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IMPROVEMENTS OF SOME FUNCTIONAL JENSEN
TYPE INEQUALITIES VIA SUPERQUADRACITY

RABIA BIBI

(Communicated by S. Varosanec)

Abstract. In this paper we obtain improvements of some functional inequalities of Jensen and
Holder type. For this purpose we use superquadratic functions and positive linear functionals.

1. Introduction

Throughout in mathematics the inequalities by Jensen and Holder are included in
the most familiar and useful inequalities. Most of the classical inequalities can be pro-
duced from these two inequalities. There are so many generalizations and versions
of these inequalities available in the literature. In case of positive linear function-
als Jensen’s inequality is known as Jessen’s inequality. For superquadratic functions,
Jessen’s and Holder’s inequalities are generalized by Bani¢ et al., in [3]. Throughoutin
this paper we use A for a positive linear functional, defined in the following way, see

[6].

DEFINITION 1. Suppose that L is a linear class of real-valued functions defined
on a nonempty set E, i.e., L satisfied the following properties:

(1) If f,g€ L and a,b € R, then (af +bg) € L.
(2) 1e€L,where 1(r) =1 forallt € E.
A positive linear functional A : L — R is a functional having the following properties:
() If f,ge L and a,b € R, then A(af +bg) = aA(f) + bA(g).
(2) If feL and f(¢) >0 forall t € E, then A(f) > 0.

Additionally if the condition A(1) = 1 is satisfied, we say that A is a positive normal-
ized linear functional.
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REMARK 1. Sums and Lebesgue integrals are the most familiar examples of posi-
tive linear functionals. In [2] it is shown that time scales integrals including the Cauchy,
Riemann, Lebesgue, multiple Riemann, multiple Lebesgue delta, nabla and diamond- o
time scales integrals also satisfy the properties of positive linear functionals.

Superquadratic functions are defined in the following way, see [1].

DEFINITION 2. A function o : [0,00) — R is called superquadratic if there exists
a function C : [0,e0) — R such that

a(y) — a(x) = aly—x) > Cx)(y—x) forall xy>0.
We say that o is subquadratic if —o is superquadratic.

A superquadratic function may or may not be convex but if it is a nonnegative
function then it is a convex function. As an example, the function o(x) = x” is su-
perquadratic for p > 2 and subquadratic for p € (0,2].

Some properties of a superquadratic function are collected in the following lemma
form [1].

LEMMA 1. Let o be a superquadratic function with C(x) as in Definition 2. Then
(i) a(0)<0;
(ii) if a(0) = a'(0) =0, then C(x) = &' (x) whenever a. is differentiable at x > 0;
(iii) if o0 >0, then o is convex and o(0) = o/(0) = 0.

Jessen’s inequality for superquadratic functions is investigated in [3] and the fol-
lowing result is given there.

THEOREM 1. Suppose that L and A are defined as in Definition 1, o : [0,00) —
R is a superquadratic function, w, f € L are non-negative functions, A(w) >0, wf,

wa(f), wa(‘f—‘%{t{)) ID € L. Then we get

Oc(A(Wf)) < Alva(f) A(Wa<)f_/i‘((v‘v”f)) 1D>

A(w) Alw) A(w

If o :[0,00) — R is a superquadratic function, x|, x, are two non-negative real
numbers and A € [0, 1], then we obtain the following discrete form of Jensen’s inequal-
ity, which is used in our main results:

a(Axy+ (1 - A)x) < Aa(xy) + (1 —A)et (x)
e ((1=A) v —xa]) — (1= D) (A xg —xa]). (1)

The next two theorems, as a refined version of Jensen’s inequality for superquadratic
functions, are given by Nikolova et al., in [5].
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THEOREM 2. Let 0,®,w, f are non-negative measuable functions such that 6 (x)+
D(x) =1 forall xe A and [, w(x)dx > 0. If & : [0,00) — R is a superquadratic func-
tion, then we get

(St
Ja B()w(x)dx (fA 6 (x)w(x)f (x)dX)
Jaw(x)dx Ja 0(x)w(x)dx

L+ I Pwx)dx (qu)(x)W(x)f(x)dx)

Jaw(x)dx Jx P)w(x)dx
_ Jaf0)wlx)dx ( JaOX)wx) f(x)dx [y w(x)f(x)dx D

Jaw(x)dx J (x)w(x)dx Jaw(x)dx
_ W PHw)dr ( JaPXw) f(x)dx [y wlx)f(x)dx l)

Jaw(x)dx Ja @)w(x)dx Jaw(x)dx

Moreover, (2) holds in reversed direction if o is subquadratic.

THEOREM 3. Let all the conditions of Theorem 2 be satisfied. Additionally if o
is non-decreasing such that o(a+b) < c(a(a)+ a(b)) for some ¢ > 0, then we get

Juw() f(x)dx
“( Jyw(x)dx )

[ 0Gw()dx (5 0()w(x)f(x)dx
S T widy “( T 800 n(x)dx )

Sy @@wdx ([ ®(x)w()/()dx
o "‘( Ty ®(0w(x)dx )

J, 8()w(x)dx (fAO(x)W(x)f(x)dx wa<x>f<x>de
Tow()dx Te(wmdr  Jyw()dx
 L®Wwldx ( [ W F)dx [y w(x)f()dx D
Tow(0)dx TO@wdr  Jywldr
_ hwa(ed et (76— BpCERe ) ax

wa(x)dx cwa(x)dx '

An improvement of Holder’s inequality using superquadratic functions is given in
[3]. In the following, we give a slightly modified theorem using weight functions.

THEOREM 4. Suppose that L and A are defined as in Definition 1, s > 2 and t is
defined by %—l—% = 1. If p,g,h € L, are non-negative functions, A(ph') > 0, and pgh,

pg’, ph', p‘g—ﬁ((’;’;':’))h"lr € L, then
1
s A(pgh) . 1|"\\* 1
A(pgh) < (A(pg‘)—A<p‘g—A((ph,))h’ : )) A7 (ph'). 3)
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A new improvement of Holder’s inequality for sums and integrals is given by
Iscan, see [4]:

THEOREM 5. For k € {1,...,n}, let g,h; > 0. If s > 1 and t is defined such
that %—l—% =1, then we have

| n l/s N 1/t N 1/s n 1/t
g < p { (Zkgi> (Z khi) + (Z(n—k)gi> (Z(”—k)h';c) }
1 k=1 k=1 k=1 k=1

“4)

THEOREM 6. Let s > 1 and t be defined by %—F% =1. If g,h:]a,b] > R are
such that gh, g*, and h' are integrable functions on [a,b], then we have

[ stomeome< ;- { ( [ —x>g“‘<x>dx) " ( [ —x>h’<x>dx)
- (/ab(x— a)g“(x)dx> " (/ub(x—a)h’(X)dX> 1/1} S C)

2. Refinement of Jensen type inequality

M=

k

1/t

In the following, our first result gives the generalization of Theorem 2.

THEOREM 7. Suppose that L and A are defined as in Definition 1. If o : [0,00) —
R is a superquadratic function, 0,®,w,f € L are non-negative functions, 0(x) +
®O(x) =1 forall x e E, A(w),A(6w),A(Dw) >0, and wf,0w,0wf Ow, dwf € L,
then we get

" (A (wf)) LAY (A(wa)) LA@w) (A (d>wf>)

A(w) A(w) A(Ow) A(w) A(Dw)
_A(Bw) (|A(OwSf) A(wf)
A (' Alow)  A(w) D
CA@w) (|A@wS)  A(w)
100 (G~ A0 ) ©
Proof. Set x| = ﬁ(&%) , Xy = ‘ﬁgg)) ,and A = AA(&X) .Then 1 —A = AXE%) and
Axi+(1=2A)x = i‘(&’;) . From (1) it follows that
A(wf) A(Ow) [A(6wf) A(Dw) [A(Dwf)
“(Gor) <o Gag ) dor e Gag) O
_A(Bw) (A(@w) A(Owf) _A(dDWf)D
A(w) Aw) | A(6w)  A(Dw)

S (G0 e e )
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Moreover A(Ow) ‘A(wa) _A((I)wf)‘ :’A((Dwf) _A(wf)‘ ®
A(w) | A(Bw)  A(Dw) A(Dw) A(w)

nd

) Al |416w) _ AW _|4l6wr) L) o
Aw) | A(Ow)  A(Dw) AOw)  A(w) |

Hence the inequality (6) follows from the inequalities (7), (8) and (9). O

REMARK 2. InTheorem 7 assume that L is a class of integrable functions defined
on a nonempty interval [a,b] and A(f) = [, f f(x)dx. Then inequality (2) follows from
the inequality (6).

Next theorem is a generalization of Theorem 3.

THEOREM 8. Let all the conditions of Theorem 7 be satisfied. Additionally if o
is non-decreasing such that

o(a+0b) < c(ola)+ a(b)) (10)

Jfor some ¢ > 0, then we get

war (| ¢ AG)
ooty <ot bl HEN) -,
where
() 3
oo (a0 )
A@w) (|A@wf)  A(wf)
“AW) “(' Al@w)  A(w) D (12

Proof. The first inequality in (11) is proved in Theorem 7. Here we prove the
second inequality in (11). By using Theorem 1, we get

wf)
o (AD) Avatr) 2 (owa([r-588-1)
A(Bw) ) = A(Ow) A(Ow)
and A(@wf)
A(d)Wf)) _A@wary A(0ve (555 -1) 14)
Adw) | = A(Ddw) A(Dw) '
By combining (13), (14) and (12), we get
o< e 5,40, (1)

A(w)
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where

Ql:A(GW) ('A(OWf) A(Wf)DJrA(q’W)a('i‘((d:DV:VJ;) z:((vth;)D

A “\|Atew) ~ Aw) A(w)

and
ot (A2 (o252 1)

Now, by using the triangle inequality, the nondecreasing property of o, and (10), we
get

it (e (=5 )

<<(re (e (-5 1) 307 (5w 500 1)
and

ot (e (=507 1))
(st (e (=S 1) e (G ~ %)
By adding the above two inequalities, we get

)

Hence inequalities in (11) follows from (15) and (16). [

COROLLARY 1. For k€ {1,...,n}, let wg,fy > 0. If o :[0,00) = R is a su-
n

perquadratic function, Y, wy > 0, and
k=1

o(a+b) < c(oa)+ (b))

for some ¢ > 0, then we get

n kil Wi fx
n n z Wka k — :n
kZl wifx k21 wie(fi) 42 f S wy
o & <0< - — ,
3wy > Wk c X Wi

k=1 k=1 k=1
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where
n n
{ n Y kwifi n Y (n—k)wifi
03 = — EkaOC k:; + E(H—k)wka k:ii
n Y wg [k=1 > kwy k=1 Y (n—k)w
k=1 k=1 k=1
n n
0 D okwifi X wifk
=S b k=1 k=1
k=1 > kwy 2w
k=1 k=1
n n
n Y (n—=kwefi X wifi
— 2 (n—k)wpor kzi — kzi
k=1 Z (n—k)we 2w

-1 k=1

Rk

Proof. The result follows from Theorem 8 by taking E = {1,...,n}, 0(k) =
®(k) = =% w(k) =wi,and f(k) = fr. O

n 2
3. Refinements of Holder’s inequality

In this section we obtain some improvements of Holder’s inequality for positive
linear functionals. Our results are new in case of sums and integrals as well.

THEOREM 9. Suppose that L and A are defined as in Definition 1, s 2 2 and t is

defined by + +1 =1.1f 0,®,p,g.h € L are non-negative functions, 0 (x = 1
s 13

Jorall x € E, A(ph') >0, pgh, 6pg*, ®pg’, Oph', dph', GP‘g - IA(((;%)
A(Opgh)

A(pgh) < (A(Gpgs)—A<9p’g—Wh S)>% T (6pH)

+ (A (Ppg’) —A <<I>p’g—[%ht_1 ))1 T (@ph). (A7)

Proof. By using Holder’s inequality (3), we obtain
A(pgh) = A(0pgh+ Ppgh) = A(0pgh) +A(Ppgh)
1
A(Bpgh) 1"\ \* 4L

< (A(6pg’)—A(6plg— LK A7 (6ph!
< (6pg’) (p’g A (6ph) (6ph')

’ 1

A(@pgh) ,1["\*
A(Dpg’) —A(Dplg— ——Lo2n! Oph'
+< (Ppg’) < plg A (@ph) A7 (Dph'),

which is the required inequality. [

s

oplg gii]f)) K- 1’ € L, then we get
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REMARK 3. If E = {1,...,n}, (k) =%, ®(k) ==X, p(k) =1 forall k€ E,

n

g(k) =gk, h(k) = hy and A(g) = i gk then the inequality(4) follows from (17).
k=1

Similarly, if we take L a class of integrable functions defined on a nonempty
interval [a,b], A(g) = ffg(x)dx, p(x) =1 forall x € E = [a,b], O(x) = 2=, and
®(x) = 3=%, then the inequality (5) follows from (17).

THEOREM 10. Let all the conditions of Theorem 9 be satisfied. If
A(Opgh) 1|

N A (Ppgh)
A(Oph')

A(Dpht)

s
b

ht—l ht—l

A(ph')

<6‘g

+(D'g—

then we get

Ao < (4@ -4 ([ 4080

S))‘iAi (6ph')
'

S\ 3
)) AT (ph'). (19)

+ (A (Ppg’) —A <q)p 'g — %h’l

(@ph')

< (A (pg")—A (p’g_ i((l;if')) -

Proof. First inequality in (19) is proved in Theorem 9 and the second one follows
from the inequality (18) and the discrete Holder’s inequality:

1
- 3 1
upvy +upvy < (ui +uy)s (Vi +v4) 7", uy, iz, vi,va =0,

by substituting

v = AT (6ph'), > — AT (oph'). O

The discrete and continuous version of Theorem 10 gives the following refine-
ments of Holder’s inequality for sums and integrals.
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COROLLARY 2. For k€ {l,...,n}, let pr,gk,hx >0, s > 2 and t be defined by
Lyl p
n K
kzl Pk8ihk
8k— =% h!
Y pih,
=1
n s n N
i kgl kpigihy kgl (n— k) pr&ichi
< | k|ge— Bt (= k) gk = = B
3 kpih, kgl (n — k) pich
then we get
n sy 1/s
n n kZ Pk8ihk n 1/t
N prgihe <Ry <Y prgl— 2 pelgk — S n ! (2 th§¢> )
k=1 k=1 > pilt, k=1
k=1
where
n sy 1/s
| kz kprgrhi " 1/t
Ry =- Z kpigy, — Z kpr |8k — ,,7}12_1 (Z kpkh§<>
=1 k= S kpiht, k=1
n sy 1/s
1 n n kgl (}’l - k)pkgkhk
+ - Z n—k\pigi— Y. (n—k)pr |gx — =, !
k=1 k=1 3 (n—k)prhi
k=1

M=

1/t
X ( (”—k)thZ> .
k=1

COROLLARY 3. Let s >2 and t be defined by + +=1and p,g,h:[a,b] >R

are such that pgh, pg*, and ph' are integrable functlons on la,b]. If

ol p@entdr
S ETE T
1 J2(b—x)p@)e@hx)dx |
< b—x)|g(x)— W (x
b—a{( O = e permar
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then we get

[ pos(ntaas < r: + R

<<l}m§wm—éﬂ
x([fp@wwndgg,

where
Ro= o { [ - pg
h 20— 9pehtax, [ }”S
- b—x)p(x)|g(x = (x)| dx
IR R AT
n 1/t
x(Ew—mmwww>
k=1
and
R= e { [ apwe e

n 1/t
X (Z (x— a)p(x)h%x)) .

k=1
THEOREM 11. Let all the conditions of Theorem 9 be satisfied. Additionally if
(a+b) <c(a’+0%)
holds for some ¢ > 0, then we get

e o4

1/s
ﬂ AV (pH), 20

where

s

A(Opgh) A(pgh)

| A’(6pgh) A* (Ppgh) :
e lA(”>(9ph’) A= (@ph!) A (opr) A(6ph') — A(ph')
s l/s
A(Dpgh)  Al(pgh
—A(epr) A((Qf?i’))_A((I;i’)) A (pH)-
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Proof. Let o(x) = x*, w(x) = p(x)i (x) and f(x) = g(x)h~"/*(x). Then the in-
equality (11) becomes

(A(pgh))‘
A(ph')
1 A’ (Opgh) 1 A% (®pgh)
A(ph') A=V (6ph') ~ A(ph') AL=1 (®pht)

_A(6ph') |A(6pgh) A(pgh)|" A(®ph') |A(Ppgh) A(pgh)|’
A(ph') |A(6ph)  A(ph')|  A(ph') |A(DPph') A(ph')
Ay Alple=SER )
S A(ph) cA(ph') '

Now multiplying both sides with A* (ph") and then taking the power 1/s on both sides,
we obtain the inequalities in (20). O

Using Theorem 11, we obtain the following refinements of Holder’s inequality for
sums and integrals.

COROLLARY 4. For k€ {1,...,n}, let prx,gr,hx > 0. If s =2 and t is defined
such that %—i—% =1, and
(a+b) <c(a’+0%)

holds for some ¢ > 0, then we get

n

n " " kzl Pi8ihi " 1/t
Y, prgihi < Rs < 2 P8 — = 2 Pr|gk— ——H! N pihi; )
k=1 k=1 ¢ z pih, k=1

k=1

where

( i kpkgkhk) (kil (n— k)pkgkhk>l

k=1

n (s—1) + n (s—1)
(L) (E0-0pa)

k=1
n n s

Z kprgrhk kgl Pr&ihi

k=1 i kpihl, s ph'

=1
n n K 1/s
n kgl (n— k) prgihi kz P8Ik 0 »
Z n—k)prhi, |=; - > (k)"

=
n

Y (n—k)pih, Y pih, k=1

=1 k=1
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COROLLARY 5. Let s > 2 and t is defined such that %—l—tl =1 and p,g,h:
[a,b] — R are such that pgh, pg®, and ph' are integrable functions on [a,b]. If

(a+b) <c(a’+0%)

holds for some ¢ > 0, then we get

’ p(9)g(h(x)dx < Ry

where

N

PPb—xph @l [P p)h )
Od 2 p()g(h(x)d: H v

JiGe—a)p@i@d [T p)k (x)di

REMARK 4. We state our results for positive linear functionals and apply them to
sums and integrals. Some of our results are new even in case of sums and integrals. As
most of the classical inequalities can be obtained from the Jensen and Holder inequal-
ities, we can also obtain improvements of these inequalities by using our new results.
Further, like sums and integrals, time scales integrals are also important examples of
positive linear functionals. Therefore we can use our results to get improvements for
time scales integrals.
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