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A FAMILY OF GEOMETRIC CONSTANTS ON MORREY SPACES
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(Communicated by J. Jakseti¢)

Abstract. In this paper, we calculate a family of geometric constants for Morrey spaces, small
Morrey spaces and discrete Morrey spaces. This family of constants measures uniformly non-
squareness of the associated spaces. We obtain that the value this family of constants for the

. NP . .
aforementioned spaces is 2! 77 for 1 <t < oo, which means that the spaces are not uniformly
non-square. The main results obtained in this paper generalize some existing results in the recent
literature.

1. Introduction and preliminaries

In recent years, various geometric constants for a Banach space have been defined
and studied. In general, the study of the geometric property of a Banach space is not
easy. Alternatively one can do this with the help of some certain geometric constants.

For areal Banach space X ,let Sy ={x€X : ||x||=1} and By ={x€X : ||x[| < 1}
be the unit sphere and the closed unit ball of X, respectively. Also, let A denote the set
of all continuous functions A : [0,e0) x [0,0) — [0,°0) such that A is homogeneous of
degree 1 and A(1,1)=1.

Recently, Amini-Harandi and Rahimi [2] has introduced the constants C; ,(X) and
leJ(X) of X by

Cy,(X) :sup{l(Hru—i—svH,Hru—svH) tu,v € Sx, r,s > 0and ||(r,s)]|, = 1}
foreach A € A and 7 € [1,e0], where
1
1 1yt oo
1(r.s)ll = (Irf 1) 7y TSt <ee,
max{|r|,|s|}, =00

and A
)l —

C}L.t(X):sup{ (||u VHI I v||) :u,vESX}.

, o

Notice that since for each r,s € [0,1], we have ||ru+sv||,||ru—sv||, |lu+v|,||u—v| €
[0,2] and A is bounded on [0,2] x [0,2], then C; ,(X) < e and C} ,(X) < oo.
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1 l
For each 7,5 € [0,00) and 7 € [1,%0), set £(r,5) = min{r,s}, 04 (r,5) = (“4*) " and
n(r,s) = +/rs. Itis obvious that the constants C; ,(X) and C} ,(X) include some known

geometric constants such as the generalized von Neumann-Jordan constant CI(\Z X)=
221(Cyy (X)) (4, 5, 6]), the generalized Zbiganu constant Cy (X) = 22~ (Cr(X))!
([17, 18]), the generalized von Neumann-Jordan type constant C(_t?x,( X)=22" (Cg (X))
([7, 14]), the generalized modified von Neumann-Jordan constant C,(V)J X) =
2271(Cy, (X)) ([16]), the James constant J(X) = Ce.o(X) ([11]), Baronti-Papini’s
constant Ay, (X) = Zthah,(X) ([3, 8]), Alonso-Llorens-Fuster’s constant T(X) =
C,’LOO(X ) ([1]). It is interesting to remark at this point that for all 1 <7 < oo,
2171 <€), (X) <G (X) <2

Recall that a Banach space X is called uniformly non-square provided that there
exists 8 > 0 such that either ||x+y||<2—6 or ||x—y| <2—6 forall x,y € Bx. In[l1]
it was proved that uniformly non-square Banach spaces are reflexive. It is worthwhile to
mention that X is uniformly non-square if and only if C3 ,(X) < 21=7 forall 1 <1 < oco.

The goal of this work is to compute the values of the constants C; ,(X) and
leJ (X) for Morrey spaces X = .2} (R?), small Morrey spaces X = m})(R?) and dis-
crete Morrey spaces X = ¢5(Z?), where 1 < p < g <o and 1 <t < . Our main
results tell us that all of those spaces are not uniformly non-square. Moreover, the main
results obtained in this paper generalize some previous results in the recent literature
on this topic.

2. Small Morrey spaces

For 1 < p < g < oo, the small Morrey space mf; = my (Rd ) is the set of all mea-

surable functions f such that

lgi= s aar) ([ rorar) <o

acR4,Re(0,1)

where |B(a,R)| denotes the Lebesgue measure of the open ball B(a,R) in R, with
center a and radius R. Small Morrey spaces are Banach spaces [15]. Note that for
p = q, the space mq is identical with the space Luloc [15].

Our result for small Morrey spaces is presented in the following theorem.

THEOREM 1. Let 1 <p<g<eoo and 1<t <oo. Then

Clt( ) C)Lt( ) 2177

Proof. Suppose that 1 < p < g <eoand 1 <t <eoandlet f(x) = yo,1)(|x])|x] 0,
where x € R" and |x| denotes the Euclidean norm of x. Then f € m}. For each € €
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(0,1), we consider g(x) = x(0,¢)(|x[)f(x), h(x) = f(x) —g(x) and k(x) = g(x) —h(x).
Note that g depends on €, so that & and k also depend on €. Therefore, we obtain

1 1 1
11 o b Cp\4 b
g = s (BO.RIF( [ b)) = (%) (1-2)
7 Re(o,1) B(O,R) n q

11 P
lelg = sop BORIH( [ o so)ray)
Re(0,1) B(O.R)
1 C 1 _1
1 1 —n, 4 q P
= sup |B(O,R)|5_F</ y_Tpdy) = <_") (1_£)
Re(0,¢) B(0,R) n q

= 1Al

1

Xen Iyl)f(y)l”dy) '

_1
P

1
il > sup BRI

m—
E

= sup |B(0,R)]

_1 _ﬂ %
( o)
Re(e,1) OR NB(0.e)
q P n n R —nN, P
= sup (C—)q "Rih (C/ r‘1p+"1dr)p
Re(e, 1) \ 1 €
1 _1 1
= sup (9)q (1—3) p(l—R#_"e_%Jr")p
Re(e,1) \ 1T q

s L
= (1= ) 1f g
q
and

IK[l,,» = sup |B(O,R)|$_%</B(O.R)’(%(o,g)(b’D— 81(|}’|> l’”dy>

Re(0.1)
= sup |B(O,R)[7"

1
P
: (/ f(y)l”dy> = 11>
Re(0,1) B(O,R)

where C, denotes the “area” of the unit sphere in R". First, let us compute the constant
Cy.,(m}). Then, we have

==

1

Cp s (mh) > A (1 + Kl L = Kl )
(A1 + 1Kl ) ! !
g g
1
= A (11281p [125],p)
(Ilf\\;g + IIkII;,g) '
l —np

==

A (21l 201 g (1 — €727 7).

= 1,
211l
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. . . [
Since we may choose € to be arbitrary small, it follows that C ; (mh) > 2!=7 . Since

Cy,(mf) <2'~7, we conclude that Cy ,(m}) =2'"7
Next, we move to the constant C; (my). Due to || fIl,, p = = ||, p, we consider

/ k
[Ty 41 1, - Hence, we have
1
C/m(m’;)? 171(||f+k||mq If— k||m,,)
261 £l
1
= ———A(1128ll,2. 12],)
T b 1200,
20|l ! ‘
1 n e\ L
> A2 20 f Ly (1 =" 707) 7).
20| fllp
By using similar arguments as before, we conclude that C; (mfy) = -+ O

COROLLARY 1. Let 1 < p<g<o and 1 <t <oo. Then

REMARK 1. Corollary 1 generalizes and improves existing results in [10, 12, 13].

3. Morrey spaces

For 1 < p < g < o, the (classical) Morrey space .#) = .4} (R?) is the set of all
measurable functions f such that

1 1 P
lgi= s [BaRf ([ iroray) <o

acR4 R>0

where |B(a,R)| denotes the Lebesgue measure of the open ball B(a,R) in R?, with
center a and radius R. Morrey spaces are Banach spaces [15]. Note that for p = g, the
space .} is identical with the space LI = L9 (R9), the space of g-th power integrable
functions on R?. Note that for all p and ¢, the small Morrey spaces properly contain
the Morrey spaces.

Our result for Morrey spaces is stated in the following theorem.

THEOREM 2. Let 1 < p<qg <o and 1 <t <eo. Then

Cos (M) =Ch, (A7) =27
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Proof. Suppose that 1 < p < g <eo and 1 <7 <o andlet f(x) = |x|7g, where
x € R" and |x| denotes the Euclidean norm of x. Then f € .#}. Now, we consider

8(x) = 0.0 (KNS (%), h(x) = f(x) — glx) and k(x) = g(x) — (x). One may observe

that
C % P - %
1L = lellag =g = g = (£)" (1-2) "

First, we calculate the constant C, M({///{ ). Hence, we have

1

Coa(MY) > A (L +&lLgp ILf =Kl g2)
(e p+HkH )’
1
A (11281l 0+ 1211
t 1
(Hfll I )
1
21T (ZHgH///” 2||n]| )
27| £l &
1—1
:2 1,

So Cp () > 2'71 . Since Cy (M) <277, we conclude that C;L ,(///p) 2=t

Next, for th tant C) (A7), id =
ext, for the constant C; ,(.#g), we consider \\f\\ﬁ; HfH‘/,{; ||fH///qp
HkH///qP Then, we have
1
Coa (M) = ———A(If +klgp: |f =Kl gp)
2111
1
= ———— (128l gz 1201 4p)
281 1Ly
1
A8l 201l )
21 pe
—l-1,
By applying the same arguments as above, we conclude that le ()= 2-1. O

COROLLARY 2. Let 1 < p<g<ooand 1 <t <eoco. Then

CO)(ap) = Cop(tt?) = CP (a?) = CO(ltp) = (M)

q q

— Ao (MP) =T (MP) =2,

REMARK 2. Corollary 2 generalizes and improves existing results in [10, 13].
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4. Discrete Morrey spaces
Let @ := NU{0} and m := (my,my,...,my) € Z¢. Define
Smy = {k€Z: |k—m|. <N},

where N € @ and ||m|| = max {|m;| : 1 <i<d}. Then [S,n|= (2N +1)? denotes
the cardinality of S,y for each m € 74 and N € 0. Let 1 < p < g < oo and define
discrete Morrey spaces (5 = (4 (Z%) as the set of all functions (sequences) x : Z¢ — R

such that 1

1_1 P
W= sop IsualiF (3 wwp)” <o

meZd New k€S N

The discrete Morrey space ¢} with the above norm is a Banach space [9]. Note that for
p = q, the space ¢4 is identical with the space 9.
Our result for discrete Morrey spaces is presented in the following theorem.

THEOREM 3. Let 1 < p<qg <o and 1 <t <oo. Then

Coa(8) =G, (t0) =217

Proof. Suppose that 1 < p < g <ooand 1 <7 <eo. Letus ﬁrst consider the case
where d = 1. Assume that n € Z be an even number w1th n> 2q » — 1, which can be

1 1 1
written as (n+1)7 » <27 7. Therefore (n+ l)q 527 < 1. Consider the sequence
(%% )kez defined by

xo =x, =l and x; = O for all k ¢ {0,n}
and the sequence (yi)xez defined by
yo=1,y,=—1landy,=0forall k ¢ {0,n}.

Hence, we have

1

Q\'—

_1 P
Iy = swp [Sunl ( S )’
meZd New kESu.N

3
= max{l (n+ 1)%‘%2%} 1.

Similarly, we can show that [|y[|,» = 1. Moreover, we may observe that ||x+y|[,» =2
and [x— vl =2
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Assume that n € Z be

Now we shall consider the general case where d
q
an even number with n > 244-r) — 1, which can be written as (n+ 1) AG=3) <277,

Therefore (n+ 1) g I’)ZP < 1. Define the function x : Z¢ — R by
X(k) = 1, k=(0,0,...,0),(n,0,...,0)
B 0, otherwise

and also define the function y: Z¢ — R by
I, k=(0,0,...,0),

yk)=4¢ -1, k=(n,0,...,0),
0, otherwise.
Thus, we have
1
11 P
I Sl N
meZd New kESuN
1
sy (o))
3.5
:max{l (n+1) (T?)N}:l.

By the same argument, we can show that ||y]| 0= 1. Moreover, we may observe that

¥+ yllp =2 and [lx—yl|,» =
First, let us compute the constant Cy ,(mj). Then, we obtain

1
Cri () 2 A(lle+yll gz llx=yllp)
(Il +5lp)
_Lieay=2t.
2/
So Gy, (44) > 2!-7 . Since Cy,(¢h) <2'77, we conclude that Cy ,(¢)) = 217
Next, we move to the constant C;_(¢f). Hence, we get
1
Cia(l)) > s A ([l 4 ¥llp s 1= ¥l )
1 _1
= —A(2,2)=2""7
27
By using similar arguments as before, we conclude that C; ) = 21, O
COROLLARY 3. Let 1 < p<g<oo and 1 <t <oo. Then
L) = () = Aa (0) = T(Eh) =

)
Cry(e2) =5 () = " (er

) =
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REMARK 3. Corollary 3 generalizes and improves existing results in [10, 14].

As a consequence of Theorems 1, 2 and 3, we obtain the following result.

COROLLARY 4. Morrey spaces A} , small Morrey spaces ml; and discrete Mor-

rey spaces Eg with 1 < p < q < oo are not uniformly non-square.
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