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GENERALIZED INTEGRATION OPERATORS FROM WEIGHTED
BERGMAN SPACES INTO GENERAL FUNCTION SPACES

XIANGLING ZHU

(Communicated by I. Peric)

Abstract. This article studies the boundedness of the inclusion mapping from weighted Bergman
spaces Ab, into a class of tent type space .Z;”" (). As an application, the boundedness, com-

pactness and essential norm of generalized integral operators T;‘k and s;}*O from A}, to general

function spaces are also investigated.

1. Introduction

We denote by D and dID the unit disk and its boundary in the complex plane C,
respectively. Let H(D) be the class of functions analytic in D. For 0 < p < o and
o > —1, the weighted Bergman space Al is the set of all f € H(D) for which

111 = (o + 1)/D|f(Z)|”(1 —[z*)¥dA(z) < ee.

When o = 0, we denote A}, by AP. The Bloch space 2 is the space of all f € H(D)
such that

ILf

2= 11(0)]+sup(1 = [P/ (2)] < .
z€eD

The little Bloch space %, is the set consisting of all f € H(D) such that limy_,;- (1 —
lz]*)|f'(z)| = 0. Let H* denote the space of all bounded analytic functions with the
supremum norm || f{|z= = supep [ f(2)]-

Let 0 < p,s < e, —2 < g < oo. The general function space F(p,q,s), which was
introduced by Zhao in [42], consists of all f € H(DD) such that

A7 gs) = |f(0)|p+225/m> @I (1= [z (1~ |oa(2) ) dA(z) < oo.

Here 0,(z) = {=%. F(p,q,s) is a Banach space under the norm || - [r(,4s When
p > 1. Itis easy to see that F(p,p,0) is just the Bergman space. When p =2 and

q =0, it gives the Qy space. Especially, Q| is the BMOA space, the space of analytic
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functions in the Hardy space whose boundary functions have bounded mean oscillation.
Also, it is known that F(p,q,s) contains only constant functions if s+ ¢ < —1. For
some other results on the space their generalizations and operators on them see also
[15, 26, 28, 38].

Let g € H(D). The Volterra integral operator T, and its companion operator I,
with symbol g are defined by

1) = [ g nfteldw,  15@) = [ gl w)dw, f € HD),

respectively. The multiplication operator M, is defined by M, f(z) = f(z)g(z). Itis
easy to see that

M, f(z) = f(0)g(0) +1ef (2) + Te f(2)-

Pommerenke [23] introduced the operator 7, and showed that 7, is bounded on
H? if and only if g belongs to the space BMOA. For some generalizations on H”
spaces see [1, 2, 6, 8, 14, 29]. For some results on the Bergman-type spaces see [3,
8, 16]. Further results about Volterra integral operators on analytic function spaces on
the unit disk, as well as the unit ball and unit polydisk in C”" can be found [11, 12, 13,
15,17, 18, 19, 21, 22, 24, 26, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39] as well as in their
respective references.

We define the Carleson box, denoted by S(I), based on the arc I which is a subset
of dID, as follows:

S(I):{zeD:1—1|<|z|<1 andﬁe]}.
z

If I equals the unit circle dD), we let S(I) be the entire unit disk ID. For a positive
Borel measure tt on D and 0 < s < oo, we say that u is an s-Carleson measure if

p(S(1))
con M

The classical Carleson measure is obtained when s = 1.

Let N and Ny denote the set of positive integers and nonnegative integers, respec-
tively. Let 0 < p,s <o, n € Ny and u be a positive Borel measure on . We define
%" (u) as the set of functions f € H(D) satisfying the condition (see [25])

1 p
sup = [ @)1= Py dn(z) <
1cap HI° Js)

Suppose n € N and k € Ny satisfy 0 < k < n, and g € H(D). Chalmoukis intro-
duced the operator Tg"’k in [7], defined by

L) =1"(fY(@e" (@), feHD),

where 1f(z) = [§ f(w)dw. In particular, T, f = T, f for any f € H(D).
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Qian and the author of this paper introduced and studied the operator SZ,’O in [25],

where
SP0f(z) =1"(f" (2)8(2))-

In particular, Sé’o f=1Lf.

Chalmoukis investigated the boundedness of the operator Ty * on Hardy spaces
HP? in [7]. Specifically, he demonstrated that Tg"’k : HP — HP? is bounded if and only if
g € & when k > 1. Meanwhile, Tg"’k : H? — H? is bounded if and only if

11,
sup(1 — [z2) 7~ 7" K| R (2)] < oo
zeD
when 0 < p < g <eo. In[9], Du, Li, and Qu studied the boundedness, compactness, and
essential norm of the operator Tg"’k on weighted Bergman spaces induced by doubling
weights. Further details related to the operator Tg"’k, see [7,9, 25].

The purpose of this paper is to establish that the inclusion mapping I : A, —
" () is bounded if and only if

Jsiy (1= [z[)P"du(z)
I[Pt Zrats < oo (L.1)

sup
I1CoD

This result is then applied to characterize the boundedness of Tg"’k and S?’O, which
act from AL to F(p,p+ a,s). Additionally, we investigate the essential norm and
compactness of Tg"’k and SZ’O when act from AL, to F(p,p+a.,s).

Let (X,]|-|lx) and (Y,| - ||y) be Banach spaces, with T : X — Y being a bounded
linear operator. The essential norm of 7': X — Y, denoted as ||T'||.x—y, can be defined
as:

IT|lex—y = i2f{HT —K||x—y : K is compact from X to Y }.

It is easy to observe that 7 : X — Y is compact if and only if ||T'|[x—y =0.
Throughout this paper, we say that f < g if there exists a constant C such that
f < Cg. The symbol f ~ g meansthat f Sg < f.

2. Boundedness of I : AL, — Z.7"(u)

In this section, our objective is to investigate the boundedness of the inclusion
mapping I; : Ah, — Z;7"(u). To accomplish this task, we will introduce several lem-
mas that will be utilized throughout this paper.

LEMMA 1. [28, Theorem 3.2] Let —2 < g <o, 0 <s <o, 1 < p <eo and
n € N. Then the following statements are equivalent.

(i) f€F(p.q.s);

(ii)
sup [ £(Q)7 (1~ Y0491 — o, (D dAG) <

acD
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(iii)
1

IcaD 1]

Jo PP (= Py ) <
REMARK 1. Let

1117 g5y = Zlf |p+sup If J@P (1= [P~ Jou(2) ) dA(2),

T zw P+ sup / FD QP (1= 22D+ a5dA ().

b I

From the proof of Theorem 3.2 of [28], we see that

Hf”F(p,q,s) ~ Hf”F(p,q,s,l) ~ Hf”F(p,q,sQ)'

LEMMA 2. [43, Theorem 4.28] Let —1 < &t < oo, 1 < p < oo and n € N. Then
f € AL, if and only if

L@ 1= Ry A <.

Moreover,
—1
171, ~ z DO+ [ @71~ 2P A ).
=0

LEMMA 3. [43, Theorem 5.4] If f is analyticin D and n > 2, then f € B if
and only if the function (1— |z|2)" " (z) is bounded in . Moreover, there exists a
constant C > 0 such that

C fllz < sup (1—12)" | F ()| < ClIfl =
zeD

forall f with f(0)=f'(0)=---= f=1(0) =0.

The following result comes from [27, Theorem 4.1.2]. When 8 = 2, it was proved
in [40]. When n =1, it was proved in [41].

LEMMA 4. Let 1 <p <o, 1 <3 <o and n € N. Then g € A if and only if
sup | [g"(2)[P(1—[z)P" (1~ |ou(2) )P dA(z) <
acD /D

LEMMA 5. Let —1 < <o, 0<s<ooand 1 < p <eo. Then

A1 ey S 111
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Proof. By Lemma 2, we get
sup [ 117 (1= |27 (1 - 0u(2) P dA ()
acDJD
< [1F@Ira-prac)
< [Ir@ra-Praac).
D

as desired. [

The proof of the following result is standard. See, for example [25, Lemma 2.4].
We omit the proof here.

LEMMA 6. Let —1 <0 <o, 0<s<oo, | <p<eoandneNy.If fEF(p,p+
o,s), then

n Hf”F ,ptos
£ (2)] g —iEprte)

, zeD.
(1—[z2) ™

LEMMA 7. [5, Lemma 2.1] Let 1 be a positive measure on D and 0 < s < oo.
Then W is a bounded s-Carleson measure if and only if

( l_|a|2 )Sd”( )<
sup — 7) < oo.
ach/D ‘1 - az‘z

Now we are in a position to state and prove our main result in this section.
THEOREM 1. Let 1 < p<oo, —l <t <oo, 0 <5 <o and n € Ny. Let UL be

a positive Borel measure on D. Then the inclusion mapping I, : Ab, — TP (u) is
bounded if and only if (1.1) holds.

Proof. Assume first that (1.1) holds. Let dv(z) = (1 —|z|*)""du(z). We observe

that
vism)
1ol |I|pn+2+0£+s 7

which, in combination with [43, Theorem 7.4], implies that the inclusion mapping 1; :
AL g+s — LP(dv) is a bounded operator. For any arc I C d, let & be the center
point of 7 and w= (1—|I])&. From [10, p. 232], we see that

1—wz|~1—|wf>=|I|, zeSU). (2.0)
Let f € AL,. By Lemma 2, we see that

p p
f(n) € Aanroc c Aanr.\'JrOC'
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Let [ > 2s. Using the above results and Lemma 5, we obtain

L P (= )

1 Jsu
z(l—\w|2)H/ e
s | (1 —wz)l/p

I s
s- = [ LG gppresiaaag

p
dv(z)  (using (2.0))

(Ia: AY, 1 oy — LF(dV) is bounded)

(1 [z (1 — wp)*
< [UOQ@PQ Py dAw) 1> 2)
<Hf||p pp—HZS < ||fHAPa
which implies the desired result.

Conversely, assume that the inclusion mapping I, : A, — Z;""(u) is bounded.
Using this assumption and taking f(z) = 7" € AL, we obtain

[a-LPyman) <
D

For any arc I C 9D, let & be the center point of I and w = (1 —|I])& . Take

_ (=P
fw(z) = W 2.1

By Lemma 3.10 of [43], we see that f,, € AL,. By (2.0),

1
RGLES N e ze S(I).

By the assumption that the inclusion mapping I : A}, — Z;"" (i) is bounded, we have
P(1_|,|2\pn < P
T o @I (= )i @) S Mafull
SallP 1Al S NAellye <

which implies that

fs(l)(l —[z[*)P"du(z) -

sup ‘I|pn+2+a+s

1CoD

So, (1.1) holds. The proof is complete. [l
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3. Boundedness

In this section, we provide some characterizations for the boundedness of Tg"’k and
SZ,’O from AL, to F(p,p+a,s).

THEOREM 2. Let g€ H(D), 1 <p<oo, m1 <00 <o, 0<s5<oo, n€N, keNy
such that 0 < k < n. Then Ty* : AL, — F(p, p+ a.,s) is bounded if and only if g € .
Moreover,

1T ar s as) = Sup(1 = [2)]8'(2)]-
zeD

Proof. Assume that g € %. We first consider the case k = 0. Since g € & and
s+ o+2>1, by Lemma 4 we see that

sup D\g J@IP (1= [P (1= |ou(z) )T 2dA(z) < o,

acD

which implies that

1— ‘a|2 s+2+o
sup <7> d,LLg(Z) <

ach /D |1 - aZ|2
where dpi,(z) = |7 (2)|P (1 — |z]*)P"*+*dA(z) . Using Lemma 7, we see that i, is an

(s +2+ a)-Carleson measure. Let f € AL From Theorem 1, we can easily deduce
that

Z .
a]D) |I|S/ ‘(Z: f)( )( )|p(1 | '|2)pn+0¢+5 ( )
IC Z dq

= sup o [ QPR @ (1~ R dAG)

1COD 3.1
1
= sup o5 [ 1712
I1CoD |I|
<A,
Now we consider the case k > 1. From Lemmas 1, 3 and 5 we get
sup o [ AN QP (1=
p [ Ty 2P) (2
ICB]D)‘ |
/ ORI )R aAR)
IC&]D) \Il
(3.2)

% Sup 7 / PP (1= [2)PaA(z)
Slll: —Hfll” F(p.p+a,s)

A” :
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From (3.1) and (3.2), we see that Tg"’k : A, — F(p,p+ a,s) is bounded.
Conversely, assume that Tg"’k :AbL — F(p,p+ a,s) is bounded. For w € D, we
define
(1-wP)
(1 _ WZ)IJF 2+a

It is easy to check that G,, € AL, using Lemma 3.10 of [43]. Moreover,

G () = ﬁ <i+ 2+a> (l_k(l - |W|22)+

Gy(z) =

=l p WZ)1+k+
ﬁ( 2+a> A
-1 (1— W) 5"

Using Lemma 6, we obtain that

*k
”Tgn GW||F(p,p+oc,s)
24

e R iz R,

(1= W)

Thus,

sup g (w)| (1 = [w]?)" ™+ < oo,
[w|>1/2

It is obvious that

sup [g"7F (w)| (1= [w]2)"F < .
[w|<1/2

Therefore,

sup [0 (w)|(1 = [w?)"* < oo,
weD

which implies that g € & by Lemma 3. The proof is complete. [

THEOREM 3. Let 1 <p <oo, —l <0< oo, 0 <s5<oo, neN andke Ny such
that 0 < k < n. Then SZ,’O 1AL — F(p,p+ «,s) is bounded if and only if g € H™.
Moreover,

1S5 142 F(poprt ) = N8l (33)

Proof. We first assume that SZ’O :AY, — F(p,p+ a,s) is bounded. For b € D and
r >0, let D(b,r) denote the Bergman metric disk centered at b with radius r. From
[43], we see that

(a—pP? 1 1
I1—Dz* — (1—[z»)2 " (1—p|?)?

., zeD(b,r). (3.4)
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For any w € D\ {0}, let f,, be defined in (2.1). We have that f,, € A, by Lemma 3.10
of [43]. Using (3.4), we obtain

‘fv(vn)(zﬂp@ (A —[ywizra’ zeD(w,r).
Therefore,
oo >[|Sg |17 ,,,,m)
=sup [ |(S5 1) " Q)1 (1 ~ 2)" (1~ 0a(2) ) dA ()
=sup | A" (@2@IP(1 = 22 *(1 ~ |ou(2) ) dA(2)
2 o QI =241~ o)A
2 [, BV (=) 2AG)
Zlg(w)lP,

which implies that g € H™.
Conversely, suppose that g € H*. Let f € A},. Then by Lemma 1 we obtain

n 1 n n n \)
”Sg’ofH?(p,pm,s) sup |I|S/ I(Sg’of)( )(Z)|P(1_‘Z|2)P TS dA(z)

= sup o [ @@ (L~ P dAG)
I1CID |I|

Slglly- sup 7 / QP P da)
SRRV

Slglt-1L£1

Therefore, SZ’O : AL, — F(p,p+ a,s) is bounded. From the above proof, we see that
(3.3) holds. The proof is complete. []

4. Essential norm

In this section, we investigate the essential norm of Ty and S3° from A%, into
F(p,p—+ a,s). The proof of the following result can be proved similarly as [25, Lemma
5.1]. We omit the proof here.

LEMMA 8. Let 1 <p<oo, =1 <0t <o, 0<s<oo, neN and k € Ny such
that 0 < k<n.If0O<r<1and g € B, then T)* : AL, — F(p,p+ a,s) is compact.



960 X.ZHU

ForO<r<1,zeDand f € %, set f.(z) = f(rz). Let distg(f, %) denote the
distance from the Bloch function to the little Bloch space, that is,

disty(f,%o) = inf |f—gll%.
8€Ho
The following result can be found in [4].

LEMMA 9. If g € A, then

limsup(1 — |z|*)|¢’(2)| ~ dist(g, Zo) ~ limsup g — g

l2|—1- r1-

B-
THEOREM 4. Let g€ H(D), 1 <p <o, —1 <@ <o, 0<s5<oo, neN and
k € No such that 0 < k < n. Ing"’k 1AL, — F(p,p+ «,s) is bounded, then

||7;;1.'k||e,Ag‘~>F(p,p+a,s) ~ lllr‘nsup(l - |Z|2)|gl(z)| ~ diStf’Z(gV%O)'
zl—1-

Proof. Let 0< r<1.ByLemma8, T;*: AL, — F(p,p+ a,s) is compact. Then
by Theorem 2,

K
7¢'

k k K~
eAl—F(ppray) <IN =Tt = T2 | = llg — &rlls-

Using Lemma 9, we have

K
17

Slimsup||g — gl 2 ~ distz (g, %o).-

r—1-

e, AL —F(p,p+as)

On the other hand, suppose {z;} is a sequence in ID such that lim;_.. |z;| = 1.
Let G;; be defined as in the proof of Theorem 2 for each j. Then {GZ_,.} is a bounded
sequence in AL, and as j — oo, it converges uniformly to zero on every compact subset
of D. Let K : A}, — F(p,p+0.,s) be acompact operator. Since A}, is a reflexive space
we have that limj .. [|[KG,|[r(p,p+a.s) = O (see [20]). From the proof of Theorem 2,
we also have

17— K| 2 limsup [(Z;" — K) Gz, llr(p. pravs)

Jj—reo

2 timsup (174G, e ) — 1K G I pvas))

Jj—reo

~ limsup ||7;;n’sz,» 1F(p,p+as)

Jj—reo

2 limsup(1 — 214" 18" ()]

J*}
Hence,

n.k . 2\n—k| _(n—k
HTg ||e,Ag—>F(p,p+0£,s) z llmsup(l - ‘Zj‘ ) |g( )(ZJ)|

j—
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It follows from the arbitrariness of {z;} and Lemmas 3 and 9 that

1T et —F (pprars) 2 1|if‘nsup(1 — 12y *1g" P (2)]
zl—1-

~ limsup(1 — |z|*)|¢'(z)| = dist (g, %o).

Iz‘alf
The proof is complete. [
The following result can be deduced by Theorem 4 directly.
COROLLARY 1. Let ge H(D), 1 <p<eo, =l <@ <00, 0 <5 <oo, n €N and

k € Ng such that 0 < k <n. Then Tg"’k : AL — F(p,p+ «,s) is compact if and only if
g€ RB.

THEOREM 5. Let g€ H(D), 1 <p<oo, —1 <00 <oo, 0<s<ooandnecN.If
SZ7OIA§—>F(p,p+OC,S) is bounded, then

“8270“87A(’;4>F(p717+a7.8') ~ lim sup ‘g(Z) | .
Iz‘alf

Proof. By Theorem 3 we have

0 : 0 :
I et v = 9017 = KIS limsup g 2]
7|—=1"

On the other hand, suppose {z;} is a sequence in ID such that lim; ... |z;| = 1. Let
fz; be defined as in (2.1). Let K': AL — F(p,p+ a,s) be a compact operator. Then,
we similarly have lim; .. [|[Kf; ||F(p,p+a.s) = 0. Hence,

155 = KI| 2 limsupl| (S5 = K) f2; |l (p p+ars)

j—

J= J=

Z hm sup ||SZ’Oij HF(p,erOt,s) — limsup HKfZJ HF(p,erOt,s)

= limsup ||SZ’sz,» HF(p.,p-&-oc,s)-

J—oo
Therefore, from the proof of Theorem 3,

0
1Sg

2 limsup\ S?szj ||F(p,p+0£.,s) 2 lim sup ‘g(Zj)|,

J—roo J—roo

eAG—F(p,ptos)

which implies that

,0 :
HSZ He7A(’;4>F(p7p+a7s) Z lllr‘nsup\g(z)|
Z —1-

The proof is complete. [

From Theorem 5 we get the following result.
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COROLLARY 2. Let 1 < p <o, —1 < 0x <o, 0 <5 <o and n € N. Then

: AL, — F(p,p+a,s) is compact if and only if g = 0.
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