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OPERATORS ON HERZ-MORREY
SPACES WITH VARIABLE EXPONENTS

Kwok-PUN HO

(Communicated by M. Praljak)

Abstract. This paper studies the nonlinear operators on Herz-Morrey spaces with variable ex-
ponents. We obtain our results by extending the extrapolation theory of Rubio de Francia to
Herz-Morrey spaces with variable exponents. As applications of our main results, we obtain the
boundedness of the spherical maximal functions, the nonlinear commutators of Rochberg and
Weiss and the geometrical maximal operators on the Herz-Morrey spaces with variable expo-
nents.

1. Introduction

In this paper, we aim to study the boundedness of nonlinear operators on the Herz-
Morrey spaces with variable exponents. The Herz-Morrey spaces with variable expo-
nents are extensions of the Herz spaces, the Herz spaces with variable exponents, the
Morrey spaces with variable exponents and the Herz-Morrey spaces.

The Herz-Morrey spaces were firstly appeared in [29]. In [29], the boundedness
of the rough singular integral operators on the Herz-Morrey spaces was obtained. Since
then, a number of results for the Herz-Morrey spaces were established such as the
Hardy inequality and the Hilbert inequality on the Herz-Morrey spaces [51]. An impor-
tant generalization of the Herz-Morrey spaces is the Herz-Morrey spaces with variable
exponents. It is the Herz-Morrey spaces built on the Lebesgue spaces with variable
exponents. A substance number of results had been generalized to the Herz-Morrey
spaces with variable exponents. The Besov type and the Triebel-Lizorkin type spaces
built on the Herz-Morrey spaces with variable exponents were given in [9]. The Hardy-
Herz-Morrey spaces with variable exponents were introduced and studied in [48, 49].
The boundedness of the sublinear operators and the mapping properties of the fractional
integral operators on the Herz-Morrey spaces with variable exponents were obtained in
[25, 46] and [26, 32, 47], respectively. The Sobolev embedding for the Herz-Morrey
spaces with variable exponents was established in [31]. The duality for the Herz-Morrey
spaces was studied in [31, 33].

In view of the above results, the boundedness of the fractional integral operator,
the singular integral operators and some sublinear operators on the Herz-Morrey spaces
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tor, geometrical maximal operators.
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with variable exponents were established. Thus, in this paper, we obtain the mapping
properties of some nonlinear operators on the Herz-Morrey spaces with variable expo-
nents. We use the method of extrapolation which is originally introduced by Rubio de
Francia in [37, 38, 39]. In order to extend the extrapolation to the Herz-Morrey spaces
with variable exponents, we introduce and study the Herz-block space with variable
exponents. The classical block spaces were introduced in [2] to study the duality of
the classical Morrey spaces. We generalize the classical block space to the Herz-block
space with variable exponents to study the norm conjugate formula, the Holder inequal-
ity for the Herz-Morrey spaces with variable exponents and the Herz-block spaces with
variable exponents.

By extending the extrapolation to the Herz-Morrey spaces with variable expo-
nents, we obtain a general result for the boundedness of nonlinear operators on the
Herz-Morrey spaces with variable exponents. As applications of this general result, we
establish the boundedness of the spherical maximal functions, the nonlinear commuta-
tors of Rochberg and Weiss and the geometrical maximal operators on the Herz-Morrey
spaces with variable exponents.

This paper is organized as follows. The definitions of the Lebesgue spaces with
variable exponents, the Herz spaces with variable exponents and the Herz-Morrey spaces
with variable exponents are recalled in Section 2. The Herz-block spaces with variable
exponents are introduced in Section 3. Some duality results for the Herz-Morrey spaces
with variable exponents and the Herz-block spaces with variable exponents are given
in this section. The general result on the boundedness of nonlinear operators on the
Herz-Morrey spaces with variable exponents is established in Section 4. The applica-
tions on the spherical maximal functions, the nonlinear commutators of Rochberg and
Weiss and the geometrical maximal operators are also presented in this section.

2. Definition and preliminaries

Let .2 and L}, denote the space of Lebesgue measurable functions and the space
of locally integrable functions on R", respectively.

Forany x € R" and r > 0, define B(x,r) ={y € R": [x—y| <r} and B={B(x,r):
xe€R" r>0}.

We briefly recall the definition of Lebesgue spaces with variable exponent and the
class of globally log-Holder continuous function in the following.

DEFINITION 1. Let p(-) : R" — (0,0] be a Lebesgue measurable function. The
Lebesgue space with variable exponent L? () consists of all Lebesgue measurable func-
tions f: R" — C so that

£l ey = inf{A >0 p,y(f/A) <1} < oo
where RY, = {x e R" :p(x) = oo} and

por () = [ L) dx-+ esssup ().
RH\R& R{.’o

The function p(x) is called as the exponent function of LP().
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Whenever p(-) : R” — [1,c0], the Lebesgue space with variable exponent is a Ba-
nach function space, see [7, Theorem 3.2.13]. For the definition of Banach function
space, the reader is referred to [7, Definition 2.7.7].

The associate space of LP0) s given in [7, Theorem 3.2.13].

THEOREM 1. If 1 < p(x) < oo, then the associate space of LP\) is L”,(')(Rn)
where p'(-) satisfies ﬁ + p%(x) =1.

We call p’(x) the conjugate function of p(x). Whenever sup, gn p(x) < oo, the
dual space of LP0) is equal to the associate space of L) see [7, Theorem 3.4.6].

Forany f € Llloc, the Hardy-Littlewood maximal operator is defined by

M) = sup - [ 10y

where the supremum is taken over all B € B containing x.

The following gives the conditions on the exponent functions of the Lebesgue
space with variable exponent LP() so that the Hardy-Littlewood maximal operator is
bounded on LP(),

DEFINITION 2. A continuous function g on R” is log-Holder continuous at the
origin when
2(x) —g(0)| < — £ vxeR" (1)
log(e+1/|x])’
We write g € C(l)og(R") if g is log-Holder continuous at the origin.
A continuous function g on R” is locally log-Hélder continuous if there exists
Clog > 0 such that for all x,y € R" satisfying [x—y| < %

_ Clog
o)~ 0] € @

We denote the class of locally log-Holder continuous function by Clog(R")

Furthermore, a continuous function is globally log-Hdlder continuous if g € C)°%(R")
and there exists g.. € R so that

Clog

—=—— VxeR" 3
ogle+ b)) ©)

lg(x) — goo| <

The class of globally log-Holder continuous function is denoted by C'°¢(R").

For any Lebesgue measurable function p(x) : R"— (—eo, 0], define p_=infycpn p(x)
and py = sup,p. p(x). We write (p')4 =p’, and (p')_ =p’ .

Whenever p(-) € C°¢(R") and 1 < p_, the Hardy-Littlewood maximal operator
is bounded on LP0) .

We now recall the definition of Herz spaces with variable exponents from [1, Def-
inition 3.1]. Let By = {x € R" : |x| < 2*} and Ry = B;\Bi_1, k € Z. Define y; = ARy »
k€Z and B={Bi:kecZ}.
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DEFINITION 3. Let 0 < g < oo, p(-) : R" — (0,e0) be a Lebesgue measurable
function and o(-) € L”(R").

The Herz space with variable exponent Kg((,'))’q consists of all Lebesgue measurable
functions f satisfying

1 gatr = 102002}l <=

The above definition gives the homogeneous version of the Herz spaces with variable
exponent. We also have the inhomogeneous version of the Herz spaces with variable
exponents. As the results for them are similar, for brevity, we just consider the homo-
geneous version only.

The following result shows that under some mild conditions, the characteristic

functions of balls belong to K;‘(())q

PROPOSITION 1. Let 0 < g < oo, p(-) € C2(R") with 1 < p_ < p, < o and
of-) € L*(R"). If 5oy + & >0, then for any B € B, x8 €K (()) and

%81l e <C1+2"* )y 1eN (4)
P

‘]

18, ]| e <210 ez (5)
I’

‘i

Proof. When k > [, we have [|2¢¢C)yp 3ill,,¢) = 0. As p(-) € C°¢(R") and
o) € L7(R"), according to [7, Corollary 4.5.9], we find that

kn
1259 s, ol ey < 2% 1l oy < €254 20=, 0 < k<,
kn_
12540 s, 2l oy < 250 |l oy < C25-270, k<0
Consequently, when [ € N, we have
||XBI|| ) = H{sza XBIXkHLI’ )}k_—oonq
0 tng. / | V4
<c| Y 249200 4 C Y ka2
[ a—— k=1
< C(1+21@+pa)y

for some C > 0 because ﬁ +o_ >0.
When [ € Z\N, we have

e | aer = 125 w6 o0 Yoo
Ko
pri)q

! kngq 1/‘1 n
<C< > zko“sz) <2 )

k=—oo
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for some C > 0 because ﬁ + o > 0. Therefore, x5, € I'(Z((f))q.
For any B € B, there is a [ € Z such that yp < xp,. Thus, we conclude that for

-0(+)
any BeB, yp € Kp(%q. |

Let us denote the dual space of Kg(()). by (K (())q) The following result identifies

the dual of K .
p()/q
THEOREM 2. Let 1 <g<oo, p(-):R" — (1,00) be a Lebesgue measurable func-
tion and o) € L”(R"). If o € C(I)Og(]R") satisfies (3), then
c0() e _ o)
(KP(')ﬂ) =Kyira

For the proof of the preceding result, the reader is referred to the proof of [17,
Theorem 2.6].
When —% <o- <o <n(l— ﬁ), Proposition 1 assures that for any B € B,

P

>0() oL —a)_ = — S
X8 €K,y As 5 = 1= 555 and (—a)— = —a, we see that o < n(1 p(O))
gives —ﬁ < (—oa)_. Thus, forany BEB, yp €K, ()() Consequently, Theorem 2
asserts that K ol )q is a ball Banach function space. For brevity, we refer the reader to
[40] for the deﬁmtlon of ball Banach function space.

In addition, we have the following consequences of Theorem 2.

COROLLARY 1. Let 1 < g < oo, p:R" — (1,00) be a Lebesgue measurable func-
tion and o) € L”(R"). If o € C(I)Og(]R") satisfies (3), then

o 8N < Mg 18]t

COROLLARY 2. Let 1 < g <o and p:R" — (1,) be a Lebesgue measurable
Sfunction and o(-) € L (R"). If o € Cg)g (R") satisfies (3), then

Pl = sop /\f (3. ©)

The following is the boundedness of the Hardy-Littlewood maximal operator on
Herz spaces with variable exponents.

THEOREM 3. Let 0 < g <o, p(-) € C%(R") with 1 < p_ < py <o and o) €
L*RY). If a € Cg)g (R") satisfies (3) and

1
—1<a_<a+<n<1——>7 )
P+

then M is bounded on K" .
p()/q
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For the proof of Theorem 3, the reader may consult [1, Theorem 4.2 and Corollary
4.7].

Next, we recall a result from [17, Lemma 2.9]. Notice that (7) guarantees that
—_n_ _ 1 ~0(-) »—0()
ooy < 0= S0 < n(1 p(())). Thus, forany B€ B, yp € Kp(-%qup’(M"

LEMMA 1. Let 1 < g <o, p(-) € C2(R") with 1 < p_ < py < oo and a(-) €
L=(R") satisfying (3). If o.(-) € Cg)g (R™) satisfies (3) and (7), then there is a constant
C > 0 such that for any B € B,

181l et X8l -ty < CIB].
p()a P'()d

LEMMA 2. Let 1 < g < oo, p(-) € CP°%%(R") with 1 < p_ < py <o and o) €
L= (R") satisfying (3). If a(-) € Cg)g (R") satisfies (3) and (7), then for any

1 < 6 < min (pL%), ®)

a o_
there is a constant C > 0 such that for any j € 7 and k € N
181l ot
p().a

e op(-glkn 9)
||xBj+k Hka(*)
().

Proof. As p!, = (p-)', pL = (p+)', (@) = —oy and (—0); = —a_, (7)
yields —o— <n— pi, and o_ < pi, < pi, Thus, ﬁ > 1 and 0 is well defined.
- + - I

In addition,
n

P
Theorem 3 guarantees that the Hardy-Littlewood maximal operator is bounded on

KI;EX)(;, Furthermore, p’_ > 0 assures that (p'/6)_ > 1. Moreover, (10) assures that

<(—0)_ < (—a)s <n<1—pi,>. (10)

n no
- = —o0 7< —ob = —0_6. 11
(p//9)+ p/Jr <( o ) ( o )+ o (11

In view of (8), we get

Thus, we obtain
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That is,

0
e g<n "
)4

Consequently, (11) gives

n né

—— < (-af)_ < (-ab); <n (1 - pi/>

I
1
:"(l‘m)

Thus, Theorem 3 asserts that the Hardy-Littlewood maximal operator is bounded on
o—0a()
KP’(-)/G,q’/G '
We have a constant C > 0 such that for any k € N

CO%Bj+k (x)2"‘” < M%Bj (x)

Applying the norm || - Hk,ga(.) on both sides of the above inequality, we obtain
P'()/0.4' /6
_ 0 _
Co2 | 8, ety = Co2 “lxz,., le-vat) <Ml -oa0)
P()d p'()/6.4' /6 P'()/6.4'/6

<Cullas;lloatr  =Cillxs; |1 o
TR0 704 10 TRy

for some C; > 0.
Corollary 1 and Lemma 1 yield

i 26n(j+k) c 26nj
~
HxBj+kH2a(.) ”%Bj”?(a(.)
p()q p()a

for some C > 0. The above inequality gives (9). [

We now recall the definition of the Herz-Morrey spaces with variable exponents
from [9, 48, 49].

DEFINITION 4. Let A >0, 0 < g <eo, p(-) : R" — (0,00] and a(-) : R* — R
be Lebesgue measurable functions. The Herz-Morrey space with variable exponent

MK;‘((,')?’; consists of all Lebesgue measurable functions f satisfying

k q
kA iou-
I£1l, g2 = sup2 ( > 27 )f%jHZp(-)) <o
() keZ j=—oo

It is easy to see that

AN patra = sup2 ™| full g - (12)
MKP(')# keZ K

p().a
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When A = 0, the Herz-Morrey space with variable exponent becomes the Herz

space K¢ studied in [1, 17, 18]. In addition, when & =0 and p = g, the Herz-

Morrey space with variable exponent MK (()>’ql reduces to the Lebesgue space L7.

When «(-) and p(-) are constant functions, MK (())’;

space studied in [29]. In addition, when A =0, o(-) and p(-) are constant functions,

then MI.(;‘((,')).’;L is the classical Herz space studied in [15, 30].

The following result assures that the Herz-Morrey space with variable exponent is
nontrivial whenever the exponent function p(-) satisfies some mild conditions.

is the classical Herz-Morrey

PROPOSITION 2. Let 0 < g < oo, p(-) € C*¢(R") with 1 < p_ < p+ < o and
a-) € L=(RY). If
n
——to_>A, (13)
p(0)
-0(),A
then for any BE€ B, yp € MKP(,).q

Proof. Let ] € Z. In view of (4) and (5), we have

2 sl ey <27l ey < C27FH (142 F)) keN

r().q r().q

_ _ _ k(o + -

2 Mt gy <2l gy < €272 @50, kezZ\N.
pL).q I’ q

As ||%Bz%k|| =0 when k> [, (13) yields
I’

q

s\l patra = sup2 ™ || s, 2l
MK ke K

p()a

< Csup{ sup (27 +2k(—l+a++p’—;)),Supz_uzk(adr%)}
0<k<] k<0

< C(1+2152)y

for some C > 0.
For any B € B, there is a | € Z such that yg < xp,. Thus, forany B € B, yp €

MR O
P(),q

At the end of this section, we study the r-convexification of the Herz-Morrey
space with variable exponent. For any r > 0, we write f € (MK;‘((,')).’;)’ if

171 g0 = Y s <=
p()a

p(-)‘q



OPERATORS ON HERZ-MORREY SPACES WITH VARIABLE EXPONENTS 869

We see that

1
A1 ey, = NI o,
(MK, q) mi

1
k ar
— —kA/r JoC)| £17 114
=sup?2 2 f .
sup (z 20 me))

J=—

1
X qr
_ Supz—kl/r < Z ||2Ja(')/’ijz;(_)r>
keZ j

Jj=—oo

= I£1l, g/ (14)

p()rar

Thus, the r-convexification of MK%)"* equals to MK%)/"4/"
p()a p()rgr

3. Herz-block spaces with variable exponent

We introduce the Herz-block space with variable exponent in this section. We
establish some duality results for the Herz-block space with variable exponent and the
Herz-Morrey space with variable exponent.

DEFINITION 5. Let A >0, 0 < g <eo, p(-) : R" — [1,00] and o(-) : R" — R be
Lebesgue measurable functions. For any Lebesgue measurable function b , we write
be bl.(;(,'))'; if suppb C B; for some j € Z and

5] gy <2792, (15)
p()a
We call b a Herz-block. The Herz-block space with variable exponent BK;Z(());L is
defined as

co)x_ [ S - co(7) A
BKp(.m = {kg,llkbk : kgi |Ak| < eoand by € pr(')’q } (16)

The Herz-block space with variable exponent BI'(Z((.'));? is endowed with the norm

1£1 o0 = inf{ Y |Ax| such that f =" Akbka.e.}. 17)
k=1

p()q k=1

When p(-) = p is a constant function and p =g, p € (1,e) and a(-) =0, the
Herz-block space becomes the classical block space [2]. For the studies of the block
space, see [2, 16].

The followings are the duality results for the Herz-Morrey spaces with variable
exponents and the Herz-block spaces with variable exponents. We begin with Holder
inequality.
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LEMMA 3. Let A 20, 1 <g<oo, p(-) : R" = (1,00) and af-) : R" — R be
Lebesgue measurable functions. We have

/ |f(x) |dx<C||fHMK )M||g||BK()M~

q

Proof. Let g =Y llkbk where {b;} C bK (())’ with suppby C B, j € Z and
Iy || < 2||g||BK

p():
Corollary 1 assures that

Jo Flax= [ 17 < €l gm0l e
() PO
<C2” M||ij'HKa<->

p()a

for some C > 0. In view of (12), we have
[ 1£b) dx < Iyt
R" p(-)a

Consequently,

/Rnlf(x) )|dx < gkkI/RnIf(x)bk(x)ux

< ClIfIl gara 2 1] < CHf||MK ngHBK
P()d k=1 p()q

forsome C >0. [

The following gives a condition that guarantees the membership of f € MK;‘((,')).ZL .

PROPOSITION 3. Let L >0, 1 <g<eo, p(-):R" — (1,00) and a(-) : R" = R
be Lebesgue measurable functions. If a Lebesgue measurable function f satisfies

sup [ [f(@)bl)dx < o,

behl{,(g)q’1 R

>0l(+), A
then f € MKP(,M

Proof. Forany g € K,\"), with |gl| a) <1and j€Z, write by j =2 gxs,.

P'()d

. ' —e
Obviously, by ; € pr'(-),q’ ’
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Corollary (2) assures that

) /
ng L <
P
o —jr
=27 up |f(¥)g () () ldx = 2777 x|l gt -
GK’D‘(') Rn r()a
8 p’(-) /!
lel oy <1
P()d

By taking supremum over j € Z, we obtain

ety =02 i gy < sup / F()b()|dx < .
(-).q p()q hehK, )7L

o)A
Thus, f € MK, D

Next, we present the norm conjugate formula for MK a((')’l

(0 This formula follows
from Lemma 3 and Proposition 3.

PROPOSITION 4. Let L >0, 1 <g<eo, p(-):R" — (1,00) and a(-) : R" = R
be Lebesgue measurable functions. There exist constants Cy,Cy > 0 such that for any
o),
FeMK, )
Collfllygeorr < sup [ |f(0)b(x)ldx < Cil| ]l g0
PO pepke (g)ql R p()g

Obviously, x5 € MK (())’ and yp € BK (()) . Therefore, the above results shows

that MK (())74 is a ball Banach function spaces. For simplicity, we refer the reader to
[3, 8, 27, 40, 44, 45, 50] for the definition and applications of ball Banach function
spaces.

We now establish the boundedness of the Hardy-Littlewood maximal function on

BK (()) We introduce some notions used in the following theorem. Let 0 < g < oo,

p(-) € C¢(R™) with 1 < p_ < py <o and o) € L”(R"). To present the bounded-
ness of the Hardy-Littlewood maximal operator on the Herz-block spaces with variable

exponents, we define
K i "
3 o) = min R
p(),o(-) P—s Loy

THEOREM 4. Let 1 < g <o, p(-) € CP¢(R") with 1 < p_ < py <o and o) €

L*(R"). If 0 < % < m o< C(I)Og(]R") satisfies (3) and (7), then M is bounded
p(-).of

on BR**
P()q
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Proof. We first show that M is well defined on BK (()) Since o(-) and p()
satisfy (7), we have

n n
+(—o)o=n——=—0ar>n———oy >0.

p(0) P-

Proposition 2 guarantees that yp € MKI;?‘)(;,}L , Be B. Consequently, Lemma 3 assures

that there is a constant C > 0 such that for any f € BKI?(());

A0l < Cllll 02 11 gt
(). r().q

Thus, f is a locally integrable function and M is well defined on BI'(;‘((,')).’;L

For any b € bK (()) with supph C Bj, j € Z, define go = yp
ARy Mb, k € N\{0}. Theorem 3 gives

Mb, 8k =

J+1

800l ger = 118, MBIl oy < IIMBl|gaty < ClIb] oy < C27UHVA
p()a p()a p()a p q
for some C > 0. Since suppgo C B 1, we find that go = Cob where b is a Herz-block
and Cj is independent of b and ;.
For any x € Rj¢+1, k € N\{0}, the definition of the Hardy-Littlewood maximal
function, Corollary 1 and Definition 15 yield

8409 = Mb() < Cors [ )iy
<c2 it HbH H%B H iy <2727 x| -t -
)4 P'()d
As suppgx C Bjyi+1, by applying the norm || - || () on both sides of the above
p )q
inequality, we obtain
n(k iA
18kl g a0 \CIIXRMHH D2 g ||
),q ()q
n(k+j)y—jr
\C||%B,-+k+1HKa(t> (+J)2 / ”)CBJ'HK*OI(-) .
p()a AN
Lemma 1 yields
x5, |l e
ik
lgal gat) < €27 jA_____ P04
r().q ||%Bj+k+1 ”K*a(‘)
AQN
128, 1| 4-et)
_ Cz—(j+k+l)12(k+l)l P().d )
H%BMH ”K*/l(l(‘)/

P()a
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Let 6 € (1,o0) be selected such that

Al 1
no 0 (Kp)ar)

18kl o < 2 UtktDAy—(I—g i )kn,
p()a
Therefore,
go =2 (-5 kg,
where by is a Herz-block with suppb; C B 4| and C is a constant independent of b

and k. L
As ¥ 27075 75)% < oo we find that

Mb=Y g BKI‘j‘(f'){;f. (18)
k=0

Let f € BK (())q We have a famlly of Herz-block {b;};, and {A;}7, such that
f=X2 oAb and X7 |4 < 2||fH x For any k € N, (18) gives

Mb; =Y Yibix
=0

for some Herz-blocks {b;x}7>, with ;7 [%«| < C where C is independent of i and
k.

Let F =Y7 |Ai|Mb;. We see that F =¥ : 1kbi x and
ZZ <C Y il <Oy (19)
i=0k= i=0 P()a

for some C > 0. As b;, 0 <i,k < oo are Herz-blocks, we find that F' € BK (())" with
Il a2 < €l e

Write D(x) = Mf(()) when F(x) #0 and D(x) =0 when F(x) =0. As

Mf< S [AMbi(x) = F(x),
k=0

we have |D(x)| < 1, x € R". Consequently, Db, ;, 0 < i,k < o are Herz-blocks and
suppDb; ;. C suppb; ;. Since

Mf(x) = i i Y kbik (x)D(x),

i=0k=0
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we find that M f € BK (())’ and (19) gives

IMAL s < 33 illeal < CIl Al e
p()a i=0k=0

for some C > 0. Thus, the Hardy-Littlewood maximal operator is bounded on BK;((;; .

4. Main results

In this section, we establish a general result for the boundedness of nonlinear op-
erators on Herz-Morrey spaces with variable exponents. We obtain this result by ex-
tending the extrapolation to Herz-Morrey spaces with variable exponents. In order to
use the extrapolation, we need the Muckenhoput class of weight functions.

DEFINITION 6. For 1 < p < oo, a locally integrable function @ : R” — [0,) is
said to be an A, weight if

[“}APZZEFB?(B/“’ "")(B/“’ ”dx>p,<°°

. A locally integrable function @ : R" — [0,c0) is said to be an A}
s a constant C > 0 such that for any B € B

1
E/Bw(y)dngw(x), a.e.x € B.

The infimum of all such C is denoted by [@]4, . We define A = U,>14,.

where p’ =
weight if there |

as
\@

For any p € (0,00), @ € A, the weighted Lebesgue space L”(®) consists of all
f € A satisfying || Il (o) = (fan [F () @(x)dx)! /P < oo,

For any & € (0, 1], define Mg(h) = (M(|h]3))?. Let g € (0,), & € (0,1] and
po € (0,9). Let p(-) € C'°2(R") with py < p_ < ps < e and (p+/p0)’ > %. The
operator Zg is defined by

) Mk (h)

_ 1
%Sh 2 2k||M || ’ heLl()w
=0 S BK*I’QOC ):poh
(()/po) (a/po)
where M is the k" iterations of the operator My, || M 5 || - P0aC) o is the op-

K o()/po) (alro)
erator norm of M on BK, 1(70)71(?0))’7 ?;/po), and M3 (h) = |h|. The followings are the

boundedness of Mg and Zs on the local block spaces with variable exponents.
The following give several useful properties for the operator Z .
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PROPOSITION 5. Let g € (1,%), § € (0,1] and po € (0,q). Let p(-) € C°¢(R")
with po < p— < p1 <o and o € Cg)g(R”) satisfy (3) and

11— 1 1 1
(S0 ) <a <o (o). 0)
Po P+ po  P-

If min((p+/po)’,(q/po)) > § and
5
Po(Ks(p()/po) - poce(-)/8)

0<%< @1)

then Mg is bounded on BK, *°9 ().pot

(p(1)/po)(a/po)"
The operator Zg is well defined on BK( I(’O /1(70) v (();/po)’ and there is a constant

Poe(+),poA
C > 0 such that for any h € BK( ()/poy(a/po)'”

|h(x)| < Zsh(x) (22)
”%6}1”31(*/7006 ().poh 2||h|| i Poe()-pot (23)
(p()/po) (a/po) (P( )/po) (a/po)
1
[(Z5h)3]a, < C||Ms H Y (24)
(p()/po)'(a/po)

Proof. As Mg is sublinear, to obtain the boundedness of M on the Herz-block

space with variable exponent BK( 1(’ 0 /1(70) v (();/170)

poa(-),pol
stant C > 0 such that for any b € bK( ()/po)s(a/po)

”Mﬁ( )H =poa(-),por <C. (25)
( ()/po)(a/po)

,, it suffices to show that there is a con-

poo(-).pol . o
LetbebK( ()/Po) (a/po) with suppb C B;, j € Z.

We find that |b|5 € bKj Poal)/Onor/O |y ot g be selected so that
3(p()/po)'-8(a/po)

por 1 !

< .
né 0" (K5 <~)/po>',—poa<->/6>’

We have 6 < Kg(p(.)/po),—poa(-)/s and p < 1— 5. The proof of Theorem 4 yields
poa( )/8,poA /8
{57370 € DK,/ oy (g poy SUCh that
(M5 (b))% =M(Jb]#) < C ¥ 2074 -75)7b.

Since 0 € (0,1], we get

)
s <c(Eat-b4m) <cFa0mt-wne
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—poc(-)/8,poA /8 18
for some C > 0 independent of b. As b; € bK; 5(p(-)/po) 8(q/poy > V€ have |bj|° €

poa(:).pol Poo(+).po
bK( )/ poysa/po) Consequently, Ms(b) € BK( )/ poy-(a/ o) and (25) holds. That

is, Z5 is well defined on BK'_‘D_W(')"fpo)L ..
TP/ po) 4/ po) ' .
Moreover, the definition of %5 yields (22) and (23). As My is sublinear, for any

Poo(-),pol
I € BK (5 o) /oy » We find that

(M) )° = My () < 3, —— Mo ()
&m

Y[
BK ) oo a/ o)

2||M8 || i Po()-pot %éh-
(p()/po) (a/po)

Thus, (%sh)s € A; and (24) is valid. [

We are now ready to establish the boundedness of nonlinear operators on the Herz-
Morrey spaces with variable exponents.

THEOREM 5. Let g € (1,%), & € (0,1] and p(-) € C'°¢(R") with 0 < p_ < p <
oo, Let 0 € Cg)g(R”) satisfy (3). Suppose that there exists a po € (0,min(p_,q))
satisfying min((p+/po)’,(q/po)’) > %, (20) and (21). If for any @ € Ay, the operator
T: L7 (%) — LP (%) is bounded, then T can be extended to be a bounded operator

on MK*)*
P(),q :

*OA and he BR POUPR 14y Lemma 3 and (23)

Proof. Forany f € MK 7" (p(-)/po)'(a/ Po)

guarantee that

@I Bgh(x)d < I e n [ Z5H] et
p()/po-a/po (P( )/Po) (a/po)
SO i Il st <=
P()q ( ()/ﬁo)’ (4/p)

Therefore,
>0(-),A
MK, = Q) l L (Zsh). (26)
—Poe(-),p
HEBK o) a0

Thus, for any f € MK (() Tf is well defined. Consequently, T is a well defined

operator on Ml(p((.))q/1 .
Propositions (3) and (4) assure that
ITFI oy = IITf1P

poo(-),A
mks MK ot po

<Csup{/Rn|Tf(X)|”°|h( ldx - ||| ey 0 500 < 1} @27
)

8(p()/po)8(a/py)
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for some C > 0.
In view of (22), we find that

Po Po
||TfM,(a<.M<Csup{ L, T Aol zshx)ds : ] i iss <1}.

p()aq 8(p(-)/po)8(a/po)

As (24) asserts that (%5}1)% € Ay, we find that T : LPO(Zsh) — LPO(Zsh) is
bounded. Therefore,

P( ) q ( ()/po)':8(a/pg)

||Tf||p0 CSHP{/}R [f NP Rsh(x)dx : |[Rl], . —pgacr/5.02/5 <1}~

Lemma 3, (23) and (27) give

1/po
17l <€ ([, IrImasnas)
p()q

1 1
<Cllfrl e |25h] 7

P()Of()7L >—Po(").poA
p()/po-a/po ( ()/po) a/py)
1
<Ol 117 <Al e

”< ) a (n( )/m) (a/po) (g

(/8 poh /S
We have the last inequality because for any 4 € bK (’7 (E 3 oo)' 8 i O(q Tno) HhHBK( ,(,0715 O)),,O;/ .

< 1. Thus, we establish the boundedness of 7" on MI'(Z((.'));I .o

The above theorem does not require that 7 is a linear operator or sublinear op-
erator. The reader is referred to [17, 18, 19, 20, 21, 22] for the studies of nonlinear
operators on Herz spaces with variable exponents, weighted Morrey spaces with vari-
able exponents, Morrey-Banach spaces and grand Morrey spaces.

In the next section, we apply our main result to the spherical maximal functions,
the nonlinear commutators of Rochberg and Weiss and the geometric maximal op-
erators. The spherical maximal function is a sublinear operator while the nonlinear
commutator of Rochberg and Weiss and the geometric maximal operator are nonlinear
operators.

4.1. Spherical maximal functions
Let n > 3. The spherical maximal function is defined as

S £(x) = sup

r>0

Jx=ry)do(y)

N

where §"~! is the unit sphere on R” and do is the normalized surface measure on
§"=1 see [43]. The boundedness of the spherical maximal function provide applica-
tions on the studies of partial differential equations, see [28]. The reader is referred to
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[11] for the boundedness of the spherical maximal function on Lebesgue spaces with
variable exponents. Furthermore, we have the boundedness of the spherical maximal
function on Morrey spaces with variable exponents and Herz spaces with variable ex-
ponents, see [21, Corollary 4.3] and [ 18], respectively.

The weighted norm inequalities for the spherical maximal functions are estab-
lished in [4, Theorem 3.1].

THEOREM 6. Let n >3 and =5 < p < oo. For any @ € Ay, there is a constant

C > 0 such that
n—2
1

ISAl, w2 SCIfll |, azp Vf €L (00

wn l wn l)

). (28)

The reader is referred to [18] for the boundedness of the spherical maximal functions
on the Herz spaces with variable exponents
By applying Theorem 5 with § = 1 on Theorem 28, we obtain the boundedness

of the spherical maximal functions on MKP((,)).;L .

THEOREM 7. Let g € (:25,) and p(-) € C°¢(R") with -5 < p_ < py < eo.
Let o € C(l)og (R™) satisfy (3) and

1 1 -1 1
n<———)<a_<a+<n<n———>. (29)
n o py n p—

& n—2
n (= D)(Ku-2)((=1)p() n) f(n=1) (=Dt} (=2))

then S can be extended to be a bounded operator on MI'(;‘((_'));.

(30)

Proof. Since the function p’ = f(p) = p%l is continuous on (1,0) and for any

fixed p(-),o(-) and &, the function ¢g(x) = m is continuous on [1,e),

we can selecta pg € (725, min(p_,q)) such that min((p-/po)’,(q/po)) > =5,

( : 1) (1 1)
nl— <o <oy <n|———
(n—=1po p+ Po  P-

A n—>2
0<—< -
n = po(n = 1)(Ku—2)(p()/po)' /(n—1),— po(n—1)er(-) /(n—2))

With this selected pg, we can apply Theorem 5 and (28) to obtain the boundedness of

S on MK®* . O
p().q

and
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We give an example for the above theorem. Let o(-) € Cy%(R") satisfy (3) and
(29)and p(-) € Cl¢(R"). If a— >0, 25 <p_<py<n, 1 <g<nand

0< A< M’ (31)
(n—1)py
then S is bounded on MK*")* .

n—1

Since (=) =n—1, py,q € (1,n) gives min((&5)", (-25)) > 1=
As o_ >0, we find that

1
(Kn—2)(p() (n=1) m)/(n=1),~ (n=)x()/(n—2))
1
(n=2)(p()(n=1)/n)/(n—1))-)"
Since
n=2(pO)n=1)\ _n=2(pi(n—1Y\
n—1 n T n—1 n
_n=2 (n—1)py
T lpin—pi-n
_ (n—2)py
p+n—p+—n’
we have
n—=2(p()n-1\"\ _ (1-2)ps
n—1 n n—py
Consequently,

n—2 n—p4+

(n = 1) (Kue2) (1) p() ) /(= 1) (- Dy ()Jn—2) (= 1)py

Thus, (30) is equivalent to (31). Notice that the condition p4 < n guarantees that (31)
is well defined.

In particular, if « >0, 1 < p,g<nand 0 <A < ?}Erjg’;, then S is bounded on

the Herz-Morrey space M, .
For the boundedness of the spherical maximal functions on Herz spaces with vari-
able exponents and grand Morrey spaces, see [18, 23].

4.2. Nonlinear commutators of Rochberg and Weiss

Let C5 and 2’ be the space of smooth functions with compact supports and the
class of distributions in R”, respectively. A linear operator T : Ci — 2’ is a Calder6n-
Zygmund operator, if 7 is bounded on L? and there exists a kernel C,§ > 0 and
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K(x,y) : R*"\{(x,x) : x € R"} — R such that for any f € Ci and x & suppf,

/ny y)dy,

where K satisfies

[K(xy)| <Clx—y[™, x#y,
K (x,y) = K(20)| < Clr—2lx =y "%, v —2] <|x—y]/2,
IK(x,y) = K(x,2)| < Cly—=2he=y "%, ly—2| < Jx—yl/2.
For any Calder6n-Zygmund operator 7', we define
Nf=T(flog|f|) =T flog|Tf|. (32)

This nonlinear commutator was introduced by Rochberg and Weiss in [36]. This nonlin-
ear operator yields applications on the estimates of the Jacobian and the weak minima
of variational integrals, see [12] and [24], respectively.

The weighted norm inequalities for nonlinear commutators of Rochberg and Weiss
are established in [35, Theorem 1.3].

THEOREM 8. Let p € (1,00) and @ € A;. There is a constant C > 0 such that

[ NP eWdr<C [ | o(x)dx

For the proof of the above theorem, see [35, Theorem 1.3]. For the boundedness
of N on Morrey-Banach spaces which includes the classical Morrey space, the Orlicz-
Morrey spaces and the Morrey spaces with variable exponent, see [20].

Notice that the above theorem is a special case of the results obtained in [35, The-
orem 1.3]. The results given in [35, Theorem 1.3] are valid for @ € A.. and p € (0,c0)
where the right hand side is replaced by [, (M? f(x))” @ (x)dx. As M is bounded on
LP(w) provided that @ € A, and A; C A, Theorem 8 follow from [35, Theorem 1.3].

By applying Theorem 5 to the nonlinear commutator N with 6 = 1, Theorem 8

yields the boundedness of N on MK;‘(());L

THEOREM 9. Let q € (1,%0) and p(-) € C°¢(R") with 1 < p_ < py < 0. Let
o € CYE(R™) satisfy (3) and (7).

1L IfO0<oa_and 0K A< ﬁ then N is bounded on MI'(I?((_'))’;.

2. If o <0and 0 < A <o+ -, then N is bounded on MK';‘((_'))’;L

Proof. When o_ >0, Kp/()—a() = p.As p% + ﬁ =1,0< < ﬁ is equiv-

alent to
(33)
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When o <0, then Ky () = n_"gi’p, and hence,
1 1 o_ 1 o
=l —+—
(K(),~a()) p.onproon

Thus, 0 <A < o_ + p% is also equivalent to (33).

As the functions p' = f(p) = 52 and h(x) = W are continuous on
p()/x) —xa(-
[1,00), we can select a po € (1, min(p_,q)) such that min((p+/po)’, (¢/po)’) > 1 and
A 1
0< =<

n po(Kip()/po)—poar()”
Notice that when & = 1, (20) becomes (7). Therefore, we can apply Theorem 5

with 8 = 1 to obtain the boundedness of N on Mli'j((.'))';L O

In particular, we have the boundedness of the nonlinear commutator of Rochberg
and Weiss on Herz spaces with variable exponent and Herz-Motrey spaces.

COROLLARY 3. Let g € (1,00) and p(-) € C¢(R"). Let o0 € Cy8(R") satisfy (3)
and (7). If 1 < p— < py < oo, then N is bounded on K;‘((_'))q.
COROLLARY 4. Let o € R and p,q € (1,00).

1. If0< a<n(l—%> and 0 <A < %, then N is bounded on MK;%;;L.

2. If—%<a<0and0<k<a+%,thenN is bounded on MK;;IA.

Proof. When o0 >0, ax <n (1 — 11—7) shows that (7) is satisfied. In addition, we

have Ky _o = p’ and (33) is fulfilled. Thus, N is bounded on MK,‘,’f;}. When o <0,
—7—7 <o<0and 0< A <o+ ;’; guarantee that (7) and (33) are satisfied. Therefore,

Theorem 9 yields the boundedness of N on MK,‘,)‘,};L .0

4.3. Geometric maximal functions

For any Lebesgue measurable function f on R", the geometric maximal operator
My f is defined as

1
o) = supexp (- [1oel )y

where the supremum is taken over all cubes I containing x with their sides are parallel
to the coordinates axes.
Moreover, for any locally integrable function f, M is defined by

M; £ (x) = lim (M| £1")"/" (x).
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The minimal operator is given by

L1
mf(x) = inf 7 170y

where the infimum is taken over all cubes containing x. The minimal operator is related
with the reverse Holder class, see [5].

The reader is referred to [17] for the boundedness of the geometrical maximal
operators on the Herz spaces with variable exponents.

We have the following weighted norm inequalities for My, M and m from [42],
[6, Theorems 1.7 and 3.1], respectively.

THEOREM 10. Let @ : R" — (0,0) be a Lebesgue measurable function. We have
W € Ao if and only if for any 0 < p < oo,

| Mof@yromar<c [ |foremds, vf el (o).
Rn Rn

THEOREM 11. Let @ : R" — (0,0) be a Lebesgue measurable function. We have
W € Ao if and only if for any 0 < p < oo,

L Mir@yomdr<c [ (fwlrowds, vf el (o).
R"

THEOREM 12 Let p>0 and ® € Aw. There is a constant C > 0 such that for
any f € M wzth 7 € LP(w), we have

/Rn (ﬁ(x))pw(x)dx< /R" |f(1)\17 (x)dx

Theorems 5, 10, 11 and 12 give the following results on the boundedness of the

geometrical maximal operators and the minimal operator on MI'(;(((.'));;1 .

THEOREM 13. Let g € (1,00) and p(-) € C°¢(R") with 0 < p_ < p; < . Let
o € CLE(R") satisfy (3) and (7).

1L If0<oa_and 0K A< ﬁ then My is bounded on MI'(I?((_'))’;.

22 Ifa_<0and 0< A <o+ ﬁ, then My is bounded on MI'(;;((("));?

Proof. We selecta pg € (0,min(p_,q)) such that min((p/po)’,(q/po)’) > 1.
When o >0, forany po € (0,p-), K(p()/po),—poa() = (P()/P0)" = (P+/P0)’

1 1
Po(K(p() /o) —poa()) P+
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Similarly, when o < 0, we have

1 1 o
/ —+—.
Po(Kip() /oy poay) Pr 7

The above equalities guarantee that

A 1
0< 2 < .
n po(Kp()/po),—po())

Since (20) becomes (7) when 6 = 1. Theorems 5 and 10 yield the boundedness of M

on MK*O* O
P(),q :

THEOREM 14. Let g € (1,00) and p(-) € C°¢(R") with 0 < p_ < p; < . Let
o € CYE(R™) satisfy (3) and (7).

1. If0< o and 0 < A < 2, then M{ is bounded on MI'(O‘(.')’)L
P+ 0 p()q

N .. o)A
22 Ifoa <0and 0K A <o+ o then My is bounded on MKP('M

THEOREM 15. Let g € (1,) and p(-) € C'°¢(R") with 0 < p_ < p+ < oo. Let
o € CYE(R") satisfy (3) and (7).

L IfO<o and 0< A< ﬁ, then there is a constant C > 0 such that for any

1 c0(),A
? = MKP(')vq ’

WL
Hmf MEK® f MK

(

2 Ifoa-<0and 0 <A <oa_+ ﬁ, then there is a constant C > 0 such that for
any - L e MK (())

Fluagys <Ll
H mf MK f MK
As the proofs of Theorems 14 and 15 are similar to the proof of Theorem 13, we

omit them and leave them to the reader.
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