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WEIGHTED ESTIMATES FOR A CLASS OF MATRIX OPERATORS

NAZERKE ZHANGABERGENOVA

(Communicated by J. Jaksetic)

Abstract. In this paper, we have obtained criteria for the fulfillment of weighted inequalities for
the class of quasilinear discrete operators involving matrix kernels.

1. Introduction

Let 0 < p,q,r < e, }—)4—# =1 and f = {fi}7, be an arbitrary sequence of
real numbers. Suppose that u = {u;}*,, v={v;}>, and w = {w;}*, are positive
sequences of real numbers, which will be called weight sequences. We denote by [,
the space of sequences f of real numbers such that

»

fllpw={ X vifil" | <o
i=1

In this work, we consider the following operators

(Kif) == X |we X, aif; (1
k=1 i=k
k "
(Kof) == Y |wk X, arifi 2)
k=n i=1

where (a;), i > k is a matrix, whose non-negative entries satisfy the discrete Oinarov
condition: there exists a constant d > 1 such that the inequalities

1

p (aij+ajr) <ajp <d(aij+ajg) (3)
or, equivalently, the relation a;x ~ a; j+a;; hold forall i > j > k > 1. In view of (3),
one can say that (a;x) is almost non-decreasing in i and almost non-increasing in k.
We will study the following iterated discrete Hardy-type inequalities

oo q oo P
Y ul(kif)!)] <c| Y Wifil”| . 4)
n=1 i=1
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1
P

(i”Z(Kzf)q> <C/<ilvifi|p> : (5)
n=1 i=1

where C and C’ are positive finite constants independent of f €1, , .
The purpose of the work is to obtain weighted estimates for the operators (1) and
(2) from [, to I, inthecases: 1 <p<g<ecand 1 <r<oo; pLg<eo, 0<p<l
and 1 < r < eo. Nowadays, these operators and
r> %

) (Kaf) = (;

are being intensively studied. Recently, characterizations of analogous inequalities with
quasilinear operators K3 and K4 have been found in the work [12]. When a;; = 1 for
all i > k > 1, weighted estimates of the quasilinear Hardy operator

n

(Ksf) = (Z

Wi D ikl
i=k

k
we Y axif;
i=1

k=1

k
(Hof)k:=wi ) fi, k€N
i=1

were obtained in the papers [16] and [ 18] for the different relations of parameters. Also,
the work [6] includes weighted estimates for the following discrete iterated Hardy-type

inequality
N ;
2 uy, supw,-Zf;< <C Ef,fvn .
nez izn k< nez

Moreover, the discrete inequalities involving operators that combine both the kernel
and the supremum were discussed in [7].

Characterizations of the continuous analogues of inequalities (4) and (5) have been
better studied than discrete versions. For instance, the following weighted integral
Hardy-type inequality initially was considered in the works [4] and [13]:

1

[ oy ar| <c| [wormrd) . feLu0.°).  ©
0

0

for 0 < p,q,r < oo, where u(-), v(-) and w(-) are positive functions locally integrable
on the interval (0;e0), L, ,(0,0) is a weighted Lebesgue space of functions for which
the right side of the inequality (6) is finite and K is a quasilinear operator defined as
follows

r

k)0 = | [ o) [ £as) ar | ™
0 0

V. Burenkov and R. Oinarov showed the equivalence of the inequality (6) to the in-
equality, which determines the boundedness of the multidimensional Hardy operator
from the Lebesgue space to the local Morrey-type space (see [3]). After this work,



WEIGHTED ESTIMATES FOR A CLASS OF MATRIX OPERATORS 629

weighted estimates of quasilinear Hardy-type operators came into use, and there was a
great interest in the study of related inequalities, which began to be studied intensively
(see [5], [19], [21]). Necessity and sufficient conditions for the fulfillment of the in-
equality (6) with kernel were obtained in papers [10], [11] and [14]. The next step was
to investigate bilinear Hardy inequalities. Characteristics of bilinear Hardy inequalities
follow from the characteristics of iterated inequalities (see [8], [9]).

For the case 0 < p < 1 continuous Hardy-type inequalities hold in trivial case only
(see [19]), but in this case discrete Hardy-type inequalities can be explored. Therefore,
it is important to note that in this paper we consider the case 0 < p < 1.

2. Auxiliary statements

To establish inequality (4), we use known theorems and classical inequalities. Let
us present them.

THEOREM A. Let 0 < p <1, p < g < eo. The inequality

k=

1 1
q) <c<2|vifi|l’> . f€lpy, 8)
i=1

holds if and only if A < oo, where

(iuz\iﬁ
1 i=k

1

J q
A= sup (Zu?) vit

Jjz1 \i=1
Moreover, C =~ A, where C is the best constant in (8).

THEOREM B. Let 1 < p < g < oo. Then the inequality (8) holds if and only if

1 L
N (= N\
D=sup | Y uf SviP ] <ee
j=1 \ k=1 i=j

Moreover, C =~ D, where C is the best constant in (8).

Theorem A is proved in [1] (Theorem 1(iv)). Theorem B is considered in [2]
(Theorem 2)).

Weighted discrete Hardy-type inequality for one class of matrix operators has the
following form

B B q 7 B 7
Soul| ah| ) <c( X wr) . ret, ©)
k=o i=k i=a

where [or, ] C N and the entries of the matrix (a;x), i > k, satisfy discrete Oinarov
condition. The related to the inequality (9) boundedness of these matrix operators was
studied in [15], [17], [20] and [22].
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THEOREM C. Let p < q <oo and 0 < p < 1. Let entries a;x of a matrix (a;)
be non-decreasing in the first index. Then inequality (9) holds if and only if

1

= sup (Z%k”k) vl <o

a<j<p

holds. Moreover, C =~ E, where C is the best constant in (9).
Theorem C follows from Corollary 3.2 of [20].

THEOREM D. (see [17]) Let 1 < p < g < oo and the entries of the matrix (a; )
satisfy condition (3). Then the inequality (9) holds if and only if F = max{F|,F>} < oo,

where 1
Ay
= sup Zv Za;{kuz ,
a<j<B k=o

NTTY
= sup Zadl Z”Z )
a<j<P i k=0

Moreover, C =~ F, where C is the best constant in (9).

N,

THEOREM E. (see [15]) Let 1 < g < p < oo and the entries of the matrix (a; )
satisfy condition (3). Then the inequality (9) holds if and only if M = max{M,,M,} <
oo, Where

r=gq
q(p—1) g Iz
N\ e k P4
P q q
M, = 2 Zalkvi 2”; Uy )
k=0 j=o
. r=gq
P - rq
B k —a [ B AN ,
q .4 —P P
My = 2 Eak,juj Evl Vk
k=o \j= i=k

Moreover, C =~ M, where C is the best constant in (9).

We provide proofs only for the inequality (4), since the proofs for the inequality (5)
are similar. Therefore, we have decided not to give analogues of Theorems A, B, C,D
and E for inequalities (8) and (9) with corresponding conjugate operators. Theorems A
and C are applied for the case p < g < oo, p € (0, 1], other three theorems are applied
for the case 1 < p < g < oo. For our proofs we also need the following Lemma.

LEMMA 1. Let r >0, 1 <n <N <. Then

z(z) - <z>% z(z) (10

k=n Jj=k i=n



WEIGHTED ESTIMATES FOR A CLASS OF MATRIX OPERATORS 631

We also use the following elementary inequalities in our estimates: if a; > 0,
i=1,2,...,k, then

k * ok
Yai| <Yaf, 0<a<l, (11)
and

k o
<za,-> >3 a1 (12)

We also need the following quantities:

B
(£
k=o

S =

B
Wi _Zk a; i fi

J;p(a7ﬁ) = sup 1 . fe lp,Va
f#0 B P
X |vifilr
i=o
1
B k r\ "
2 |k X akifi
4 k=o i=a
Jm,(mﬁ) = sup : , fE€Ly.

££0 5 ’
(_Z Vifip>

Convention: The symbol E < F' means E < CF with some constant C, depending on
the parameters p, g and r. Moreover, the notation E ~ F means £ < F < E.

3. Main results for 0 < p < 1, p < g < oo,

THEOREM 1. Let 0 < p <1, p<g<eo and 1 <r <oco. Let the entries of
the matrix (a;) satisfy condition (3). Then inequality (4) holds if and only if BT =
max{B],B] } <o, where

izl

oo q
Bj =sup ( MZ) Jrp(1,),
n=j

q

1
J n T\

+ q ror -1

By =sup [ Y ul kzla”’ka vil.

Jjzl \ n=1

Moreover, C = Bt , where C is the best constant in (4).

Proof. Necessity. Suppose that inequality (4) holds with the best constant C > 0.
Let us show that B; < oo, We choose j > 1 arbitrary and we take a test sequence
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fi={fi}, defined by f;; =v;! fori=j and f;; =0 for i # j. Then

1
p

1Fllp = (E fji W’) =L
i=1

Substituting f, in the left-hand side of inequality (4), we deduce that

g\ L

(=Y ul ( NEH r)
=l o=l s
J 1 r
2 2 Z(Z :’(Zaw»fh) )
n=1 s=1

By taking into account that a; > a; ¢ for i > j, we have

<

1
oL
J AN

1> S q(; ) S i

n
(Za jsW ) v;l.
s=1 ’

SR
=

WV
i M-

From (13), (14) and (4) it follows that

1
J n H\ ¢
> ul Za;7sw§ v;l <C, Vj= 1.
s=1

n=1

Since j > 1 is arbitrary, we have

Suppose that

J

é(il

i=s

ws . disf;

(13)

)

(

1
-

14)

15)
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From the validity of (4) we have
1

(o) (54 (o)

. J J o\
oo q > |ws Z az}sfi
Cc> 2 uz sup s=1 i=s . _
n=j 120 J »
_21 |vifilP
i=

Bf <C. (16)
The inequalities (15) and (16) give that

J

2 az}sfi

M
S:Q
Q=
=l
[ M\

Hence,

BT <C <o, a7)

Sufficiency. Suppose that Bt < . Now we prove that inequality (4) holds for a
finite constant C. Without loss of generality we assume that 0 < f €1,
If 0<g< 1, wehave

n=1 s=1 i=s
N X
(S (B (Bon) )+ (St (o) )
n=1 s=1 i=s s=1

1
aN q

<21 il q(E (Zaf) )

q

o n o r r é
({5
n=1 s=1 i=n

By condition (3), we obtain

1

s=1 i=s

n=1

o (g8 ()
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A\
N
Q=
AN
1M
E:Q
—~
-
\_/
~b
/__\
M
8
=
=
\_/
-

q

1
o n S a\ 1

s zuz<za;,swz> (Zﬁ)
n=1 s=1 i=n

2! il (il (261“]‘,))%

1 1
=43 ' [+ b +207 L. (18)

e,

If g > 1, by using discrete Minkowski inequality, we obtain
I(f)<L+hL+15. (19)

This means that we need separately estimate /;,/> and /3. Let us start with /;. By
Theorem C, we have

M=

I} << sup Zajnu’1<

Jz1 \ n=1

wz) vit oA llp- (20)

w-
Il
-

Taking into account that a;, < a; for n > k, we get

g\ L

2\ q
Iy < § sup 2 <2a;kwk> V;I ”pr.,vgB;Hf”[Lw 21

Jjz1l \ n=1

Let us estimate /. By Theorem A, we have

) a\ g
J n r
L<Ssup | Yul | Y a i it S 1l (22)
izl \ n=1 k=1 !
Since a,x < aji for j > n and from (22) we get
L < By ||flpo- 23)

For all n > 1 we consider the following set:

Ly —max{leZ Z(MZ%M) 22”}

1 i=s
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Then forany n > 1:

2l < Z (wSZal s f,) < 2/Lat1) (24)

Letny=1and M ={neN:L, =L, =L;}. We will define the value ny as ny =
supM; + 1. Obviously ny > ny.If the set M; is bounded from above, then ny < oo
and np = maxM;+1. Let 1 =n; <np < ... < mn < e be inductively determined
for k > 1. Then assume that n;.; = supM; + 1 to determine the value ng, |, where

={neN:L,=L,}. Let Ng = {k € N:n < eo}. For convenience, we introduce
the notation L,, = my. Then from the definition of n; and by (24) for k € Ny, we have

2 2 (wXZa, Xf,) <2/ mA) e < <y — 1, (25)

and

N={J [mmi1), [meomeer) (Vnig) = @.
keNo kAl

Therefore, we can write I3 as follows:

q

ngyp1—1 n " é koo npy1—1 %
=Y ¥ zﬂ(E (wSZamf,)) <4<qu<mk1> Y uZ) . (26)
i=s k=1

keNy n=nj s=1 n=ny

Using that my_, + 1 < my — 1, which is derived from my_, < my_; < my and from (25)
and (3), we have

ka—l — Mg _ zmk—l < oMy _ zmk,z-‘rl

2
ny ny r % ng—1—1 ng—1—1 d %

< (wa (Zai75ﬁ> ) —( Z Wf( Z azysfi) )
s=1 i=s s=1 i=s

1

nj_1—1 ng_—1 N "\ T 1 g "
N owil Y aisfit Y, aisk +{ X wi Daishi
s=1 i=s i=ng_1 S=nj_1 i=s

1

~1—=

|
=
Y0
-
5
3
/\ /\:
3
-
ot
=
N———
g
N——
~1
/A
=
Y0
LM+
5
3
T
|
=M=
T s
s
=
N——
g
N——
~|

1 L
np_1 r ny r
+ (Z aﬁkl,sW.C) X fit ( (Zaz sﬁ> ) : 27)
s=1 i=ng_| S=nj_|
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Combining (26) with (27), for g > 1 we have

; é
Njy1— nj—1 r 1
< | Y X zﬂ > w; N, i fi
kENO n=nj s=1 i=ny_
1
gy —1 —1 g 1 !
q w' R
Y [ Sa > i
keNy n=ng s=1 i=ng_1
1
njp1—1 N N " % !
X X X v Xais
keNy n=ny S=Nj_1 i=s
= I3 + I3y + I33. (28)

IfOo<g<1, weget

1
<4-34 1[1314—1324-133}.

Let’s start estimate I3;. Since 0 < p < 1, using (11) and (3) we have

1
q aN\ g
Meg1—1 Ng—1 r N Pp\ 4
= 4q r . iy L
Ly = 2 2 Uy ZW Z iy, JiViV;
keNg n=ni i=ng_|
q g\ L
03 P ngp1—1 g1 \ 9
L £.|P q —-q q r
<X | X il swp at ! X | Lo
keNg \i=nr_1 M1 ST n=ny,
1
q q =
ny P njp1—1 nj—| AN
- ro.r
<X | X Al 2wl sup vt X alw
keNg \i=nr_1 n=ny, g1 <Z<ng s=1
49 Q %
ng p npyp—1 z
£ |P — r r
SU 2| X WAl X ul sup vt | Y al ]
keNg \i=nr_1 n=ny g1 <Z<ng s=1
aN\ g 1 1
3 P a oo q z r
-1 ror
<X | X sl sup | 3 uff | sup vl (X afw]
keNy \i=n;_; m=1 \ n=n; 1<z<ny, —1
1 (=<} P oo a 1 z =
P - o
<2\ X ifil” ] sup( Xui)| sup vt { X alow
i=1 JZ1 \n=j 1<z<j s=1

In this case the ratio of the parameters p and r is p < r <o, p € (0,1]. Therefore, by
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Theorem C we have

1

(Z wkzalkfl

) e
i r
Jr) (1 J) =sup - A sup (Z‘aaswf) vi_l.

s=1

J#0 J P I<i<j
(_21 Vifi|p)
i=

Thus,
Ly < B fllpy-

In the same way, we evaluate /3.

4q q
P Njep1—1 nj—1 r
I < Z |vlfl|p sup v, ! Z uq 2 a"k 1.sWs
keNy \i= nk 1 Nj—1 STSN n=ny,
q q 1
P gy =1 N1 AN
- ror
<2\ X WAl X sup v Y a ]
keNy \i=ny_ n=ny T— 1 ST s=1

T

N
™M

N
[\S)
~

%)

[=]

o

1 1
o q "
Y MZ) sup v, (2 a; swy ) £ 11p.y

1
q
q> T LDl

Therefore, also
Lo < BY || fllp,v-

Estimate the last remaining /33

T 1y
wh aisfi
g1 —1 -V:%c—l S (iZY Mﬁ)
q
q
P

Ly=| 2 X uf
keNy n=ng ng
X ifil?
1=Nj—1

ng %”kJrl*l a
> ( Y Vifip> D Ul (mi—1,m)]?

kENQ i=ny_| n=ny

N

1
1 1
ny a oo 6 Z
—1 r
2 [vifil” sup 2 ul sup v, Zauws
keNy \i=ng_1 ng=1 n=ny 1<z<ny, s=1

N,

)i

637

(29)

(30)

€29
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(2 (2 war) ) s Eu) smn

keNg \i=ng_1 n=1 n=ny
1
5 S q ’ - ; +
< 21’821; Doud | L (LD pw < BN fllp (32)
]z n=j

From the inequalities (21), (23), (30), (31) and (32) we have that

N
2u3<2w§ (Zamﬁ) ) < BT £l p.v- (33)
s=1 i=s

n=1

and C < B, where C is the best constant in (4). The latter together with (17), gives
C ~ B". The proof is complete. [

THEOREM 2. Let 0 < p <1, p<g<o and 1 <r <. Let the entries of
the matrix (ax;) satisfy condition (3). Then inequality (5) holds if and only if B~ =
max{B ,B, } <o, where

1

J q

By =sup | D ui| J,(j,),
7zl \n=1

q

1
- q
B, =sup Z (Z%,W) v;l.

j=1 n=j
Moreover, C' =~ B~ , where C' is the best constant in (5).

The proof of Theorem 2 is similar to the proof of Theorem 1.

4. Main results for 1 < p < g < co.

THEOREM 3. Let 1 < p<gqg<oo and 1 <r <oo. Let the entries of the matrix
(aix) satisfy condition (3). Then inequality (4) holds if and only if

MY = max{M; M5 M} < oo,

where

1
oo q
M1+—SUP<Z ) rpl.]

/>l
1
q €
= \7
2"1’ )
i=j

q
r

/ n
My = sup Zu% <Zajkwk>

jzl \ n=1



WEIGHTED ESTIMATES FOR A CLASS OF MATRIX OPERATORS 639

1

(5e)’

Moreover, C ~ M™, where C is the best constant in (4).

SR

J n
M§ =sup [ > ul <2w2>

Jjz1 \ n=1 k=1

Proof. Necessity. Suppose that the inequality (4) holds with the best constant
C > 0. Let us show that M < . In the same way as we obtain the estimate C > Bf
in the proof of Theorem 1, we get that

M <C. (34)
Let 1 < j <N < o and we take a test sequence fj {f;, 7 such that f;, =
af;. lvip for]\ngandfjJ—O for 1 <i< jand N <i. Then

1 1 1
~ o S 5
1 £illpy = (ZIf,-,WH’) = (Zlafj b, pVi”) (Zal, v; ) <eo, (35)
-1 i=j

ie. f; €lpy. By substituting fj in the left-hand side of inequality (4) and taking into
account that a; s > a; j for j > s, we have

; i NN
I(f)> ZMZ<ZW§<Zazsfjt>>
n=1 s=1

1

n ‘7] N .
2w Y aijfii
n=1 5 i=j

\Y
M-
:SQ

~
N,

n N , ,
r P ,r
E Wy E a; v " (36)
n=1 s=1 i=j

From (35), (36) and (4) we obtain

l

q 1
J n r o
c> Zuﬁ(wa) (Za”l ) forall 1 < j<N <oo. 37

n=1 s=1

Since j > 1 is arbitrary, taking the supremum over j and passing to the limitas N — oo,
we get that

M = sup 2u3<iw§> (2%” ) <C. (38)
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Let us show that M+<<x> Now for 1 < j < N < e we suppose that f”—v ” for
\ngandi—Oforl\z<]andN<z.Then

1
~ N _ / ; ~
1 £illpy = (2 Vi p) v Ji€lpy (39)
=

Similarly as above, substituting f, in the left-hand side of inequality (4) and taking into
account that a; s > a; s for i > j, we can deduce that

Q=

M=
=

SR

15> [ 3 u <2w>
s=1

bl

1
i /N N 7
ZVi_p , forall 1< j< N <oo.
i

Il
~

SR
Q=

(40)

Il
i M~
1M=
Q
:g
.
N———
1=
~<
X

From (39), (40) and (4) it follows that

RS
=

n=1

J
Cc> 2 ul (i a}sw;)
s=1

Similarly as above, by taking the supremum on j and by passing to the limit on N, we

find that
1
j n T o AW
My =sup [ Y ul| Y ) wh St <C. (41)
s=1 =

jz1 \ n=1
From (34), (38) and (41) we have that
M <C. 42)

Sufficiency. Let M+ < oo. Now we prove that inequality (4) holds. Let 0 < f €
Iy The sufficient part of Theorem 3 can be proved in the same way as the sufficient
part in Theorem 1. In this case since ¢ > 1, in the same way we get I(f) < I, + L+ 11,
where I, I, and I3 are values from (19). We use Theorem D to estimate I, then taking
into account the condition (3) we obtain the following inequality

I < max{M;", M5} f1[p.v- (43)
For estimating I, we use Theorem B and condition (3).
L <M | fllpy- (44)

To estimate I3, we obtain the same values 131, 3> and I33 as in the proof of Theorem
1. Next, to evaluate them we must consider the cases p < r and r < p separately.
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The case 1 < p < r. By using Holder’s inequality with powers p and p’, we
obtain that

N % ny , 2\ 7 ny1—1 Ng_1 %
i<| Y| Y mifil? > ab, vi? > oul|l Y . (45)

keNg \i=ng_ =Nk

==

Hence, we have that

PN
o =
Il =
~.
Q
KRS
~ =
<
A
-.:\
\—/
=

ny %nkﬂ—l J
Li<| Y ( Y Vifip> Y, ul sup (2“’5)

keNg \i=ng—1

T
_—=

1
ny. oo q j 7
< XD hisilf sup ( Y ul sup ng Zau . )
keNg \i=n;_1 mezl \ n=ny I<j<mg \s=1

By applying (12) with % > 1, we obtain that

I €
e q P
I3 < 2I)f||pvsup<z ) sup (Zw) (Zazj v, ) .
m=1 \n=m I<jsm \s=1

As J, (1 m)~C when ¢« =1, B =m and g = r, where C is the best constant in (9),
by Theorem D we have that

1 1

7

Jrp(1,m) =~ sup ( g) (Zauz ) .
I<jsm \ 5=1

L

131<<Sup<2 ) Jep(Lm) || fllpw < M| fllp- (46)

m}l n=m

M\

This gives

Let’s estimate I35 .

1

Ty % T , i’ nj1—1 nj—| A
o< 2| X Al 2ol X | X an o . @
keNy \i=nj_ =N} n=ny s=1

In the same way we get
1

1
1 oo r m 4
Ly < 27| f]lpvsup (Z MZ) sup (Za Wy ) (Zv;”)
m=1 \n=m Jj<m \ 3—1 =j

1

hind q
< sup (Z MZ) Jp(Lm) |l

m>=21 \n=m
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that yields
Ly < M (| fll - (48)

The case 1 < r < p. To estimate /3; we need the relation

—r

nj—1 ; nj—1 s e\
<2wg> ~ Ew;<2w;,> : (49)

s=1 s=1 m=1

Now, we put (49) into (45) and find that
q _r_
7. P njp—1 ng—1 s —r
i< Y Y Wisl >l Yowi | Y wn
keNg \i=ng_1 n=ny s=1 m=1
pr 1
ng , S\ Pe-n) pr q
x| 2 by’
=y

<<Z<§hm@giﬁx

keNy \i=n;_

ng—1 s # ny , , (p—r) q
X 2 2 agsvy "
m=1 =5

q(p—r)

=

1

R TN
-
w
o=
hoj
S
Ms
:SQ
N———
<l
N
M3
=
w~
T~
M-
=
E‘ﬁ
N———
1]

< z < z vifil? ) <

keNg \i=m—1
rip=1) = p-r
pr

()"

From (12) and Theorem E it follows that

1
I < pr”pvsul)(z, ) rpl.]><<M+||fH]7V (50)

Consider the following value

Tk , pi’ 1k , [ S\ (P
Dol ol X ot X : (51)
g =

=1 =1
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By inserting (51) into (47) then in the same way we as above find that

1 . . p(r=1) r p’;r
oo q J , J L (p—r) z p—r
Iy < || fllpwsup | Y ul PR Y PIRCARTA
jzl \n=j =1 m=z s=1
1
< ||fp7v$l>11§<2 ) o (LJ) <M (- (52)
e =
The estimate
Ly < M| flp (53)

for both cases 1 <r < p and 1 < p < r can be derived as in (32). From (46), (48), (50),
(52) and (53), we have that for both cases inequality (4) is correct. Moreover

I < M| £llp 54

The inequalities (43), (44) and (54) give that C < M. Therefore, from this estimate
and (42) we find C ~ M™" . The proof of Theorem 3 is complete. [

THEOREM 4. Let 1 < p<g<eooand 1 <r <oo. Let the entries of the matrix
(ay,;) satisfy condition (3). Then inequality (5) holds if and only if

M~ =max{M, M, My } < oo,

where
1

J q
M| =sup (Z ”Z) Jj_p(j *),

Jjz1 \n=1

1
4\ g . L,
r J 4
M, =sup 2 (Z,akjwk) <2Vi_pl> ;
i=1

izl \ n= J

1
ey , AN
Ny
> dl .

i=1

Moreover, C' =~ M~ , where C' is the best constant in (5).

SR

-

JZ1 \ n=j k=n

The proof of Theorem 4 is similar to the proof of Theorem 3.
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