moreover, f € L™(X).
Proof. Since the proof is standard, we omit the details in here. [

2.2. Roughly HLS inequality

We firstly establish the following € -version inequality.

any small € > 0, there is a constant C(g) > 0 such that
Eafl gy < (Celn, 0, p) +€)° [ £l ) + C(E)NEasifN]a ) (2.11)

holds for any f € LP(X).
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Proof. Without loss of generality, we assume f > 0.

Using compactness of X, (2.1) and the HLS inequality established by Dou and Zhu
[6], for fixed € > 0, we can choose & > 0 small and take {ni’g}ﬁ;l be a partition of the
unit covering of Ms,suchthat 0 < Mje <1, supp{Mie}NZ#0 forall i=1,2,--- k,
21 17713 =l,andforall i=1,2,--- )k,

HEOC(nt 8f)||L‘1 (supp{Mie}) ( (}’l o p) +3)an EfHLI’ (ZNsupp{Mie})- (212)

Thus, similar to the computation of Proposition 2.5 of [15], we have

HEOtfHLq (Mg) ||(E06f) Hm/p (Ms)
k

=l ang(Eaf)pHLq/n(Ms) <Y ‘|77,-Ijg(Eaf)p|‘Lq/p(supp{m‘s})
; “ :

__js‘hthafHUIwmﬂmsD

i=1
k

P
<Y (| \Eo(Mie )|a(supplniey) T MieEaf — Ea(Mief)| |Lq(supp{n,->s})>
i=1

((Celn, 0, p) + &) Mie fler zosuppinie ) + CE) I Ear1 fllzaaam))”

N
M-

—

N
M=

(Ce(n,o,p)+€)P(1 +¢€)| |ni,sf‘ |€p(zmsupp{ni£}) +C(£)||Eoc+linq(Mn)

Il
—_

—~ =

e(n, 0, p) +€)P (L4 €)1} (5) + CEEar1 /NI Zgam): (2.13)
On the other hand, if x € M"\ M, then
1 x—ylef() 1
E <= | ——=—2dS,= <E .
af(X) 6 5 |x_y|g—a y 6 a+1f(x)

Thus, we arrive at
P P
Bt aqaany < (EaFllaommatg) + Eaf o)
1 p
< (5 1Ea 11 woamaay) + 1 Eaf sy

Combining the above and (2.13) we get (2.11). [

1 and q satisfy (1.13). Then,
there exists some posmve constant C = C (o, p,M", g) such that, for any f € LP (%),

Eaf||aumy < ClIfl|Lr(s)- (2.14)

Proof. Combining Lemma 2.6 and Lemma 2.3, we complete the proof. []



170 Y. HAN

REMARK 2.8. For any bounded sequence {f,,} C LP(X), there exists a subse-
quence (still denoted by {f,,}) and some function f € L?(X) such that

fm— f weaklyin LP(X),
Eofm — Eqf weaklyin LI(M"),
Eofm — Eqf stronglyin L"'(M")

forall r € [1,q). Furthermore, Ey f;, — Eqf pointwisely a.e. in M".

3. Concentration-compactness principle

LEMMA 3.1. Assume that {f,,} C LP(X) are a bounded nonnegative sequence
and there exists some function f € LP(X) such that

Sm— f weaklyin LP(X).

After passing to a subsequence, assume that |Eq fin|1dV (x), | fm|PdSy converge weakly
in the sense of measure to some bounded nonnegative measures v, (L on M". Then,

i). There exist some countable set J, a family {P;: j € J} of distinct points in Z,
and a family {v;: j € J} of nonnegative numbers such that

v = |Eqf]7dV (x) + Y, v;bp,, (3.1)
JjeJ
where 5pj are the Dirac-mass of mass 1 concentrated at P; € X;
ii). In addition,
w=|fIPdSy+ Y, u;dp, (3.2)
jel
for some family {p; > 0: j € J}, where u; satisfy

v;/q<C (n, 0, p); VP forall jel. (3.3)

r/a

In particular, ¥ je; V; VI < oo,

Proof. We firstly show i). Let {f;,} C L”(X) be a bounded nonnegative sequence.
It follows from Remark 2.8 that

Eqfm — Eqf weaklyin LI(M"), (3.4)
Eqfm — Eqf stronglyin L' (M"), (3.5)
Eqfm — Eqf pointwisely a.e. in  M", (3.6)

where r € [1,q). Then, Brézis-Lieb Lemma leads that

= lim (‘Eafm| —|Ea(fin — )| = |Eaf|?)dV(x)

m— oo

—/ dv — / Eq fl7dV (x) — 11m/ \Eo(f — f)]9dV ().
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So, it is sufficient to discuss the case f =0.
Let ¢(x) € C5(M"\X). Since dist (supp{¢},Z) > 0 and (3.6), we have

fn(¥)

————dS
ot e

<c [Uflas,<c
and, as m — oo,
O(X)Eqfm — @(x)Eyf pointwisely a.e. in M".

It follows from dominated convergence theorem that for any ¢(x) € C5(M"\X),

im [ [Q(x)Eqf|?dV (x) = /M Ne)Eaf|?dV (x).

m— oo v

Hence, V|ymz = |Eqf|7dV (x).

Suppose that ¢(x) € C5(M") satisfies supp(¢) NZ # 0 and supp(¢) C Mg. By
the classical argument of Lions (see [22,23]), it is sufficient to prove that there exists
some positive constant C such that

([ Jorav) " <c( [lgraw)'’, voecy o). ()
Indeed,
([, 1o Eanltav() "
<, 1B av ) ([ lo-Eatu—Ealpflav ()"
<C(/Z\(pfm\pdSy)l/p+ (/M5 \(p-Eafm—Ea((pfm)|qu(x))l/q. (3.8)
Note that

|©-Eqfn—Ea(@fm)]
’ / ) =ylg™ fm(y)dSy‘

< o) (00— OOV )5
+ [ i (900~ OO =Y ()|

=:J1+ /5.

Write R(x,y) := (p(x) —o(y))|x— y| " Ttis easy to check that R(x,y) € L"(M"), for
r<toeoif a+1-—n>0and r <, 7= if @+ 1—-n<0. Note that

J gc/ x—y|& T (v)dS,y |
1 ’B»;l(n(x))‘ A )y
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For oo+ 1 —n > 0, by dominated convergence theorem we have

lim Jqux =0. (3.9
m——+oo Ms

For a4+ 1 —n < 0, by the HLS inequalities (1.12), we obtain
Jrel’ (M"),

where % = ";1 (;—7 — ﬁ) < ~ . Furthermore, repeating the proof process of Lemma

2.3, we have (3.9) again. Smce R(x,y) is uniformly bounded for y € Z\Bg’_l(n:(x)), by
dominated convergence theorem, we arrive at

/ Hav(x /M 5| /Z ey RED (v)dS,|"av (x)

= R(x,9) £ (3)dS, |“aV (x) = 0.
My |/Z\B’,;‘<n(x>> o

strongly in L9(Mg). Hence, we get

lim (/ 10 Eafon — Ea(fn)|7dV,) 7 = 0. (3.10)
Mn

m—r—+-oo

Letting m — 4o in (3.8), and using (3.10) we deduce (3.7). Furthermore, by P.
Lion’s Lemma (see Lemma 1.2 in [23]), there exist some countable set J, a family
{P;: j € J} of distinct points in X such that

lim |Eq(fin— f)9dV (x) = Y, v;8p,,
m—ee jeJ

and

v = Eqf|9dV (x)+ Y v,
jeJ

where v; = v({P;}).
Next we show ii). Since

fm— f weaklyin LP(X),
then, u > |f|PdS,. So, we just have to show that for each fixed j € J,
1/q 1
Vi = v({B)Y < Coln ot ) ({BDYP = Celn, o pp

For point P; € X and § > 0 small enough, we can choose a neighbourhood
Cs.p; = {x € M5 : ds(m(x),P;) < 8} C M so that

(I—e)I<glx)<(1+€), VxeCsp,.
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Define @ (x) = ¢(5), where @(x) € Cy(R™) satisfies 0 < @(x) < 1, ¢(0) =1,
supp ¢ C BY(0)NR™. and A € (0,8). Then,

Eal(92.90)-Fn) = [[(92.°00) () =15 ~"dS,(»)
= 01 (") (fmro 6~ ) ()lx —ylg™"V/detg(y)dy

BL(0)NIR".
1_|_8n/2 B .
L eUmos )|y
(I—¢)>2 % (0)NIR”,
and
E ) |aav e
L o [0 00) -l
SUFf( [, | 1Eal(gro0) fu)liar)
8
n 1
(Hs)f“*ff)/ / o g
n—a m © X d dx
= Uy g ooy 92009700317
n 1
(1+e)30) 1p
= Celnap)( [ Fno rd
Tl oo 1901 n 80" )
1 4+¢)2059)
S(ﬁCe(n,a,p)(/i |(@p09) 'fm|pd>’)1/p-
(1 _ 8)21) 2 0] 1(33(0)08]1&)

Combining the above we have
(/Mn (92.09) Eq |1V (x))
) </¢1<Bg<0)mm) Ea((93.00) fu)l*aV () "
" (/dal(B;;(O)nRi) [(01.06)- Eafu— Ea((92°0) - fu) %V (x))

1+ 5(1+3)
che(ma,p)(/ |(¢A°¢’)'fm|pd5y)l/p+l» (3.11)
— &)

0~ (B3(0)9RY)

1=(/ (920) Eafn— Eal(92.00)- ) 1V () /.
¢~ (B5(0)NR")
Arguing as (3.8), we have

— o) - — o) - 14 — o0,
F= () ) (022 Bl = Eal(92.00) NV ()", asm—+
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Hence, letting m — oo leads

(/o oglav)""

w o )P 1/p
STl LItz o0)rdu)
1/q
+ (/1 |(¢AO¢)'Eaf_Ea(((PAO(P)-f)qu(x)> . (3.12)
o~ 1(B%(0)NRY)
Since

Aﬁwmwﬂmmy%NW@HOaskeW
1 +

and

(/¢"(B” (0)NR™ ) [Ea((9200)- )%V (x)) v
5 1

<C(/ (@1 00)-fIPdS,)" " =0 as A —0",
o~ (BL(0)NIRY)
the proof is complete by letting A — 0" and € — 0". [

4. A criterion for the existence of extremal problems

In this section, we discuss the existence of extremal problems to (1.12) (Theo-
rem 1.3) and give an example for which the criterion Nx (P, 0, M) > Ce(n,a, py) is
satisfied (Theorem 1.5).

4.1. Criterion for the existence of (1.12)

Because of the definition of C,(n, c, p) (see (1.4)), we know that C,(n, o, p) can
also be defined as

fO)glx
cmap)=swf|[, [ LS avas| U = sl =1, 0

where t = ¢’ = ﬁ Dou and Zhu [6] proved the best constant C,(n, o, p) can be at-
tained by a pair of nonnegative functions (f,g) € L?(dR’, ) x L' (R’ ). Hence, extremal
pair satisfies the Euler-Lagrange equations

{Ce(n7aap)fpl(y):fR’ig(x)|x_y|andxa (42)

Celn, 0, p)g' ™" (1) = oz ()% "dy.
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Moreover, by scaling, we know that function pairs

AO)=A7"T F/A), gr(x) =A Tg(x/A), VA >0 4.3)

also satisfy (4.1) and (4.2).
Similar to (4.1), extremal problems to (1.14) is equivalent to the following form

N Jur 2 F(0)g(x) | — y[g"dVidSS, w
p,o,M = sup ) ]
1l 5y >0l gm0 1A er () gl e )

LEMMA 4.1. N, gm = Ce(n, o, p).

Proof. Let A > 0 be small positive constant and § > 0 be some fixed constant
selected later. Define

2 Ak, inBEH(0) ~ .~ J&(x), inCj(0)
! (y)_{o, ina]%aﬁ\Bg—l(O) and g(’o_{q inRZ\Cg(O)

where fj (x), g (v) are given in (4.3) and C§(0) = B’g’l(O) x [0,8]. Then, (f,8) €
LP (R ) x L'(R"), and we have by (4.1)

/ L o B s
= [ fog A R Ot [ [ r e s
n Jorn 2 Jypss®

_/ o \cu(0) Jowy SOOI 2 0)dydx

+ e R [ AR I
y

~Cmop)=Clnap) [ S0 -Clmar) [, &0

+/ Jo()gn (¥)|x —y|*"dxdy
"\C5(0) Jy|>6
:=Ce(n, o, p) —1—TI+1IL @.5)
and then
Jrn Jorn F)&(x) b —y|*"dydx
17l o) 1811 ren

Ce(n,a,p)—1-11
"N Al @re lgallo ey

=C,(n,o,p) —I—1IL (4.6)
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For fixed & > 0, since || f{|zr(arr ) = [|g]lzr(rr ) = 1, we have for  — 07,

I:=C,.(n,a,p) | 5ff(y)dy=Ce(n,oc,p)/ fP(y)dy — 0,

[y[> [y[>8/A
II:=C,(n,«a p)/ g5 (x)dx — 0.
r\Cy0)
So, for A — 01,
Jrn Sorn F(0)&()[x — y|* " dydx
S > C.(n,0,p) +o(1). @7

£ 2o o 1811 e

For any given point P € X, choose a neighbourhood Qp C M" so that for § > 0
small enough, in the Fermi coordinate around P, C5(P) := ¢~ (C%(0)) C Qp, and

(1—-e)l<glx)<(1+€), VxeCs(P).
Thus,
(1-€)2|9(x) — o) < =yl < (1+€)2|9(x) —0()],  Vx, y€C5(P).

Defining

0, in X\ Cs(P) 0, in M"\Cs(P)
we have
foptave <o)t [ jemrax @)
g c10)
Jras, < ey [ 500y @9
/ / ) — y|0c ”deV()
—/ /1 \/detg )\/detg(x)dydx
C)'l Bn

/ / )gl( ) (l_g)n—%dydx
n Bn 1 1_|_£ ‘x y‘n o

n1/2 )
— dvdx. 4.10
H“/ /B \x \"a” (10
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It follows from (4.5)—(4.10) that
Sy Jsv(x)u(y)|x — y[g"dS,dV (x)
el Lo (2 1Vl| 22 am)

w fcn an— ( ) dyd.x

‘x yln o

Npam 2

(1+ 8)Z+T” 121l o g1 oy 182 L 00

1— n—1/2
( ng)n—l n—o (Ce(n,a7p)—1—ll)
(14+e)2t 2 2

=

Sending € and A to 0, the estimate are obtained. [

Proof of Theorem 1.3. Letting p and g satisfy the conditions of Proposition 1.2
and taking r > p, then

1 n-1/1 a-1

=)

q n \r n—1

Replacing r, p by g,r in Lemma 2.3 and Proposition 2.5, we obtain a function sequence
{f+} which satisfy || f||.rs) = 1 and Nygam = [|[Eafr|lraum) - Itis easy to prove that
{f+} is uniformly bounded in L”(X) as r — p™ and

E n
MmeznmNmmM:nmﬂiﬁﬂﬁ@l. 4.11)
r—p*t r—pt | fellee )

Then, there exists a subsequence of {f,} (denoted as {f,}) and some function f €
LP(X) such that
fm— [ weaklyin LP(X).

From HLS inequalities (1.12), we know that
U = | fm|PdSy,  Vin = |Eq fin|?dV (x) 4.12)

are two families of bounded measures. So, there exist two nonnegative bounded mea-
sures 1 and v on X and M" such that

Um — U, and v,,, = v

weakly in the sense of measure.
Applying Lemma 3.1 we have

Vv =|Eaf|7dV(x)+ Y v;p,, W= |fIPdSy+ Y, 11;5p,, (4.13)
jet jeJ

and v; Y1 < ¢ (n,a P VP forall jeJ. Since [sdi = limyyw 5 | fin]PdSy = 1,
then fz\f\l’dSy < 1 and ,uj <1, jeld.
We claim that u; = 0, for j € J, which implies that v; =0, for j € J.
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In fact, otherwise, combining (4.13) and the fact £ e 1, we have

Nip = lim_ [ Eaf'av= / v

m— oo

—/ |Eaf\qu )+ 3 v

jeJ

SNZ;LM”JCHLP +ZC n,o p) ‘uQ/F
JjeJ

<N (/ |f|Pdv)q/p+Z alr
p,o,M s X M”]

jer

q/p
<NZO¢M (/prdsy"‘z,“j)

jer

a/p
paM</du) =Ny (4.14)
which yields a contradiction.

Repeating the process of (4.14), we have that

NZ,a,M:/Mn |Ea.f|?dV(x) and /Z|f|1’dVSy:1,

i.e., f is a maximizer. [J

4.2. An example for which Ng(py, 0, M) > C.(n, 0, po)

Assume that (M",g) is locally conformally flat and its boundary X is umbilic.
Now we will apply Theorem 1.1 to give the existence of the solutions for conformal

integral equations (1.2) with K(x,y) = G(x,y) =3

Proof of Theorem 1.5. By [6], we know that the solutions of (4.2) with p = py,
t = po are smooth and there exists a positive constant 1 such that

Fral(y) = <|‘;L_|>n O‘fﬁa 1<|l;|);> ghe(x) = <|/;CL_|>n7angl<|!;_|);>
for any o € (1,n), which implies that

Jfim_ "R () = u T (0),

lim [x"*%g(x) = u"**g(0),

i -too

Now, taking A — 0", we have

P _ . o
/|y|>5fA Oldy= | g, 0 Oy S C(8/2)7,

Pa —n
gh*(x)dx < C(6/A
/M\cg(()) ) (3/2)
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and

/ 5 /\v\<a x— y[%72 £, ()2 (x)dydx

=4 2/ / x— Y2 f(y)g(x)dydx > CA" 2.
5 y\<6/z

520

Repeating the proof of Proposition 2.9 of [15], we can prove the existence of (1.2). [

5. HLS inequality on the upper half space
We firstly establish the HLS inequality on the (B1(0),]-]).

PROPOSITION 5.1. Let o, p,q,r satisfy o. € (0,n), 1 < p < q and é = ”;(— —

o—
n—

L). Then there is a positive constant C := C(n, ., p), such that

H/931 \x y‘n “

holds for all f € LP(dB1(0)).

L4(8,(0) < C|f e a8, 0)) 5.1

Proof. 1f I can prove weak estimate, then the strong estimate can be deduced by
Marcinkiewicz interpolation theorem. So, I only need to prove the following weak type

estimate
H/9191 |x Y|n ¢

meas
{ ‘/931 |x y|n “

By homogeneity, we assume || f{|1»(9p, (0) = 1 Without loss of generality and will prove

meas
{ ‘/331 |x y|n “

For constant y > 0 determined later, define

f(y)dy
Egyf (x) = /aBl o [T

Jr—yl<y X =y

<cC : 5.2
195, 0) £ 1l (28, (0)) (5.2)

namely,

C q
>af e (o) o

>7L} <CA ™9, YA > 0. (5.3)

and

f(y)dy
E? T o
o Yf( %)= /BBI( 0),l—y| >y [x =y~
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Then for any A >0,

f(y)dy
meas{ ‘/331 —yp@ > 21
<meas{x: |E0m, (x)| > A} + meas{x: \Egm,f(x)| > A}

By Holder’s inequality,
dy 1/p'
E2 f(x)| < / 7,)
a0 ( 9B1(0).Jx—y|>y Jx — y| (=)
(Dt*)‘l)pl‘*’(n*l)
<Gy 7 =Cy ",
where p’ = -Z-. Choose ¥ = (1/C;)~%/" and then meas{x' |E2 f(x)|>21}=0.
Take g > O and qo = " q1 satisfying 1 + qo(zl, +‘11) Then, g1 € (0, 7= a),

qo € (0, 2 a) L2 pq‘f‘) =1and go < p. By Holder s inequality,

i f()ldy
|Eq ()] < /BB1 () r—y|<y % — y| =@ @o/p+(p=a0)/7)

< ( / ) Pdy )1/1’
= \JaB,(0) Jx—yl<y |x — y| ("= a0
P—40

. (/ |x—y|("a)‘11dy) pa
9B1(0),]x—yI<y

1
< Gyl a1 ( / LFO)|Pdy ) "
9B (

0)x-yl<y |x — | (=)0

Then,
o Eaaf )
<C”y[(°‘ n)gqi+(n—1)] 10 "0/ / )|pdydx
B1(0) J9B1(0),|x—yl<y |x Y| n=0)do
gC3y[(tx—n)ql+(n—1)]%H(Oﬂ—n)qoﬂ] — CyyPla-DH
and
|Egf (x )H CyyPla—1)+1
meas{x: |Ey f(x)] > A} < L&) 237
) 2{17
<C47Liﬁ G l)+1] P=CyA 1.
So, I have

{ ‘ / f(y)dy
meas —_—
dB1(0 \x y‘n «

and complete the proof. [l

> zx} <Cs(24)74
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REMARK 5.2. Note that there are analytic differences between the case o € (1,n)
and the case o € (0,1). Infact, If o € (1,n), [5p, (o) [x—|* "dy is uniformly bounded
for any x € By (0). While for the case o € (0,1], [5p, (o) [x —y|*"dy converges to e
as dist(x,dB1(0)) — 0. The fact will bring some new difficulties. I will study the
inequality (5.1) with & € (0,1) in the further work.

Proof of Proposition 1.7. By the Mobius transformation (1.5), I know that (1.16)
is equivalent to (5.1) with p = py, ¢ = qo. For conciseness, I omit the detailed
proof. [
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