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Abstract. Continuous symmetrization process and continuous increasing process are the tools
used in this paper to refine Clausing inequality and Slater-Pecari¢ inequality. Also, we note on
the monotonicity of the first eigenvalue of a Sturm-Liouville system.

1. Introduction

Continuous symmetrization process and continuous increasing process are the
tools used in this paper to refine Clausing inequality and Slater-Pecari¢ inequality. Also,
we note on the monotonicity of the first eigenvalue of a Sturm-Liouville system.

Clausing inequality says:

THEOREM 1. [5, Section 4.1(b)] Let ¢ be continuous on [0,1] and increasing
on [0, %] , with ¢ (x) = ¢ (1 —x). Then, for a concave and positive function f on [0,1]
we have:

[ rwax [oears [ rmomars [ rwax [kwax @

where k(x) =4min{x,1 —x}¢ (x).

Lately this theorem has been proved in details by P. R. Mercer [8].

In Section 2 we refine this inequality.

Continuous symmetrization process, presented by Pdlya and Szegd in their book
[10, pages 200, 201, formula (1)], is applied in [ 1] to obtain a set of equimeasurable real
functions f (o,x), where o € [0,1]. In [1, Introduction] and [3] the process is applied
to functions that include convex functions. In Definition 1 and in Section 2 we make
the needed adaptation for functions that include concave functions.

Mathematics subject classification (2020): 26D15, 34115, 39B62.
Keywords and phrases: Concave functions, continuous symmetrization, equimeasurable functions,
Clausing inequality, Slater-Pecari¢ inequalities, Sturm-Liouville system’s eigenvalues.
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DEFINITION 1. Let f be a continuous real function on x € [—1, 1], non-decreasing
on [—1,/] and non-increasing on [/, 1]. For x € [—1,I] we denote the function inverse
to f by x; and for x € [1,1] by x;.

In order to be able to use the process named continuous symmetrization (see [10,
pages 200,201]) to build the set of functions f (o, x), we complete the graph of f as
follows:

(A): when f(—1)> f(1), we add the inverse function x; (y) defined on y €
[f(=1),7(1)] an interval of definition f (1) <y < f(—1), for which x; (y) =—1isa
constant function,
and:

(B): when f(—1) < f (1) we add the inverse function x, (y) definedon [f (1), f (1)]
an interval of definition f(—1) <y < f(1) for which x; (y) = 1 is a constant function.

We define the class of functions f (a,x), o € [0,1], x € [—1,1], for which f (0,x)
= f(x) and f(1,x) is the equimeasurable symmetrical rearrangement of f as follows:

For x in the interval [—1,/ (1 — )] we denote the function inverse to f (o;,x) by
X1, and for x € [[ (1 — o), 1] we denote the inverse function by x,, where:

o o

xa() = (1-3)n0) - F00), mn(f(-DFO)<Y<FO @
and

x200) = (1=3)00)=F00), min(f(-1)./0)<y<FO. G

(By the addition of (A) and (B), the functions xj 4 and x;, are defined on y ¢

[(min (£ (=1),./(1))),/ D] ).

For more details on continuous symmetrization and its special cases, see [1] and
[10].

As already mentioned, the functions f (o,x) are equimeasurable. On equimeasur-
able function see [7, Chapter. X], [10, Chapter VII], and the introduction in [1].

In Section 3 we use of the following Lemma | which is the same as [7, Theorem
3991:

LEMMA 1. In order that an integrable function H should have the property

/OlH(x)y(x)dx<0

Sor all positive increasing and bounded y (x), it is necessary and sufficient that

1
/ H(t)dr <0
holds for every x € [0,1].

DEFINITION 2. A function f on |

a,b] is called symmetrical decreasing if f is
symmetrical on [a,b] and increasing on [a, *

, L] (see [4, p. 509]).
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In Section 2 we use Corollary 1 and Remark 1:

COROLLARY 1. [, Corollary 1] If ¢ is positive symmetrical decreasing and
bounded on [—1,1] and if H is an integrable function such that

H(x)dx<0

holds for every s, s € [0,1], then

/le(x)q)(x)dng.

In Remark 1 we made the needed adaptation of the results of [1, Theorem 1d and
Remark 2] for functions that include the concave functions.

REMARK 1. Let f be continuous real function on x € [—1, 1], non-decreasing on
[—1,1] and non-increasing on [/,1]. Let f(o,x) be the function obtained from f by
continuous symmetrization as in [10]. Then [*_ f (ct,x) dx is monotone non-decreasing
in a, o €0,1] for s € [0,1].

In Section 2 we use Corollary 1 for concave functions.

In Section 3 we use another type of continuous process we name continuous in-
creasing process. There we compare the upper bound obtained in Theorem 2 with the
upper bound obtained by Slater-Pecari¢ in Theorem 3. Also, we note on the monotonic-
ity of the first eigenvalue of Sturm-Liouville system using the same process.

THEOREM 2. [2, Theorem 1.2] Let f € C! and f:]0,1] —>[ ,1]. Let f_ be the
decreasing rearrangement of f satisfying f—(0) =1 and f—(1)=0. Let u_(x) be the
inverse function of f—.

If for every x € [0,1]

/ i < / (1), @)

holds. Then,

0 ( | 1f(x)dx) < [Lowr war< [Coures [0 Wr wan  ©

when @ : [0,1] — R is a convex function and ¢(0) = 0.

If for every x € [0,1]
1 1
/ f-(t)dt > / u_(t)dt, (6)
holds, then:

0 ( /Olf(wdx) < [Lotrnar< [ oo Waxs [[otr wax @
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Jensen’s inequality and Slater’s companion inequality [1 1] (as generalized by Pecarié
[9]) show that:

THEOREM 3. If ¢ is a real convex function defined on I where I is the range of
f,andif M €1, then for all probability measures |1 and all non-negative L -integrable
fuctions f :

m < [ o )du () <o), ®)
holds, where

Jaf () Crdit (s)
fQCf.\' dALL()

and the function C should satisfy ¢! (x) < Cy < @', (x) where ¢’ and @', are the left
and right derivatives of ¢.

m:/f(s)d;,t(s) and M= 9
Q

We emphasize that in Section 2 we use the continuous symmetrization process as
in [10, p. 201] to discuss the behavior of [', f(c,x) ¢ (x)dx, o € [0,1] when ¢ is a
non-negative symmetrical decreasing function on x € [—1,1].

On the other hand, in Section 3, we use another type of continuous process
we name continuous increasing process in order to generate a set of equimeasurable
functions. Through this process we refine Slater-Pecari¢ inequality and inequalities
related to the first eigenvalue of Sturm-Liouville system. We use the behavior of
Jo f(e,x) T (x)dx, o € [0,1] when T is an increasing function on x € [0,1].

In this case f € C', f:[0,1] — R, isincreasing on [0,/) and decreasing on (/,1],
xj is the inverse of f € [0,/) and x; is the inverse of f € (,1].

In the same way as in Definition 1, in order to be able to use this process to build
the set of functions f (a,x) we complete the graph of f as follows:

(C): when f(0) > f (1), we add the inverse function x; an interval of definition
S (1) <y < f(0), for which x; (y) = 0 is a constant function,
and:

(D): when f(0) < f(1) we add the inverse function x, an interval of definition
f(0) <y< f(1) for which x; (y) =1 is a constant function.

We define f(a,x) by its inverses x; o and x ¢ as:

min(f(0),f (1)) <y < s ()

Yo (V) =x1 () +a(l—x2(y), { 0< lra(—D (10)
xla\

and

min(£(0).f() <y<F@
<1

X200 (y) =x2(y) + (1 =x2(y)), { [+a(l—1)<x

(By the addition of (C) and (D), xj ¢ (y) and x» ¢ (y) are defined on y € [(min(f (0),
), £ DD-

We finish the paper with a note on inequalities related to the first eigenvalue of a
Sturm-Liouville system through continuous symmertization discussed in [2].
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2. Refining Clausing inequality

In this section we show that our results refine Clausing inequality by adding in-
equalities after the integral [ f (x) ¢ (x)dx in (1) by using continuous symmetrization
process as in Definition 1.

To prove Theorem 4 we first state Remark 2 which is essential for the proof of
Theorem 4.

REMARK 2. Using Corollary 1 and Remark 1, when f is concave on x € [—1,1],
we get, when ¢ is continuous and symmetrically decreasing on [—1,1], that

[ renoma

is increasing in a, o € [0,1], and f(1,x) is the equimeasurable symmetrical decreas-
ing rearrangement of f.

THEOREM 4. Let f be a non-negative concave functionon [—1,1] andlet f (a,x),
o € [0,1] be the function obtained by continuous symmetrization process as in Defini-
tion 1. Let ¢ be non-negative and symmetrical decreasing on [—1,1].

Then:

a) the functions f(o,x), o € [0,1], x € [—1,1] are concave equimeasurable and
S (1,x) is symmetrical decreasing rearrangement of f .

b) for0< oy <op <1

1 /! 1 1
E[If(x)dx[1¢(x)dx<Llf(x)¢(x)dx (12)
1 1
< [ F@xomar< [ floax)o)ds
1 1 1
< [ fumewdr< [ fwdx [ gwowar

where g is a the symmetrical decreasing function:

gx)=

I14+x, —1<x<0
I—x, 0<x<1.

Proof. We prove first that when the function f is concave so are the functions
f(o,x), forall o € [0,1] obtained by the continuous symmetrization process.

Let the function x; be the inverse of the function f in its increasing segment, and
x> be the inverse of the function f in its decreasing segment.

When a continuous concave function f has an interval [c,d] on which f(x) =K,
where K is constant, then K is necessarily the maximum of f on the interval [—1,1].
Therefore using the continuous symmetrization process, f (¢, x) gets its maximum K
on the interval of length d — ¢, and it moves with o from x; o (K) =a, x20(K) =5
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toward x1 1 (K) = — (%5%), x2,1 (K) = %5%. Hence in order to show that f(a,x) is
concave it is enough to show it when f is strictly increasing on [—1,/] and strictly
decreasing on [1,1].

When f is strictly increasing and concave, its inverse function is increasing and
from the concavity it follows that £~ (tf (u1) + (1 —1) f (u2)) < tuy + (1 —t)uy. Re-
placing f (u;) =v; and f (uz) = v, we getthat £~! which is denoted as x; (y) convex
increasing. Similarly x, the inverse of a strictly decreasing and concave function is
decreasing and concave.

Hence, when a € [0, 1]

o o f(=)<y<f(),
2 2

y
X, @)=<1——)x1@)——w20%
’ 1< X0 < (1-0)
is increasing and convex and similarly

" o F=)<y<f(D),
X0 (y) = <1_§>x2(y)_§xl(y)’ {(l—a)léxzﬂgl

is decreasing and concave. Therefore by the same reasoning, f (ct,x) when it is the
inverse of x4 is concave increasing and when f(c,x) is the inverse of x; ¢, it is
concave decreasing, so that the set of functions f (a,x) are concave when a € [—1,1].
Part a) of the theorem is proved.

From Remark 2 we see that [, £ (o,x) ¢ (x) dx is increasing in ¢, o € [0, 1], that

/. £ ()0 (x)dx (13)
—/ f(0,x)¢ / flau,x (x)dxg/jlf(az,x)q)(x)dx
</_1f<1,x>¢<x>dx

where 0 <oy < op <1
To complete the proof of the theorem we need to show that

[Lst0owins [ saa [ o "
:/_lf(x)dx/_lg(x)fp(x)dx

1 1 1
3 [ r@a [ swa< [ rwowar 15)

As f(1,x) is concave and f and f(1,x) are equimeasurable, inequalities (14) and (15)
are actually the right hand-side and the left hand-side of (1) proved in [8].

is:

and
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The proof of the theorem is complete. [

In the following example, we build the symmetrical rearrangement f (1,x), for a
given function f (x), see Figure 1.

EXAMPLE 1. Let f be:

}HZ%X"‘I’ —1<X<%a %gylgg—"
fx) =y = 7 7 3 4
=5t Fsxsl Oswsy

As f(3) =%, f(1)=0< f(—1) = } then, according to Definition 1, in order to
implement the continuous symmetrization process we add in such cases to the graph of
the function the value x; (y) = —1 forall 0 <y < % .

(3/7,4/3)

~6/7,1/3)

-20/21, 2/9)

-1,0)

The original function

The symmetrized function

Figure 1.

The symmetrized function f (1,x) obtained by using (2) and (3) from f(x) is:

Y1=13—4x+13—4, —1<x< -2, 0<)’1<§,
flx)=y"(x)= Y2=%x+%, —%<x<0, %<y2<%7
m=—tr+f 0<x<¥®, I<y<d
va=—Yx+ 4 V<x<l, <<l

We see that f(1,x) is continuous and that the given function f and the function
f(1,x) are equimeasurable concave on the interval [—1,1].

‘We finish this section with a different extension of Theorem 1.

REMARK 3. If f is such that the positive function f defined on [0,1] as flx) =
W is concave, then f satisfies (1). As ¢ and f are symmetric on [0,1] it is
obvious that also the function f satisfies (1) although f is not always concave. For ex-
ample, such functions appear in [6] where it is shown that for the non-concave function
f (x) = x>+ 64 on the interval [—4,2] its symetrized function f is concave on the same
interval.
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3. Refinement of Slater-Pecari¢ inequalities and monotonicity of eigenvalues

We start this section with comparing Theorem 2 with Theorem 3. Both theorems
produce upper bounds of [ ¢ (f (s))du (s).

In Theorem 5, sufficient condition for refining Slater-Pacari¢ inequality are proved
by using the continuous increasing process defined by (10) and (11) when f(0,x) =

f-(x) and £ (1,3) = £, (¥):

THEOREM 5. Let f € C', and f:[0,1] — [0,1]. Let f_ be strictly decreasing
rearrangement of f, satisfying f—(0)=1 and f_(1)=0. Let f_ (cty,x) be an interme-
diate stage between f_ (x) = f_ (0,x) and fy (x) = f— (1,x) when using the continuous
increasing process (10) and (11). Let u_ be the inverse function of f—, ¢ € C' and
¢ :[0,1] — R be a convex function satisfying ¢(0) =0.

If

1 1
/f,(t)dtg/ u_(t)dt, (16)

forevery x € [0,1], then f_ (o.,x) is continuous strictly increasing in o € (0,1), and
there always exists an o € [0, 1] such that when 0 < M < 1:

[ ourenaxs [ ¢/0or (a.xax< o), a7
0 0

_ 0o (F()dx
where M= S o Gax -

Proof. The function f_ (o;,x) is an intermediate stage between the decreasing
rearrangement f_(x) = f_ (0,x) of f and the increasing rearrangement f (x) =
Jf=(1,x) of f. The proof of the continuity of f (o, x) follows step by step the proof of
Theorem 1(c) in [A]. By using (10) and (11), in this case:

X100 V) =a(l-x2(y) xG[0,0ﬂL MAS [07 l}v (18)

X2,00 M =x@)+o(l-x(), xe€lol], yel0,1], (19)
because x; (y) =0 and x; (y) = u_ (y), where u_ is the inverse function of f_(0,x) =
£ ().

From (18) and (19) when 0 < < B <1, x10(y) <x15(y) and x24(y) <
x2p(v). Hence when x € [0, both f (o, x) and f(f,x) are strictly increasing and
fla,x)> f(B,x),and when x € [, 1] both f (a,x) and f(f,x) are strictly decreasing
and f (o, x) < f(B,x). Therefore, f (o, x) cuts f(B,x) exactly once when x € (¢, 3),
because in this interval f (o,x) is strictly decreasing in x and f(f,x) is strictly in-
creasing. Hence fsl f (o, x)dx is strictly increasing in o € [0,1], and according to
Lemma 1 we can see that also [ @' (x) f (0,x)dx is strictly increasing in o, o € [0, 1]
when ¢ € C! is convex. From Inequality (5) in Theorem 2 and because f and f_ are
equimeasurable, fol o(f (x))dx= fol o(f- (x))dx we obtain that

[ owr wars [Cormacs [ ¢wnwa.  eo
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Therefore, because of the strictly monotonicity in o of fol '(x)f (et,x) dx on the val-

uesin fol o' (x)f- (x)dx, fo "(x)f+ (x)dx| thereis o € (0,1] such that fo o(f (x))dx
fo (%) f (0,x)dx < (M) < fo '(x) f+ (x)dx and Inequality (17) is proved. [J

Theorem 5 shows that under the conditions stated there, there is an ¢ € [0,1] such
that the integral fol ¢ (x)f (o, x) dx is a better upper bound of fol ©(f (x))dx than the
bound obtained by Slater-Pecari¢ inequality.

From Theorem 2 and Theorem 5 we obtain Corollary 2 which emphasizes that un-
der our conditions and through the continuous increasing process (10) and (11), Jensen
and Slater-Pecari¢ inequalities are refined:

COROLLARY 2. Under the conditions of Theorem 5 on @, f and M we can al-
ways refine Jensen and Slater-Pecarié inequalities and find o4 € [0,1] such that

o( [ 1) < [Toor war< [ ot

< [[9er (xar< o,

when M = W, and f—(op,x), o € (0,1] is an intermediate stage be-
JO

tween f_ (x) = f— (0,x) the decreasing rearrangement of f and fy (x) = f— (1,x) the
increasing rearrangement of f obtained by the continuous increasing process (10) and

(11).

Given the decreasing function f(x) = 1 —x?, x € [0,1], we show in Example 2
cases that demonstrate refinements of Jensen and Slater Pecari¢ inequalities:

EXAMPLE 2. Let f(x) = 1 —x?, x € [0,1]. Itis easy to compute that for every

€10,1)
[ rwa= [0ty [ Vi = [ oa

Using (10) and (11) we see that for o € [0,1]

fo,x) = 21
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f(l ) 3x(2—3x), 0<x<3
X | = 9
3 2(1-x)(3x+1), 1 <x<1

2 %x(4—3x), 0<x<%
f<_’x>: .
3 (1-x)(9x—3), 3<x<1

and

frx)=r7(1,x)=x(2-x).
Computmg Jo @ () £ (%,x) dx when @ (x) =2, in this case as well as in the case of
Jo @ (x) f (L,x)dx when @ (x) = x> we get that

%=<p</olf(X)dx) /(p 1
</1<P’(X)f< )dx</<p (%) =2
g(p(fo fx)o <<>>dX>:i

Joo'(f@)dx )3

which are examples of refinement of Jensen and Slater-Pecari¢ inequalities.

REMARK 4. The inequality in Theorem 2 says that under the conditions stated
there, in particular when ¢ (0) =0 and

1 1
/f,(x)dx>/ u_(x)dx, (22)

0 ( | 1f(x)dx) < [Cotrnar< [ o (@)ax 23)

This follows because

then

[ ot @as= [ ¢0or was
[ ot war= [ ot w)as

Hence when (22) is satisfied it is reasonable to compare also ¢ (M) with the upper
bounds of fol o(f (x))dx obtained in Theorem 2, where

B9 )ax o
3 9/(F ()

and
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1\71) - /0 ol (). (25)

We see that if a family of convex functions ¢, is such that:
a) (22) and therefore (23) are satisfied and

1 !
b) I}E}}o(pp (W) > I}i_lgofol @p(u_(x))dx, (u—(x) is the inverse of
/- (x), x€[0,1]).

Then, there is always pg such that

Jo £ 9 ()
dx 5 = .
ot <¢p< Jo 0y () ) pem

with

This means that

! Jo £ () @, (f (x))dx
/O(Pp( dx</(Pp dx<(Pp< fo(/’p( () )dx )» P Z Po-

In other words, in addition to the proof in Theorem 5, there is a better bound of
Jo @p(f (x))dx than the bound obtained by Slater-PeZari¢ theorem also in other cases.

In the following example we demonstrate the results of Remark 4 for a specific f
and a family of convex functions ¢ that although fxl f-(t)dt > fxl u_(t)dt, the upper

bound ¢ (M ) of fol o(f (x))dx is better than that obtained from the Slater-Pecarié
inequality.

EXAMPLE 3. Let f(x) = v1—x, u_(x) =1 —x> and ¢ (x) = x”, x € [0,1],
p = 1. Then, as explained in Remark 4, from (22), (23), (24), (25) and p > 5 the
inequalities

0] (M(p)) = /01 (u—(x))Pdx= /01 (1 —xz)pdx< /01 (1 —xz)sdx

_ X o
= ¢ (M(5)) =0369408 < — = lim (i_L)
p—eo

1 p
<¢W@»:O%fki;” )
0o?®

_ T —x)% dx :<p——|—1)
Jha—x)t " ax p+2

Q

p
hold. The reason for this inequality is that (”—E) is decreasing continuously in
p towards %, and fol (1 ) dx is decreasing continuously in p for p > 1 and

Jo (1=2) dx< 1
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We finish the paper by demonstrating how continuous symmetrization process de-
fined by (10) and (11), bring about the monotonicity of the first eigenvalue of

Y@ +A(@)f(ax)yx) =0, y(0)=)y(1)=0, aclo1], (26

as a function of o.

In [2, Theorem 1.5] there is a condition that the function f : [0, 1] — R should be
left balanced, thatis f(x) > f(1—x), 0 <x < . In the following theorem this type
of condition is redundant. For the convenience of the reader, a proof of the following
theorem is presented.

THEOREM 6. Let f be non-negative, continuous on [0, 1] increasing on [0,1] and
decreasing, on the interval [I,1]. Then, for a. € [0,1], A(a), the first eigenvalue of
(26) is decreasing in a € [0,1], where A (0) is the first eigenvalue of (26) for a. =0,
and A (1) is the first eigenvalue of (26) for oo = 1, the increasing rearrangement of

f ().

Proof. Similarly to the proof of Theorem 5, it is easy to verify that
(a) f(a,x) is continuouson [0,1], increasing in x on [0,/ (¢r)] and decreasing in
xon [I[(a),1], where

lo)=I+a(1-1), 1€[0,1], oac[o,1].

(b) f(o,x) is continuous in a, a € [0,1],

(¢) For x € (0,l()), f(a,x) > f(B,x), and for x € (I(B),1), f(a,x) <
f(B,x), when oo < 3.

Because f(a,x) are equimeasurable for o € [0,1], and f(a,x) cuts f(B,x)
exactly once, and this occurs on x € (I(e),l(f3)), where f(o,x) is decreasing in x
and f(f,x) is increasing in x, therefore fxlf(a,x) dx is increasing in a, o € [0,1].
As y1 4 (x), o €[0,1], the first eigenfunctions of (26), are non-negative incresing in
x €[0,1], hence folf(oc,x)yia(x)dx, are also increasing in ¢, a € [0,1] and

Joyta@dx _ Joyia @

A, - =
O T (o s~ o f (5 )Y ()
min PV dx
2 B P OsesPsl

that is, A (o) the first eigenvalue of (26) is non-increasing in oz. [J
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