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DIRAC INEQUALITY FOR HIGHEST
WEIGHT HARISH-CHANDRA MODULES I

PAVLE PANDZIC*, ANA PRLIC, VLADIMIR SOUCEK AND VIT TUCEK

(Communicated by J. Pecari¢)

Abstract. Let G be a connected simply connected noncompact classical simple Lie group of
Hermitian type. Then G has unitary highest weight representations. The proof of the classi-
fication of unitary highest weight representations of G given by Enright, Howe and Wallach
is based on the Dirac inequality of Parthasarathy, Jantzen’s formula and Howe’s theory of dual
pairs where one group in the pair is compact. In this paper we focus on the Dirac inequality
which can be used to prove the classification in a more direct way.

1. Introduction

In this introduction, we give an outline of the representation theory context for the
results in this paper. However, in each of the cases described in Tables 1 and 2, all
the notions become completely explicit and elementary, and the representation theory
context may be forgotten. Therefore, the reader who is not familiar with, or interested
in, representation theory can mostly ignore the rest of the introduction and only check
the concrete definitions given in Tables 1 and 2 before going to Sections 2 and 3 which
contain our main results.

Let G be a connected simply connected noncompact classical simple Lie group
of Hermitian type. (Exceptional Lie groups of Hermitian type are treated in [13]). Let
© be a Cartan involution of G and let K be the group of fixed points of ©. If Z
denotes the center of G, then K/Z is a maximal compact subgroup of G/Z. Let go
and £y be the Lie algebras of G and K, respectively, and let gy = €y & po be the Cartan
decomposition. Let ty be the common Cartan subalgebra of go and €y and let g, €,
t and p be the complexifications of gg, €, to and py. Let A; D A; denote fixed
sets of positive respectively positive compact roots. Since we assume that pair (G,K)
is Hermitian, we have a K -invariant decomposition p = p™ @ p~ and p* are abelian
subalgebras of p. Let p denote the half sum of positive roots for g.

A unitary representation of G such that the underlying (g, K)-module is an irre-
ducible quotient of a Verma module is called a unitary highest weight module. It is
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generated by a weight vector that is annihilated by the action of all positive root spaces
ing.

For A € t* which are A;r -dominant integral (that means 24.0)

(oo has to be an integer

greater or equal to zero), let N(A) denote the generalized Verma module. By definition
N(A) = S(p™) ® F,, where F, is the irreducible ¢-module with highest weight A .
The generalized Verma module N(A) is a highest weight module (A is the highest
weight of the K-type F) but also a g-highest weight of N(4)) which doesn’t have
to be irreducible or unitary. Our main goal in this paper is to determine those N(A)
which correspond to unitary irreducible representation of G. We consider only real
highest weights A since this is a necessary condition for unitarity. In case N(A) is
not irreducible, we will consider the irreducible quotient L(A) of N(A) and we will
determine those weights A which correspond to unitarizable L(A).

Harish-Chandra has shown that G admits non-trivial unitary highest weight mod-
ules precisely when (G,K) is a Hermitian symmetric pair and that is precisely when
the Lie algebra go is one of the Lie algebras listed in tables 1 and 2. To learn more
about highest weight modules see [1], [3], [5], [6], [7], [12].

In [5] (and independently in [12]), a complete classification of the unitary highest
weight modules was given using the Dirac inequality, Jantzen’s fomula and Howe’s
theory of dual pairs. They proved that L(A) is unitarizable if and only if the strict
Dirac inequality holds for all K -types occurring in L(A). This criterion is useful, but it
is not easy to use because it is difficult to determine the K -types of L(A). The purpose
of this and our future work is to show that the same result can be proved more directly
using the Dirac inequality in a more substantial way.

The structure of S(p~) is very well known (see [15]). The K -types of S(p~) are
called the Schmid modules. For each of the Lie algebras in Table 2, the general Schmid
module s is a nonnegative integer combination of the so called basic Schmid modules.
The basic Schmid modules for each classical Lie algebra gy for which (G,K) is a
Hermitian symmetric pair are given in Table 2.

Let U(g) be the universal enveloping algebra of g and let C(p) be the Clifford
algebra of p. The Dirac operator is an element of U(g) @ C(p) definedas D=3 .b; ®
d; where b; is a basis of p and d; is the dual basis of p with respect to the Killing form
B. Itis easy to show that D is independent of the choice of b; and that it is K -invariant
for the adjoint action on both factors. The Dirac operator acts on the tensor product
X ®S where X is a (g,K)-module, and S is the spin module for C(p). The square of
the Dirac operator is very simple:

D* = —(Casg ® L+ |p||*) + (Case, + ¢ ).

where pg is a half sum of the compact positive roots and €, is the diagonal embedding
of ¢ into U(g) @ C(p) defined on X € ¢ by A(X) =X® 1+ 1® a(X), where o is
the action map € — so(p) followed by the usual identifications so(p) = A%p — C(p).
There are many applications of the Dirac operators in representation theory (see [2],
(41, [81, [10], [111, [9D).

The Dirac inequality is a very useful necessary condition for unitarity. More pre-
cisely, if a (g,K)-module is unitary, than D is a self adjoint with respect to an inner
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product, so D> > 0. By the formula for D? the Dirac inequality becomes explicit on
any K -type Fr of L(A)® S

1T+ pell® > 12 +plI*.

In [5] it was proved that L(2) is unitary if and only if D?> >0 on F, @ A*Pp* for
any K-type F,, of L(A) other than F) , that is if and only if

lt+pl? > (12 +pll*.
As we already said, it is difficult to determine the K-types of L(1).

Table 1: p and Wy

| Licalgebra | p | generators of Wy |
sp(2n,R) (n,n— 52,1) Sg—g;, L<i<j<n
50%(2n) (n—1,n— 27.,.,1,0) sg—g;, L<i<j<n
I _ _ e, I<i<j<p
< n—1 n-3 n+3 —n+l Sgi—gjy 1 S X
su(p,q)p\q, (27 2 ) 2 2 ) 0rp+l<1<j<n
50(2,2n—2) (n—1,n—2,...,1,0) Sgte, 2<i<j<n
_ 1,3 1 Sgtes 2<I<j<n,
50(2,2n—1) (n—5,n—5,...,3) S, 2<i<n

Table 2: The weights of basic Schmid modules and the condition for the t-highest weights
)L = (2'172’27'“72’")

| Licalgebra | basic Schmid modules | highest weights
si:(27"'72707"'70)7 24122422...22,,“
sp(2n,R) ; Ai—Aj €L,
i=1,....n 1<i j<n
S,':(l,,.,,l,o,,.,70), 7{,122,22 >)Ln,
s0*(2n) > Ai—Aj €
[n/2) 1<ij <”
Az 22/[7;
si=(1,...,1,0,...,0]0,...,0,~1,...,—1), Apit > o> A,
N—— ——
su(p.q) p<q. ; ; Ai—Aj €L,
i=1,....p 1<i<j<p
orp+1<i<j<n
_ 1:(17170 ,.,O), 12 )LS . )Ln I/M/n|
50(2,2n-2) 52 = (2,0,0,...,0) Ai—Aj €7, 2<ij<n
_ lz>l3>m>7tn>07
s0(2,2n—1) 1:((1273%'”’%))’ Ai—Aj € Zand 2); € Z,
sy = sU, U, 2<l7‘]<n

The results of this paper provide examples for the following theorem:
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THEOREM 1.1. Let us assume that g,p,A,s are as in tables 1 and 2.
(1) Let 5o be a Schmid module such that the strict Dirac inequality

1A =) +pl* > |12 +p|? (1.1)
holds for any Schmid module s of strictly lower level than sq, and such that
(2 =s0)" +pl* <12 +p]*

Then L(A) is not unitary.
(2)1f
12 =s5)" +pl*> 2 +p]? (1.2)

holds for all Schmid modules s, then N(A) is irreducible and unitary.

In Theorem 1.1, (A —s)™ is the unique £-dominant W -conjugate of A —s, which
means (A —s)* is as in the third column of Table 2.

The proof of the above theorem requires some tools from representation theory, so
we will omit it in this paper and prove it in [14].

Another possible reason to provide this detailed study of the Dirac inequality is
that [5] prove a relationship between the norms of certain K -types in which the eigen-
value of the Dirac operator appears. Together with results of the current paper this
could be potentially used to study convergence of K -type decompositions / series in
the Hilbert spaces involved.

In Table 1, sq(A) =24 — %a is the reflection of A with respect to the hyper-
plane orthogonal to a root «, Wg’ is the Weyl group of € generated by the s .

Here A and p are elements of t* which is identified with C", and ¢; denotes
the projection to the i-th coordinate. The roots are certain functionals on t* and the
relevant ones are those in the subscripts of the reflections s in Table 1, like & — €; or
&+E;j.

The rest of this paper is devoted to analyzing the Dirac inequality (1.2) for various
choices of s. Our analysis will be case by case for the Lie algebras as in the above
tables but first we need two auxiliary results that are going to help us in each of the
cases.

2. Some technical lemmas

LEMMA 2.1. Let g be one of the Lie algebras listed in the above tables. Let U
and v be weights as in the last column of Table 2. Let wi,wy € W¢. Then

Wit —wav) T +p > = [[(u—v)" +pl*.

In Lemma 2.1, (wiit —w,Vv)" is the unique dominant W -conjugate of wiu —
wa Vv, which means (wit —w, V)" is as in the third column of Table 2. The proof
requires some representation theory and we leave it for [14].

In the computations needed to prove the Dirac inequality, we will repeatedly use
the following elementary lemma.
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LEMMA 2.2. Let i and v be two n-tuples with strictly decreasing coordinates
and let p be as in Table 1.
(1) Suppose there are u,v, 1 <u <v < n, such that

My =Vy,... s ly—1 = Vi1 Wy < Wy

Let i,V be obtained from [L,v by moving the v-th coordinate to the u-th place and
shifting the coordinates in between to the right, i.e.,

1= (1 Mt o By By 1 1+ M)
and likewise for v'. Then
lu+pl?=llv+pl? > lu'+pl* = V' +pl 2.1)
(2) Suppose there are u,v, 1 <u <v < n, such that
Wy > Vs Hyt1 = Vst by = V.

Let 1, V' be obtained from [, v by moving the u-th coordinate to the v-th place and
shifting the coordinates in between to the left, i.e.,

nu/: (nul?"'huM—la.uM+l7'"a.uVa.uu7.uV+17"'7un)
and likewise for v'. Then
e +plP=llv+pllP > llu +p > =V +p* (2.2)

(3) Let W be a n-tuple, such that for some s,t > 1 and for some u between I and
n—s—t,
u= (.LLl;---a.leu;x_"l;, X 7.uu+5+t+17"'nun)'

s t
Let
.u/:(”lw“vuua, X 7x+17.uu+.\'+t+l7'”v.un)~
t K
Then

e +pl? > ' +p?
Proof. (1) The difference of the two sides of (2.1) is

[

: —(w +PV)2] = [(u + Pu)2 —(w +Pu)2]

(s =+ py)
= (W — vv>(uv + Vo +2py) = (v — W) (o + Vo +2py)
= (v — W) (2py — 2pu)

=2(Vy — W) (Pu — pv)-

Since v, > U, by assumption, and since p, > p,, the claim follows.
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The proof of (2) is analogous to the proof of (1).

(3) We prove the required inequality by successively switching pairs x+ 1, x as
follows. Let

.u// = (.ulw” s My X, X+ L, x x+ 17,uu+.\'+t+17~~~ ,[ln).
s—1 =1
Then we see, factoring the differences of squares, that
e +pl? = llu"+pl?
= (0 L 1) = (e pus 1) 4 (0 purse)? = (0 Lot Pugssn)?

= (2x+ 142put1) = (2 + 14 2Put544)
=2(pu+1— Puts+r) > 0.

Now we continue with the next pair until we reach u’. The claim follows. [J

3. Dirac inequalities

3.1. Dirac inequality for sp(2n,R), n > 1

The basic Schmid ¢-submodules of S(p~) have lowest weights —s;, where

si:(zﬂ"'72a0a'~~70)7 lzl,,l’l
——

i

The highest weight (g, K)-modules have highest weight of the form A = (41, 4,...,4,),
where A; —A; € Ny, i > j. Here Ny denotes the set consisting of all non-negative inte-
gers.
In this case p = (n,n—1,...,2,1). The basic necessary condition for unitarity is
the Dirac inequality
IA—=s)* +pl* = 2 +p]* 3.1)

To understand this inequality better, let ¢ < r be integers in [1,7] such that

A= (Ala"'vlhll - 1,...,2,1 - laxr+l7~~~>xn)7 (3.2)
—_—— — —_—

q r—q
with A1 —2> A1 > ... > A,. Then

(;\,—51)Jr = (Al,...,kl,ll— 1,...,11 — 1,11—2,2,,_;,_1,...,3,") :2,—(8[14-8,«).
—_—— ——

q-1 r=q
The inequality (3.1) now becomes equivalent to |4 +p — ][> > ||A +p]|?, or to

2<2’+pa811+8"> < HYH2a
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where y=¢,+¢.. If g#r,then 4, =21, A, = A; — 1 and ||7||?> =2, and the inequality

becomes
r+gq

2

If g=r, then A, = A, = A; and ||y||> = 4, and the inequality is again (3.3).

Now we are going to see in which cases the Dirac inequality holds for s;, i €
{2,...,n}. We start by examining what happens for the first ¢ basic Schmid modules
§=S51,...,5¢. We have

2,1 <—n+

(3.3)

(A'_Si)-i_:( 2'1 711—l,ll—l,ll—Z,er,...,M)
q—i i r—q—i i
2':( 2'1 5 A'l 7xl_laxl_lax’}”+l7'”vx’n)7
q—i i r—q—i i
SO
12 =)t +pl> = A +pl, (3.4)

is equivalent to non-negativity of

q r

S [m—14p)? = (+p) ]+ D [(M—24p0)* = (ki —1+p)],

u=q—i+1 v=r—i+1

where p, =n—u+1, p, =n—v+ 1. Factoring the differences of squares this expres-
sion becomes

q r

— > @u-142p)— > (24 -3+2p)

u=q—i+1 v=r—it1

—i2M —1)=2[(n—q+i)+...+(n—q+1)]—i(2A4; —3)
=2[n—r+i)+...+(n—r+1))

= —4il +4i—2i(n—q) —2i(n—r)—4(i+...+1)

= 2i2M+2n—-2—qg—r)=2i(i+1).

Dividing by (—2i), we see that (3.4) is equivalent to
2M+2n—2—qg—r+i+1<0,

or
r+q—i+1

5 .
Moreover, it is clear from the above argument that (3.4) holds strictly if and only if (3.5)
holds strictly. Note also that for i = 1, (3.5) is exactly our basic inequality (3.3), while
for i = g we get

M < —n+t (3.5)

r—+1
2

2,1 <—n+
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THEOREM 3.1. Let A be as in (3.2). Then:
1. If for some integer i € [1,q]

+g—i+1
M<-—ny T
2
then the Dirac inequality holds strictly for any Schmid module s = (2by,...,2b,),
bj€Z, by = --- = b, > 0 with at most i nonzero components, i.e.

12 =s)*+pl* > (12 +p|. (3.6)

2. If

1
M < —I’l—|—%,

then the Dirac inequality holds strictly for any Schmid module s.

Proof. Let
s = (2b1,...,2b;,0,...,0), Jj<i 3.7

If s =s; is a basic Schmid module, then we have already seen that strict (3.4) holds
for s, because strict (3.4) holds by assumption. So let us assume that s is not a basic
Schmid module, i.e., b1 > 2. We will show how to reduce the claim to the same claim
for s’ with smaller »; and then use induction.

Let k, ] <k<j,besuchthat by =...=by > byy;so

§ = (2b1,...,2b1,2bk+1...,ij,o,...,O).
———
k

Let
S/ZS—SkZ (Zbl —27...,2b1 —272bk+1...,2bj707...,0).

k

We claim that
A =s)"+pI>= A =5)"+p]* (3.8)

If we prove this, then we can do induction on b; and conclude that (3.4) holds strictly
forall s asin (3.7) (by = 1 corresponds to s = s;, the case already handled).
To prove (3.8), we first note that

(A‘ _S)Jr = ( A‘l 72’1 - 172’1 _Zb/aazfl _Zbk+l7z’l _2b17z’r+17"'aln)+;
~ N—— ——

q-j 4 k

(;L_S/)+:( A‘l 72'1_17;\’1_ija"ﬂz’l_Zbk+l7z’l_2b1+2aa‘r+la"'7zfn)+a
~— —— —_——
q-j 4 k

where the first r coordinates in each expression are already arranged in descending
order, and A,,1,...,A, have to be put into proper places.
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By Lemma 2.2, to prove (3.8) it is enough to prove

In+pl*=ln"+pl? (3.9)
where

n=(A ,M—1A=2bj,..., At = 2bj 1,1 = 2b1, A1, An)s
N~ N~ ——
q-=j 4 k
Tl/ = ( 2'1 7A'l - laxl - 2bj7 e 7A'l - 2bk+l7ll —2b +27xr+17' .. 72171)'
N~ N~ —
q-=j 4 k
In more detail, to see that (3.8) follows from (3.9), we first use Lemma 2.2(3) to
move the coordinates A; —2b; of (A —s)T to the left past those of A,1,...,A, that
are equal to A; —2b; + 1. Now the coordinates A; —2b; of (A —s)* are positioned
exactly above the coordinates A; —2b; +2 of (A —s')", and we can use Lemma 2.2(1)
to move these coordinates simultaneously to the left of those of A,..1,..., A, that are
> A —2b+2.
To prove (3.9), we compute factoring the differences of squares,

r

In+plP=In"+pl>= > [(M—2b1+p;)*— (A —2b1+2+p;)?]
Jj=r—k+1

r

= > (-2)2M —4bi+2+2p))

Jj=r—k+1
= —2k(20 —4b1+2) —4[(n—r+k)+...+ (n—r+1)]
= —2k(2A1 —4b1 +2+2n—2r+k+1).

This expression is positive if and only if
244 2n—4by—2r+k+3<0. (3.10)
Since by assumption
r+q—i+1
2 )
and since b; > 2, we see that (3.10) will follow if we prove

A< —n-+

r+q—i+1-8-2r+k+3<0,

or
—r4q—i+k—4<0.

The last inequality is however obvious since ¢ < r and k <.

So we have proved (3.9), and as explained above, this finishes the proof of Theo-
rem 3.1(1).

We now prove Theorem 3.1(2). If we take i = ¢ in the already proved Theorem
3.1(1), we see that (3.6) holds strictly for all s having at most ¢ nonzero components.
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Assume now that g < r, and that
s=(2by,...,2b;,0,...,0), bi>1, g<i<r (3.11)

Let s = (s—s,)" and let A’ = (A —s,)", where s, is the gth basic Schmid module.
We claim that

(A =s)"+pl? = (A" =) +p]? (3.12)
and that
1A +pl* < 1A +p]> (3.13)
If we prove these two inequalities, then it follows that
1A =s)" +pIP= 1A +pl* > A" =) +pl> = 12" +p|, (3.14)
so the strict inequality (3.6) for A and s will follow if we can prove the strict (3.6) for
A" and 5.
Since
2’/ = (A'l_ 1711'_ 27Ar+17~~~7ln)7
——— ——
r—q q

the analogue 7 of r for A’ satisfies ¥ > r. Moreover,

1 ' +1
l{:ll—l<ll<—n—|—%<—n+r; .

Furthermore, the analogue ¢’ of g for A’ satisfies ¢ = r—q < r <, and the
number of nonzero coordinates of s’ is <i < . Also, the sum of coordinates of s’
is smaller than the sum of coordinates of s, and as we keep reducing as above, the
number of nonzero coordinates will also become smaller. So we can use induction and
keep reducing s until we come to the situation i < g, which we already handled. Thus
to prove Theorem 3.1(2) for s as in (3.11), it suffices to prove (3.12) and (3.13).

To prove (3.12), we apply Lemma 2.1 as follows. Let

p=21"=A-sy", v=s'=(s—sy".
Let wi,wy € Wg be such that A —s, =wu and s—s, =wov. Then Lemma 2.1 implies
[A =) +plI* = [(wig —=wav) " +p > = l(w=v)" +pl> = |(A =) +p|?,

and this is exactly (3.12).
To prove (3.13), we compute

12 +pl? 12"+ p]?

r—

S

r

q r
=D Fp)+ Y M—1+p) => (M—14p) = > (h—-2+p)’
j=1

Jj=q+1 j=1 Jj=r—q+1
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Z2/llpj+pj +(r—q)(M—1) +Z (A1 —1)p;+p7]

j=1 Jj=q+1
rfq r
—(r=q) (M =1 =Y 2(M = Dpj+pfl—qM =2 > [2(k—2)p;+p]]
j=1 j=r—q+l1
:‘IM -2 Z P1+22PJ+4 Z pj

Jj=q+1 Jj=r—q+1

g(4r —4)—2 Z p,+2Zp,+2 Z D

Jj= q+1 Jj=r—q+1
g(M—1) +22p,+2 Z p;
j=r—q+1

4q(AM — 1)+ [2q(n—q)+2(q+...+l)}+[2q(n—r)+2(q+...+1)]
=220 —2)+ (n—q)+ (n—r)+(g+ 1)) =2qRA +2n—r—1).

Since 4} < —n+ 5~ ’H , the last expression is clearly < 0, and this implies (3.13). So we
have proved Theorem 3.1(2) for s asin (3.11).
Finally, suppose that » < n and that

s=(2b,....2b:,0,...,0),  bi=1, i>r (3.15)
Let s =s—2¢ and let A’ = (A —2¢;)". We claim that
A=) +pl?P = (A" =) +p|? (3.16)

and that
A +p2 <A +p]* (3.17)

These two equations imply that
12 =) +pI?P =2 +pI? = 1A =) +pl>— 2" +p|.

Moreover, since A" has the same r as A, and also 4] = A;, we have A{ < —n+ r,%l
Now we can use induction and keep decreasing the last nonzero coordinate of s until we
come to the situation i < r. In this case, we already proved the strict Dirac inequality.
So it suffices to prove (3.16) and (3.17).

To prove (3.16), we use Lemma 2.1. Namely, we set 4 = A’ and v = s, and
choose w € W such that wu = A — 2¢;. Then Lemma 2.1 for w; =w, wy = 1 implies

12 —26i =) +p[> > (A" =) +plI%.

This is equivalent to (3.16) because clearly A —2& —s' = A —s.
To prove (3.17), we first note that

A’:(A—Zsi)+:k—sj—sk
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for some j,k satisfying i < j < k <n. So (3.17) becomes
IA+pl? <IIA+p— (g + el = 1A +pl> ~2(A +p,&; + &) + g + &,
and this is equivalent to
2A+p.gj+&) < g+ &l
We claim that in fact the left side of the last inequality is negative, i.e., that
Aji+A+pj+pr<O0.

Since A; and A; are both < A; —2, and since p; and p; are both < n—r (because
J,k > r), it is enough to prove that

201 —4+2n—2r<0.
By assumption, A is in the continuous part of its line, i.e., 2A +2n < r+ 1, so the last
inequality is obvious. This finishes the proof of Theorem 3.1(2). O
3.2. Dirac inequality for so*(2n), n >4
The basic Schmid ¢-submodules of S(p~) have lowest weights —s;, where
si=(1,...,1,0,...,0), i=1,...,[n/2].
——
2

Moreover, all irreducible £-submodules of S(p~) have lowest weights —s, where

s = (b1,b1,b2,bs,...,b;,b;,0,...,0) (3.18)

for some j, 1 < j < [n/2], and some positive integers by > by > ... > bj.
The highest weight (g, K)-modules have highest weights of the form

A=A d),  MZh>..>A, A—AEZ 1<ij<n

In thiscase p = (n—1,n—2,...,1,0).
The basic necessary condition for unitarity is, as before, the Dirac inequality

12 =s)" +pl? = 12 +p]* (3.19)
To make this inequality more precise, we as before write
A—s)t=21—7y.

Then (3.19) becomes
1A =y+pl* = 12 +pll,

and since ||7]|?> = 2, this is equivalent to

(A+p.y) <L
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There are two basic cases:

Case 1: My > Ay. Let g € [2,n] be such that A, = ... = A, and, in case ¢ < n,

Ag > Agy1- Then y = & + &, and since A, = A, the basic inequality becomes
Mt+A < —2n+q+2. (3.20)
Case 2: My =XAy. Let p € [2,n] be such that A; = A, =... = A4, and, in case

p<n,A,>Apii. Then y=¢, 1+¢€p,andsince A,_; = A, = A1, the basic inequality
becomes
M < —n+p. (3.21)

THEOREM 3.2. Let A be as in Case 1, and suppose that (3.20) holds strictly. Let
s #0 be as in (3.18). Then

12 =s)* +pl* > (12 +p|

To prove the theorem, assume first that 2j < g. Let k£ < j be the largest integer
such that by = ... = by. Let
S/ = (b1 - 1,...,b1 - 1,bk+1,bk+1,...,bj,bj,O,...,O).
~———————
2k

We claim that
A —=8)"+pI*> (A —5)"+p]|*

The claim implies the theorem for 2j < ¢ by inductionon by +...+b;.
To prove the claim, we first note that (1 —s)* and (A —s')* both contain coordi-
nates
A2y o Ay = by A = bry 1, Mgty s A
———

q-2j
The remaining coordinates of (A —s)™ are

M —bi, A —by,..., A — by,

2k—1

while the remaining coordinates of (4 —s')™ are

M—bi+1,—bi+1,....,A—by+1.

2k—1

Using Lemma 2.2 (1), we can move the equal coordinates to the right. We use that
to move Agi1,...,A, all the way to the right, and to move those of As,...,42,4; —
bj,...,Ay—byy thatareleft of A; —b; totherightof A; —b;. Notethat A5,..., 42,45 —
bj,...,Ay — byy areleft of Ay — by or A — b+ 1 and we leave them in this position.
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Thus we conclude that it is enough to prove that

lu+pl*>lIv+pl? (3.22)
where
u= (Al _bla AQ 7&2—171'7...,2,2—bk+1,x2—bhAqul,...,An);
~— ——
q-2j 2k—1
V= (A'l _bl+ 17 AQ 72'2_bja"'vz'Z_bk+l7A2_bl+ 17Aq+17~~~7ln)'
~— —_——
q—2j 2k—1

Proving (3.22) is equivalent to proving that the expression
(M = b1+ p1)” — (M = b1+ 14 1) + [(A2 — b1 + pg—ais2)’
— (A =bi1+ 14 pg 2’|+ 4+ [l —bi+pg)* = (2= b1+ 14py)°]

is positive. Factoring each difference of squares, we see this is equivalent to the expres-
sion

(241 =2b1 +1+2p1) + (242 = 2b1 + 1+ 2py—2k42) + ...+ (242 — 2b1 + 1 +2py)
being negative. Dividing by two and simplifying we see that we should prove
M A+ (2k — 1) Ay — 2kby 4k + p1 4 pg—ok2 + ..+ pg < 0. (3.23)
We compute

Pg—2kr2t -+ pg=(n—q+2k—=2)+...+(n—q)
=2k—1)n—q)+1+2+...+(2k—-2)
=2k—1)(n—q)+ (k—1)(2k—1).

On the other hand, since (3.20) holds strictly for A and since A; > A,, we see that
M+ Q2k—1)A < k(A +A2) <k(—2n+g+2).
Thus we see that to prove (3.23) it is enough to prove that
k(=2n+q+2)—2kby+k+n—1+2k—1)(n—q)+ (k—1)(2k—1) < 0.

Simplifying and taking into account that b; > 1, we see that the last inequality follows
if we prove
(¢ —2k)(-k+1) <0,

but this is obvious since 2k < 2j < ¢ and since k> 1.
It remains to prove the theorem when 2j > ¢. In that case we set

AM=R-s))"; s =s—s;.
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We are going to prove
12 =) +pl2 = A +pI? > (A =) +pl*~ 2" +p|. (3.24)

This implies that the statement of the theorem holds for A and s if it holds for A’ and
s’. On the other hand, since A’ starts with coordinates

M—1,h-1,...,4—1,
—_—————
g—1
we see that 4] < A1, A} < A, and ¢’ > g, so (3.20) holds strictly for A’. Now if
2j < ¢ we already proved the theorem for A’ and ', and if 2’ > ¢’ we note that s’
has last coordinate lower than s and so we can assume the theorem holds for A’ and s’

by induction.
To prove (3.24), we first note that Lemma 2.1 immediately implies

12 =s)" +p > > (A" =) +plP,

by setting = A’ and v = ', and picking w; such that A —s; =wu and w, = 1. So
it is enough to prove that
1A +pl* < 1A +p]> (3.25)

The difference ||A +p||> — [|A"+ p||? is the sum of expressions
(Ai+pi) = (hi— 1+p;)* = 22— 1+2p;,

where i runs over 1,2,...,q and over some 2j — g values greater than ¢g. For i > ¢,
we use the strict (3.20) and A; > A, to conclude

24— 1+42pi <24 — 142p, < (—2n+q+2)— 1+2n—2g= —q+1<0.

Furthermore, we claim that

q
> A= 142p) =2h + (2 —2)Aa— g +2(p1 + ...+ py)
i=1

is also negative; this will then imply (3.25). Using the strict (3.20) and A; > A,, we see
that
2M + (29— 2)A < g(M + A2) < g(—2n+q+2) = —2qn+¢*+24.

On the other hand,
2(p1+...+pg) =2qn—2(1+...+q) =2qn—q(g+1).

So
q

> = 142p) < (~2ng+4*+29) — g+ (2qn— ¢* — q) = 0.
i=1

This finishes the proof of Theorem 3.2.
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‘We now turn to Case 2, i.e.,
A=A AL A, A)
——
p

for some p € [2,n], with A; > 4,4 if p < n. Besides the basic inequality (3.21), we
also examine when
|

for a basic Schmid module s; with 2i < p. Since (A —s;)" =1 — (p—2is1+...+ &),
(3.26) is equivalent to

A—s)T+pl*= A +p|? (3.26)

2A+p,Epnitt +-o+Ep) < ||€pnit1 +. ..+ EF =2i. (3.27)
Furthermore,
A+p,epsip1+...+8&) =2ili+2i(n—p)+(1+...+(2i—1))

1
=i <7Ll—|—n—p—|—i—§).

We substitute this into (3.27) and divide the resulting inequality by 4i. It follows that
(3.26) is equivalent to

M<—n+p—i+l. (3.28)

In particular, for i = 1 this is the basic inequality (3.21).

THEOREM 3.3. Let A be in Case 2, i.e.,
A= (xla"'vllvx]ﬂrla"'vz'n)
————
P
for some p € 2,n], with Ay > Ay if p <n. Then:
1. If for some integer i € [1,[5]]
M<-n+p—i+l,

then the inequality
1A =) +pl* > |12 +plf? (3.29)

holds for any Schmid module s with at most 2i nonzero components.

2. If
p+1

M<—n—|—p—{§]+l:—n+[7}+l, (3.30)

then (3.29) holds strictly for any Schmid module s.
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Proof. (1) Let i € [1,[5]] be an integer such that
M < —ntp—itl, (3.31)

and let
s = (bhb],...,bj7bj,0,...,0)

with j<iand by > ... > b; > 0.
We need to show that (3.29) holds strictly for A and s.
Let k € [1, j] be such that

b Z...:bk>bk+1.
Let s = s — ;. It is enough to prove
I(2 =) +pl* > (A =) +ps (3.32)

the statement then follows by induction on by. (If b; = 1, then s’ = 0, and (3.32) is
the same as the strict (3.29).)
We first note that (A — )™ contains coordinates

ll,...,ll,ll—bi,...,ll —bk+1,ll—b1,...,ll—b1
—_———

p—2j 2j—2k 2%k

in that order, and then also 7Lp+1, ..., Ay, which may be interlaced with these coordi-
nates. Similarly, (A —s’)™ contains coordinates

/11,...,/117/11—bi,...,/ll—bk+1,7L1—b1+17...,/11—b1—|—1
———

p—2j 2j—2k 2%k

in that order, and then also 7Lp+1, ..., Ay, which may be interlaced with these coordi-
nates.

Using Lemma 2.2 (1), we may assume that A, ,...A, are all the way to the right
in both (A —s)™ and (A —s')". Thus it suffices to show that

14
r=p—2k+1

By factoring differences of squares, this is equivalent to

14

> (24 —2bi+1+42p,) <O0. (3.33)
r=p—2k+1
Since
p
Z pr=Mnm—p+2k—1)+...4+(n—p)
r=p—2k+1

=2k(n—p—1)+Q2k+...+1)=2k(n—p—1)+k(2k+1),
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(3.33) is equivalent to
2k(2A1 —2by+ 1) +4k(n—p—1)+2k(2k+1) <0,
which upon dividing by 4k becomes
AM—bi+n—p+k<O.

Since by > 1 and since k < j < i, this follows from our assumption (3.31). This finishes
the proof of (1).

(2) If s has at most p nonzero components, then the statement follows from (1)
by specializing to i = [£]. So we can assume that

s = (b17b17...,bi7bi,0,...,0)7

with 2i > p.

Let A" = (A —s;)". Then A{,...,A, are all equal to A; — I, while for r > p, 4,
is equal to either A, or A, — 1. In particular, A’ is still in Case 2, with p’ > p and with
A{ =A; — 1, and so we have

'+1
l{<—n+[p;_ }4—1.

We claim that
A —=5)"+p|>=IA+pl* > (A =) +pl>— 2 +p]* (3.34)

If we prove (3.34), then we can use induction. Namely s’ either has at most p and
hence at most p’ nonzero coordinates, so the statement is true by Theorem 3.3 (1), or
we can use the fact that the first coordinate 5] of s’ is strictly smaller than the first
coordinate b; of s and do induction on b;. (As before, if by = 1, then s =0 and
(3.34) is the same as the strict (3.29).)

To prove (3.34), we first note that

12 =s)"+pl> > (A" =) +plI.

This follows from Lemma 2.1, if we set 4 = A’, v =" and w, = 1, and pick w; such
that A —s; = wA’. It thus suffices to prove that

1A +pl? < 1A +p]> (3.35)

To prove (3.35), we note that ||A + p||?> —||A’ +p|? is the sum of expressions of the
form
(A’r + pr)2 - (xr -1+ pr)2 = 22fr -1+ 2Pr,

with summation over » = 1,...,p and over some r > p. Note that since 2i > p, there
is at least one summand with » > p.
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Since Ay,...,A, are all equal to A;, and since
p
p(p+1
ZP’: (n—1)+...+(n—p):pn—%,
r=1
we see that
P

> @A —142p,) =2pA —p+2pn—p(p+1)=p(2A —2+2n—p).

r=1

Since A satisfies (3.30), it follows that

g(za,—uzp,) <p[(—2n+2p—2{§} +2) —2+2n—p}
=p(r-2[%]) <p. (3.36)

On the other hand, for any r > p we have

kr<k1—1<—n+p—[§]7
and p, < ppy1 =n—p— 1. It follows that

p

er—l—|—2pr<—2n—|—2p—2{§] —1+2(n—p—1):—2[2

} “3<—p. (337)

Since |A +p||*> — ||A"+p]|? is the sum of expressions 2A, — 1 +2p, over r=1,...,p
and over some (at least one) r > p, we see from (3.36) and (3.37) that

IA+pI* =2 +plP <p—p=0,
as claimed. [

3.3. Dirac inequality for su(p,q), p<qg,p>1,q>1

The basic Schmid £-submodules of S(p~) have lowest weights —s;, where

si=(1,...,1,0,...,0]0,...,0,—1,...,—1)
~ ™
1 1
fori=1,...,p. Moreover, all irreducible £-submodules of S(p~) have lowest weights
—s, Where
s=(b1,...,bp|0,...,0,=bp,...,—by), (3.38)

where by > ... > b, > 0 are integers.
The highest weight (g, K)-modules have highest weights of the form

A= (A‘h'"aA‘P‘A‘p-ﬁ-la"')z’n)a
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where components Ay, ..., A, satisfy
M= 2> A App1 = ... 2 Ay,

and A; — A; is an integer forany i,j € {1,...,p} ori,j€ {p+1,...,n}.
In this case p = %(n— L,n—3,...,—n+3,—n+1).
The basic necessary condition for unitarity is, as before, the Dirac inequality

A =s)"+pI* = 1A +p]* (3.39)

To understand this inequality better, let p’ < p and ¢’ < g be the maximal positive
integers such that

M==hy and  Aygii ==

Then
(A —S1)+ =A- (Sp/ — 8n—q’+l)'

The inequality (3.39) now becomes equivalent to [|[A +p — 7> > |2 +p||?, or to
2A+p, 1) <|l7l*=2,0rt0 (A+p, €y —&,_g11) < 1. Since Ay = A1, Ay i1 = An,
and since p,y — Pp_g41 =n—¢q' +1—p’, we see that (3.39) is equivalent to

M=A < —n+p'+4q. (3.40)

As in the other cases, we start by examining the condition on A which ensures
that the Dirac inequality

(A =si)t +pl* = [|A+p] (3.41)

holds, where i = 1,...,min(p’,q’). We already know that for i = 1 this is just the basic
inequality (3.39), or equivalently (3.40).
To examine when (3.41) holds, we first note that

(A — S,‘)+ =A—t, where 1= (Sp/,iJrl +... +8p/) — (gn—q’+l +... —|—£n,q/+l-).

Since ||;]|* = 2i, it follows that (3.41) is equivalent to
A+p.t) <i. (3.42)
We note that A,y_;.y,...,A, areall equal to A; while A, _y/,y,...,4,_4; are all equal

to Ay, and that pyy_;\ i —p,_g4j=n—p' —q'+iforany j € [1,i]. Plugging this into
(3.42) and dividing by 7, we see that (3.42) (and hence (3.41)) is equivalent to

M—A<—n+p'+q—i+1. (3.43)
THEOREM 3.4. Let

A=y A Ao A | Apts ooy gt s o).
H//—/ ——

p

Then:
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1. If A satisfies (3.43) strictly for some integer i € [1,min(p’,q")], then the inequal-
ity
1A =s)*+pl?> =12 +p| (3.44)

holds strictly for any Schmid module
s=(by,...,b;,0,...,0|0,...,0,—=bj,...,—b1) (3.45)
with j <.
2. If
M—2y<—n+p +q¢ —min(p',¢d)+1=—n+max(p/,¢')+1, (3.46)

then (3.44) holds strictly for any Schmid module s.

Proof. Both parts of the theorem follow from the following discussion. Let s be
any Schmid module:

S:(bl,...,bp‘ —bq7...,—bp+1,—bp,...,—b1)

where by > ... > b, > 0 are integers, not all of them zero, and b,y = ... = b; = 0.
Let k € [1, p] be the maximal integer such that b = ... = by, and define
s =5— 5= (b] — l,bk+17...,bp| —bq,...,—bk+17—b1 + 1)
~——— —
k k

For both parts of the theorem, it will suffice to prove
IA—=8)"+p*> (A —5)"+p]|* (3.47)

The statements then follow by induction on by ; if by =1, then s’ = 0, and (3.47) is the
same as the strict (3.44).

To prove (3.47), we examine separately the two sides of all expressions involved,
the left respectively right side (of the bar).

If k < p/, the left side of (A —s)™ contains coordinates

7L1—bp/7...,7L1—bk+17/11—b17...,7tl—b1 (3.48)

/

p'—k k

in that order, and also A, —b,1,...,A, — b, arranged in descending order and
appropriately interlaced with the coordinates (3.48).

On the other hand, the left side of (A —s')" contains the same coordinates, except
that it contains k coordinates equal to A; — by + 1 in place of k coordinates equal to
2,1 —by.

Using a version of Lemma 2.2, we may assume that A,y | —bpiy,...,A, —b), are
all the way to the right in the left sides of both (1 —s)* and (A —s')*.
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Thus the contribution of the left sides to |[(A —s)* +p||>—[[(A — )" +p]? is

P

> [=bi4p0)* = (M —bi+1+py)]

u=p'—k+1

P P

== > (QM-2bi+1+42p,)=— | 2kA —2kbi+k+ > 2p,

u=p'—k+1 u=p'—k+1

17,
> —2kA+k— Y 2p, (3.49)
u=p'—k+1

(for the last inequality we used by > 1).

If k > p’, the left side of (A —s)™ contains coordinates

M =biyee s M= b1, A1 —bi, A — by (3.50)

/

p

in that order, and also Aj; | — biy1,..., 4, — by, arranged in descending order and ap-
propriately interlaced with the coordinates (3.50).
On the other hand, the left side of (1 —s’)™ contains coordinates

2,1—b1+17...,7L1—b1+1,7tp/+1—b1+1,...,7tk—b1+1 (3.51)

17/

in that order, and also A¢; | — bii1,...,4, — by, arranged in descending order and ap-
propriately interlaced with the coordinates (3.51). These last coordinates are the same
asin (A —s)", and also at the same places.

Using (the extension of) Lemma 2.2, we may assume that Ay —bgyp,... A, — b,
are all the way to the right in the left sides of both (A —s)* and (A —s')™. Thus the
contribution of the left sides to ||(A —s)T +p||>— (A —s )" +p|? is

P
S [ =br+pu)* = (A —bi + 14 pu)?]
u=1

k

3 [u=bitp) = (= br 149

u=p'+1
/ k
==Y QM —2b1+142p)— > (A —2b1+142p,). (3.52)
u=1 u=p'+1

Since A, <Ay — 1 for u> p’, and since by > 1, we conclude that the expression
(3.52) is

k
> =2k +3k—2p' = > 2p,. (3.53)

u=1
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We now consider the right sides. We first assume k < ¢’. Then the right side of
(A —s)* contains coordinates

/ln+b17...,7t,,+b17/ln+bk+1,...,/ln+bq/7 (3.54)
k

in that order, and also A1 +bg,...,A,_y + by, arranged in descending order and
appropriately interlaced with coordinates (3.54). On the other hand, the right side of
(A —s")T contains the same coordinates, except that it contains k coordinates equal to
An+ b1 — 1 in place of k coordinates equal to A, + b; .

Using (the extension of) Lemma 2.2, we may assume that A, 1 +bg,..., A,y +
by are all the way to the left in the right groups of both (A —s)* and (4 —s')*.
Thus the contribution of the right sides to ||(A —s)* +p||> = [[(A — )" +p]]? is

n—q'+k
> [atbi+p)* = (At+bi—1+p,)]
v=n—q'+1
n—q'+k n—q'+k
= ) (Qh+2b1—142p) =2kAy+2kb1—k+ > 2p,
v=n—q'+1 v=n—q'+1
n—q' +k
> 2% +k+ Y 2p, (3.55)
v=n—q'+1

(for the last inequality we used by > 1).

If k> ¢, the right side of (A —s)™ contains coordinates

7L,,_k+1+b17...,kn,q/+b17/ln+b17...,7t,,+b17 (3.56)

q/

in that order, and also A,.1 +by,...,A,_r + b1, arranged in descending order and
appropriately interlaced with coordinates (3.56).

On the other hand, the right side of (A —s’)* contains coordinates

Anks1+b1— l7~”vx'n—q’+bl_ LA, +by—1,...,A,+b; — 1, (3.57)

ql

in that order, and also A,.1 +by,...,A,_r + b1, arranged in descending order and
appropriately interlaced with the coordinates (3.57). These last coordinates are the
same as in (A —s)™, and also at the same places.

Using (the extension of) Lemma 2.2, we may assume that A, +by,..., A, +
by 1 are all the way to the left in the right groups of both (A —s)™ and (A —s')*. Thus
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the contribution of the right sides to [[(A — )" +p||>— [|[(A =) T +p|* is

n—q'

Z [(M‘Fbl +pv)2 - (Av+bl -1 +pv)2]

v=n—k+1

+ Y [latbi4p0)* = (At+bi—14p))

v=n—q'+1
nfq/ n
= > @M+2b—142p)+ D> (A +2b1—142p). (3.58)
v=n—k+1 v=n—q'+1

Since A, > A, +1 for v<n—¢', and since b; > 1, we conclude that the expression
(3.58) is

n
> 2kA,+3k—2¢'+ > 2p,. (3.59)
v=n—k+1

Let us now assume that k < min(p’,q’); this is always true under the assumptions
of the first part of the theorem. Using (3.49) and (3.55), we see that to prove the required
inequality (3.47) it is enough to prove that

P n—q'+k
k(A=) —2k+ Y 2p0— > 2p,<O. (3.60)
u=p'—k+1 v=n—q'+1

Since for any integer ¢ € [1,k] we have

Pp'—k+t = Pn—g/+1 =N — P —dq+k

we see that
P n—q'+k
Do o200— ) 2pv=2k(n—p'—q +k).
u=p'—k+1 v=n—q'+1

We substitute this into (3.60) and divide by 2k. It follows that (3.60) is equivalent to
M—2A—14+n—p —¢d+k<0. (3.61)

Under the assumptions of the first part of the theorem, it follows that the left side of
(3.61)is
<(-n+p'+qd—-i+1)—1+n—p' —¢ +k=-i+k<0,

so this finishes the proof of Theorem 3.4 (1).

Under the assumptions of the second part of the theorem, and our current assump-
tion that k£ < min(p’,q’), it follows that the left side of (3.61) is

<(—n+max(p',q)+1)—1+n—p'—q +k<max(p',q)— p'— ¢ +min(p’,¢') = 0,
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so this finishes the proof of Theorem 3.4 (2) in case k < min(p’,q’).

Let us now assume that p’ < k < ¢’. Using (3.53) and (3.55), we see that to prove
the required inequality (3.47) it is enough to prove that

k n—q +k
k(A — An) —4k+2p'+> 2p,— > 2p, <. (3.62)
u=1 v=n—q'+1

Since for any integer ¢ € [1,k] we have

/
Pt = Ppn—gq++ =1—4q,

we see that
k n—q'+k
> 20— > 2py=2k(n—q).
u=1 v=n—q'+1

We substitute this into (3.62). It follows that (3.62) is equivalent to
2k(A — Ay) — 4k +2p" +2k(n—¢') < 0. (3.63)

Under the assumptions of Theorem 3.4 (2), remembering that in the present case
max(p’,q') = ¢, we see that the left side of (3.61) is

<2k(—n+q +1)—4k+2p' +2k(n—q') = —2k+2p/,
and this is < 0 since in the present case k > p’. This finishes the proof of Theorem 3.4
(2)incase p' <k <{q'.

Let us now assume that ¢’ < k < p’. Using (3.49) and (3.59), we see that to prove
the required inequality (3.47) it is enough to prove that

/
n

P
(M —hn)—dk+24+ Y 2p— Y 2p, <0 (3.64)
u=p'—k+1 v=n—k+1

Since for any integer ¢ € [1,k] we have

/
pp/*kJrl “Pndrt=n—p,

we see that

I n

S 2p— D> 2py=2k(n—p).

u=p'—k+1 v=n—k+1

We substitute this into (3.64). It follows that (3.64) is equivalent to

k(A — An) — 4k + 24 + 2k(n—p') < 0. (3.65)
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Under the assumptions of Theorem 3.4 (2), remembering that in the present case
max(p’,q') = p’, we see that the left side of (3.65) is

<2k(—n+p' 4+ 1) —4k+24 +2k(n—p') = —2k+24,
and this is < 0 since in the present case k > ¢. This finishes the proof of Theorem 3.4
(2)incase ¢ <k<p'.

Finally, let us assume that k > max(p’,q’). Using (3.53) and (3.59), we see that to
prove the required inequality (3.47) it is enough to prove that

k n
k(A —dn) —6k+2p'+24'+ 2pu— D 2p, <0. (3.66)
u=1 v=n—k+1

Since for any integer ¢ € [1,k] we have

Pt — Pn—k+t =N — k,

we see that
n

k
> 20— > 2py=2k(n—k).
u=1

v=n—k+1
We substitute this into (3.66). It follows that (3.66) is equivalent to

2k(A — Ay) — 6k +2p" 424"+ 2k(n— k) < 0. (3.67)

Under the assumptions of the second part of the theorem, it follows that the left side of
(3.67) s

< 2k(—n+max(p',q) +1) —6k+2p'+ 24" +2k(n —k)
= 2k(max(p’,q') — k) — 4k +2p’' +24/,
and this is < 0, since in the present case k > max(p’,q’). This finishes the proof

of Theorem 3.4 (2) in case k > max(p’,q’), and hence the proof of Theorem 3.4 is
completed. [

3.4. Dirac inequality for s0(2,2n—2), n >3

The basic Schmid ¢-submodules of S(p~) have lowest weights —s; or —s;,
where
s1=(1,1,0,...0), s = (2,0,0,...0).

Moreover, all irreducible €-submodules of S(p~) have lowest weights —Saps
where s, = (2b+a,a,0,...0).
The highest weight (g, K)-modules have highest weights of the form A=(1y,...,4,)

2f2 213 = "'zfn—l = an|
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where components A, ..., A, satisfy A;—A4; € Z for 2 <i,j <n.
In thiscase p = (n—1,n—2,...,0).
The basic necessary condition for unitarity is, as before, the Dirac inequality
(A =s)"+pl> =2 +p]> (3.68)
The basic Dirac inequality for a Schmid module s is

12 =s)*+pl* > [I2 +p|. (3.69)

This is equivalent to
2(y|A+p) < 7I? (3.70)

where 7 is defined by (A —s45)T =24 —7.

LEMMA 3.1. The basic Dirac inequality for s = sy is given by

A <0 for A =(11,0,...,0)
M<32—n  for A=(A,1/2,...,£1/2)
M+l <24+p=2n for A= (A,A2,..., Ap,..., Ay)
where | <Ay =---=2A, > A,p1and2 < p <n.

(3.71)

Proof. Case 1: A = (11,0,...,0)
In this case we have
(A‘_SI)JF = (A‘l_ 17_1a0a"'?0)+
=(A—1,1,0,...,0)
=A—(e1—&)

which shows that y = &; — & and (3.69) reduces to A; +n—1— (n—2) < 1 which is
equivalentto A; < 0.

Case2: A = (A1,1/2,...,+£1/2)
In this case we have
A—s)t =R —1,-1/2,1/2,...,1/2,£1/2)*
=A—(e1tg).

Plugging vy = € £ ¢, into (3.69) we obtain A; +n— 1+ 1/2< 1 which gives

M <3/2—n. (3.72)
Case3: 1 <Ay=--=24,> Ay
The basic Dirac inequality (3.69) for s = s has y= & + ¢, and
2M+n—144,+n—p)<2
M+ <2+p—2n O
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We will refer to the first case as to the scalar case, the second case is the spinor
case and the remaining one is the general case. In the scalar and spinor case we can
actually prove Dirac inequalities directly.

THEOREM 3.5. (Scalar case) Ler A = (A1,0,...,0) such that Ay <2 —n. Then
the Dirac inequality (3.69) holds for any Schmid module s.

Proof. The Dirac inequality for the second basic Schmid s; = 2¢| yields A} <
2—n.
Now we have
(A —s45)" =M —2b—a,—a,0,...,0)"
= (A —2b—a,a,0,...,0)
=A—[(2b+a)e; —asg)]

which we will plug into the Dirac inequality (3.69)

2[2b+a)(Mi+n—1)—a(n—2)]
(2b+a) (M +n—1)—a(n—2)

(2b+a)*+d*

<
<2b% 4 2ab+d?

Using A; < 2 —n we see that it is sufficient to prove that

(2b+a)(2—n+n—1)—a(n—2) < 2b*+2ab+d*
2b+ (3 —n)a < 2b* 4 2ab+d®
0<2b(b—1)+2ab+ala+n—3).

Since a,b >0 and n > 3 we are done. [l

THEOREM 3.6. (Spinor case) Let A = (A1,1/2,...,+1/2) such that Ay <3/2—
n. Then the Dirac inequality (3.69) holds for any Schmid module s.

Proof. We have

(A—sap)t =M —2b—a,1/2—a,1/2,...,£1/2)"
=M —-2b—a,a—1/2,1/2,...,F1/2)
=A—-[2b+a)e;—(a—1)eyE &)

fora>1.
Dirac inequality for the case a = 0 reads
2[2b(A +n—1)] < 4b*
AM+n—1<b
M (b+1)—
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which is satisfied (strictly) whenever b > 1 due to (3.71). In the general case we get
2[2b+a) (M +n—1)—(a—1)(1/24+n—2)+1/2] < 2b+a)*+ (a—1)*+1
and using (3.71) it is sufficient to show
2[2b+a)(3/2—n+n—1)—(a—1)(1/2+n—2)+1/2] < 2b+a)*+ (a—1)*+ 1.
This is in turn equivalent to showing nonnegativity of
a*+2ab+an—3a+20*—b—n+2>0
(@+b)*+b(b—1)+a(n—3)+2—n>0
This is clearly decreasing in b and so we just need to prove that
@+ n—3)a—n+2>0.
The roots of this quadratic polynomial are 1 and 2 — n which finishes this case. [J
LEMMA 3.2. Let 5,5 = (2b+a,a,0,...,0) be a Schmid module with a > 0 and

b >0. Let A satisfy (3.71) in the case Ay # 0 and Ay <2 —n in the scalar case. Then
we have

12 =sap+1) " +p > =12 +pIP > [|(X —sap) " +pIP =12 +p|. (3.73)

Proof. Since the weights differ only in the first coordinate, the difference of the left

hand side and the right hand side is just the difference of squares on the first coordinate:
(M —2b—2—a+n—172— (A —2b—a+n—1>=0

—22(A—2b—a+n—1)-2]>0

M—2b—a+n—1-1<0

<a

Al +2b+2—n

For scalar A we immediately get A} <2 —n < a+2b+2— n. In the spinorial case we
get A} <3/2—n < a+2b+2—n. In the remaining case we actually have A, > 1 and
so (3.71) implies A; < 1+ p—2n which is indeed less than or equal to a+2b—n. [

THEOREM 3.7. (General case) Let A be as in case 3 and let (3.71) hold. Then
the Dirac inequality (3.69) holds for any Schmid module s.

Proof. Thanks to the previous lemma we only have to prove that for a > 1 we
have
1A =s500)" +pl* =2 +p]? >0,

with strict inequality if (3.71) is strict. It follows by induction from combining the
following two inequalities

12 = sa0)" +plI?
12"+ p?

1A =) +pl?
12 +p|>

Vowv
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where

A= (A —Sl)Jr s = Sa,0 —S1 = Sa—1,0-
The first one immediately follows from the Lemma 2.1 for y = (A —s;)" and v =
(54,0 —s1)" and the second one is the Dirac inequality for s; which is nothing but
(3.71).

What remains is to check that A’ satisfies the Dirac inequality for 5" = s, . It
can happen that A’ falls into the spinor or scalar case. For A = (4,1,0,...,0) the
inequality (3.71) takes the form A; + 1 < 242 —2n which means that A{ = 4; — 1
satisfies 7Ll’ < 2—2n. Looking back at the Theorem 3.5 we see that A’ satisfies the Dirac
inequality with any Schmid module. Analogously, for A = (41,3/2,1/2,...,£1/2) we
have A; + 24, = A1 +3/2 < 242 —2n which gives A{ = A; — 1 < 3/2—2n which is
below the unitarizability bound 3/2 — n for the spinor case.

In all other cases A’ is of general type. If p > 2, then A{ +A, =4 — 1+ 1
and using (3.71) and p’ = p — 1 we see that this is less than or equal to 2+ p’ — 2n.
Hence the Dirac inequality is satisfied by the induction hypothesis. For p =2 we have
similarly A{ + A} =41+ 4, —2<24+2-2n<2+p' —2nsince p' >2. O

3.5. Dirac inequality for so(2,2n— 1), n>2

The basic Schmid ¢-submodules of S(p~) have lowest weights —s; or —s;,
where
s1=(1,1,0,...0), s, = (2,0,0,...0).
Moreover, all irreducible €-submodules of S(p~) have lowest weights —Sab>
where s, = (2b+a,a,0,...0).
The highest weight (g, K)-modules have highest weights of the form A=(1y,...,4,),
where
Mm=2A3=- A =0,
Ai—Aj €Z and 24; € Ny forall 2 <i,j <n.
Inthiscase p=(n—1/2,n—3/2,...,1/2).
The basic necessary condition for unitarity is, as before, the Dirac inequality

1A =s)*+pl1* = 14 +plI*. (3.74)
The basic Dirac inequality for a Schmid module is
1A =5)" +pl* > 1|12 +p|? (3.75)
This is equivalent to
2(v|A+p) < 7P (3.76)

where 7 is defined by (A —s)T =1 — .

LEMMA 3.3. The basic Dirac inequality for s = sy is given by

2,1 < 0 for A :(2,1707...,0)
M<1l—n for A =(A1,1/2,...,1/2)
M+ <1+p—2n for A=A, Ao, ..., Ay)
where | <Ay =---=2A, > A,p1and2 < p <n.

(3.77)
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Proof. Case 1: A = (A1,0,...,0)
In this case we have
(A‘_Sl)+ = (A‘l_ 17_1a0a""0)+
= -1,1,0,...,0)
=1-(a—&)

which shows that y = € — &, and (3.75) reducesto A +n—1/2— (n—3/2) < 1 which
is equivalent to A; < 0.

Case2: A = (M,1/2,...,1/2)
In this case we have

A—s)t =R —1,-1/2,1/2,...,1/2,1/2)*
=M —1,1/2,1/2,...,1/2,1/2)
Zl—Sl

Plugging y = ¢ into (3.75) we obtain 2(A; +n—1/2) < 1 which gives
M<l—n. (3.78)
Case3: 1 <Ay =---=24,> Ay
The basic Dirac inequality (3.75) for s = s has y= & + ¢, and

2
I+p—-2n. O

2M+n—1/2+A+n—p+1/2)

<
M+ <

THEOREM 3.8. (Scalar case) Let A = (A1,0,...,0) suchthat Ay <3/2—n. Then
(3.75) holds for any Schmid module s.

Proof. The Dirac inequality for the second basic Schmid yields 4; < 3/2 —n.
General Schmid module has highest weight s, , = (2b+a,a,0,...0) and similarly
as before we get that the Dirac inequality is equivalent to

(2b+a)(M+n+1/2—1)—a(n+1/2—2) < 2b* +2ab+d>.
Using A; < 3/2 —n we see that it is sufficient to prove that

(2b4a)(3/2—n+n+1/2—1)—a(n+1/2—2) < 2b> +2ab+d*
2b+a+ (3/2—n)a< 2b* +2ab +d®
0<2b(b—1)+2ab+ala+n—5/2).

Since a,b >0 and n > 2 we are done. [l
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LEMMA 3.4. Let s, = (2b+a,a,0,...,0) be a Schmid module with a > 0 and
b>0. Let A satisfy (3.77) in the case A, # 0 and A < 3/2 —n in the scalar case.
Then we have

1A =sapr) " +p 12 =2 +p 17 = (A —sap) " +p I =2 +p]>. (3.79)

Proof. Since the weights differ only in the first coordinate, the difference of the left
hand side and the right hand side is just the difference of squares on the first coordinate:

(A —2b—2—a+n—1/2)* (A —2b—a+n—1/2)*
—2[2(M —2b—a+n—1/2)-2]
M—2b—a+n—1/2—1

0
0
0
2,1 a

>
>
<
<a+2b+3/2—n

For scalar A we immediately get A; <3/2—n< a+2b+3/2—n. In the spinorial case
we get A} < 1—n < a+2b+3/2—n. In the remaining case we actually have A, > 1
and so (3.77) implies A; < p—2n which is indeed less than or equal to a+2b—n. [

THEOREM 3.9. Let A be as in case 2 or as in case 3 and let (3.77) holds. Then
the Dirac inequality (3.75) holds for any Schmid module s.

Proof. Thanks to the previous lemma we only have to prove that for a > 1 we
have

12 =sa0)" +plI> =2 +pl* >0,

with strict inequality if (3.77) is strict. It follows by induction from combining the
following two inequalities

12 = sa0)" +plI?
12"+ p?

1A =) +pl?
12 +p|>

Vowv

where

A= (7L - S1)+ s = Sa,0 — 81 = Sa—1,0-

The first one immediately follows from the Lemma 2.1 for u = (A —s;)* and v =
(54,0 —s1)" and the second one is the Dirac inequality for s;.

If A is in the spinor case, then A’ is also in the spinor case. In the general situation
A’ can fall into all three cases. For A = (14,3/2,1/2,...,1/2) we have spinorial A’
with A{ = A; — 1 and since our A satisfies (3.77) we have A; < 3/2 —2n which means
that A{ < 1/2—2n. For A’ of general type the exactly same reasoning as in the even
case (50(2,2n —2)) finishes the proof. [J
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