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ON THE UNIFORM CONVERGENCE AND INTEGRABILITY
OF SPECIAL TRIGONOMETRIC INTEGRALS

PETER KORUS AND BOGDAN SZAL*

(Communicated by J. Pecari¢)

Abstract. Necessary and sufficient conditions for the uniform convergence of trigonometric
Fourier integrals are well-established when admissible monotone or general monotone functions
are considered. In this paper, we generalize these main results by giving such conditions for the
uniform convergence of sine and cosine integrals [;” f1 (x) sin (ux”)dx and [;° f>(x)cos (ux?) dx
in case of admissible general monotone functions f; and f>. Moreover, we give necessary
and sufficient conditions for the L7 -integrability with the power weights of these integrals when
non-negative functions fi and f> belong to the class W,,g.

1. Preliminaries on uniform convergence

Let f1,f> : Ry — C be measurable functions in Lebesgue’s sense and p > 0,
where R} = (0,e0). We consider the uniform convergence of the sine and the cosine
integrals

oo

Fi(p.u) = Fl(fl(x);p,u):/fl(x)sin(uxp)dx, (1.1)
0

Fa(pot)i= Fa faw)i o) = [ o) cos a?) dx (1.2)
0

in u € Ry = [0,0), where we mean the uniform convergence of

b
S1(p.b,u) 1=51(f1(x);l?,b,u)Z/fl(X)Sin(ux”)dx, b— oo,
0
b
S2(pybs) 1= Sl ():p,bs) = [ )0 () dx, b,
0
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respectively.
We recall that the uniform convergence of the sine and the cosine integrals

=3

Fi(lu) = / 1) sin (ux) dx, (1.3)
0

Fy(1,u) — / () cos (ux) dx (1.4)
0

inu€ K+ has been studied by many authors, see e.g. [2, 3, 9, 16].

Throughout the paper, we deal with functions f; and f, defined on R, , of
bounded variation on R , vanishing at infinity, and such that x” f; (x) € L'([0,1]) for
p>0and f,(x) € L'([0,1]). We will denote the above presumptions in the following
way: fi € ®, (p>0) and f, € ¥, respectively. It is clear that ¥ C @, C ®,, for
0 < p1 < p2. Then local integrability of fj(x)sin (ux”) and f>(x)cos (ux?) are ensured.

Itis clear that for p >0 and f; € ®), or f, € ¥ we have

oo

Fi(fi(x):p,u) =/Il)xl/p_lfl(xl/p)sin(ux)dx:Fl <%x1/p_1f1(xl/p);l7u> (1.5)
0

or

Fa(f):pu) = B (3577 (7)) (1.6)

respectively.

DEFINITION 1.1. ([3, 12]) Supposethat f: R, — C is a function locally of boun-
ded variation on R . We say that f is general monotone with majorant 3, or shortly,
f € GM(P), if there exist positive constants C, A and a function f : R, — Ry such
that

2x
[ 1)< cp

forall x > A.

If we consider majorant o8 (x) = | f(x)|, then class GM(of3) contains M, the class
of non-negative, monotone non-increasing functions (see [14, 15]).
In case of

B =+ [rwlar, eRs)
x/c

functions from GM(;3) = MVBVF are called mean value bounded variation func-
tions, where ¢ > 1 (see [13]).
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There are several intermediate classes that have been considered in various publi-
cations. Further if we choose

2a

1
zﬁ(X)=—§L;r(>) |f(t)dt, (xeRy)

class GM(,3) = SBVF, consists of supremum bounded variation functions of second
type, where B is a positive non-decreasing function such that B(x) — e as x — eo.
Note that M C GM (o) € GM(18) € GM(»3) (see [9]).

We recall the main results regarding the uniform convergence of (1.3) and (1.4)
from [3].

THEOREM 1.1. ([3, Theorem 3]) Suppose that a function fi : Ry — C belongs
to @;.
W) If fi € GM(B) and xB(x) — 0 as x — oo, or equivalently,

2x

x/|df1(t)\ —0 as x — oo, (L.7)

X

then the integral (1.3) converges uniformly in u € R, and

2x
IF1(1) = Si(1a)ll < & max | x [l |- (1.8)
x=a/2
(ii) Let a non-negative function f| satisfy
max/ﬁ t)dt  forsome ¢ > 1. (1.9)
)Ca>x/c

Then the uniform convergence of the integral (1.3) implies
xfi(x) =0 as x— oo. (1.10)

THEOREM 1.2. ([3, Theorem 2]) Suppose that a function f, : Ry — C belongs
to V.
W If fr=0o0r f, € GM(B), where xB(x) — 0 as x — oo, or equivalently,

x/|df2(t)\ —0 as x — oo, (L.11)

and

=

/ f2(x)dx converges, (1.12)
0



4 P. KORUS AND B. SZAL

then the integral (1.4) converges uniformly in u € R, and

[Fa(1) = $2(1,4) | < max /f2 1) | +Cc ma x/\dfg L L3

x=a/2

() If f2 >0 or fo € GM(B), where xB(x) — 0 as x — oo and the integral (1.4)
converges uniformly in u € Ry, then (1.12) holds.

Using the above theorems, one can obtain an assumption for the uniform conver-
gence of the integrals (1.3) and (1.4) for certain classes of general monotone functions,

e.g. GM(2f).

THEOREM 1.3. ([9, Theorem 2.6]) Assume f| : Ry — C belongs to the class
M(B)ND;. _

(1) If (1.10) holds, then the integral (1.3) converges uniformly in u € R .

(ii) Conversely, if f1 = 0 and (1.3) converges uniformly in u, then (1.10) is satis-

fied.

THEOREM 1.4. ([10, Theorem 1.3]) Assume f> : Ry — C belongs to the class
M(2B)NY.
1) If (1.12) and
xfr(x) =0 as x— oo (1.14)

hold, then the integral (1.4) converges uniformly in u € R, .
(ii) Conversely, if f>» > 0 and (1.4) converges uniformly in u, then (1.12) and
(1.14) are satisfied.

In [2], it is proved that the non-negativity assumption can be removed from Theo-
rem 1.3 in case of the class GM(;f3).

THEOREM 1.5. ([2, Theorem 3.3]) Assume f; : Ry — R belongs to the class
GM(,8) N ®y.Then, a necessary and sufficient condition for the sine integral (1.3) to
converge uniformly in u € Ry is (1.10).

The proof of [2, Theorem 3.3] is omitted because combining the proofs of [2,
Theorem 3.1] and [6, Theorem 3.1] gives the required result. By analyzing the proofs
of these theorems, and noting

cosét > % for E=¢,(x)= I_Zx’ t € [x,4x]

regarding [2, Theorem 3.1] and

cosét}% for £=&(x) = 417 6[%714

regarding [6, Theorem 3.1], we can deduce the following:
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THEOREM 1.6. Assume f, : Ry — R belongs to class GM(1B)NY. Then, the
necessary and sufficient conditions for the cosine integral (1.4) to converge uniformly
inueR, are (1.12) and (1.14).

We remark that the investigation of the uniform convergence of trigonometric in-
tegrals (1.3)—(1.4) is motivated by and often studied together with the uniform conver-
gence of trigonometric series. For more background, see for example papers [3, 4, 0,
18, 19]. The investigation of (1.1)—(1.2) is motivated by the recent papers of M. R.
Gabdullin [7], S. Keska [11], and K. A. Oganesyan [17], where the uniform conver-
gence of series Y ; ¢xsink%x and Y7 | cxcosk®x has been considered (in [11], only
the special case Y. | cxsin Vkx is considered).

2. Results on uniform convergence

We extend Theorems 1.1 and 1.2 to the setting of the integrals (1.1) and (1.2).

THEOREM 2.1. Suppose that a function fi : Ry — C belongs to ®, with p > 0.
If fi € GM(B) and xB(x) — 0 as x — oo, or equivalently (1.7) holds, then the integral
(1.1) converges uniformly in u € R, and

2x
1) ~Si(palo<C max |x[lan]]. CR)

x>a/21+1/p J

THEOREM 2.2. Suppose that a function f : Ry — C belongs to ¥, and p > 0.
If 2 € GM(B), (1.12) and xB(x) — 0 as x — oo, or equivalently (1.11) hold, then the
integral (1.2) converges uniformly in u € Ry and

X 2x
1E2(p) = S2(p, @)l < max /fz(t)dt +C max X/\dfz(t)l : (2.2)

x>a/21+l/[)
X

Now, we formulate criteria for the uniform convergence of the integrals (1.1) and
(1.2) for general monotone functions from GM (,f3).

THEOREM 2.3. Assume fi € GM (o) N®, with p > 0.
() If fi : Ry — C and (1.10) holds, then integral (1.1) converges uniformly in
uec R+ .

2x
(ii) Let f : Ry — R and suppose that I;(x) := [ |f1(t)|dt is bounded at infinity.
Then the uniform convergence of the integral (1.1) implies (1.10).
THEOREM 2.4. Assume f, € GM(23)NY and p > 0.

W If f2: Ry — C, (1.12) and (1.14) hold, then integral (1.2) converges uniformly
inuecRy.
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2x
(ii) Let f> : Ry — R and suppose that I, (x) := [ |f>(¢)|dt is bounded at infinity.
X
Then the uniform convergence of the integral (1.2) implies (1.12) and (1.14).

Using Lemma 3.2 we can show, similarly as in [2, Remark 4.2], that the hypothesis
of I;(x) and I (x) being bounded is not needed if we assume that f; or f, are non-
negative, respectively.

Similarly, as in [2, Theorem 3.3] we can formulate criteria for the uniform conver-
gence of the integrals (1.1) and (1.2) for the class GM(1f3).

THEOREM 2.5. Assume fi : Ry — R belongs to the class GM (1) N®, with
p > 0. Then, a necessary and sufficient condition for the sine integral (1.1) to converge
uniformly in u € Ry is (1.10).

THEOREM 2.6. Assume f, : Ry — R belongs to the class GM(18)NY and p >
0. Then, the necessary and sufficient conditions for the cosine integral (1.2) to converge
uniformly in u € Ry are (1.12) and (1.14).

We show some examples of general monotone functions which can be considered
in the main theorems to favor reading. In every case, except for the last one, p > 0 is
arbitrary.

EXAMPLE 2.1. Let fy(x) = (14x)"% foran oo > 0. Then fy, is decreasing, f €
MNY, and by Theorems 2.3 and 2.4 (or, Theorems 2.5 and 2.6), both [ fi (x) sin (ux?) dx
0

and [ fo (x)cos (ux?)dx are uniformly convergentin u for oo > 1 butnotfor 0 <o < 1.
0

EXAMPLE 2.2. Let gy (x) = (1 +x)"*sinx foran o € (0,1)U(2,0). Then go
is not decreasing, however, g, € GM(38) N'Y. Indeed, there exist positive constants

C, C' and A such that
o sint
/ (1+41)ot!

cost
d <
/gal/'1+t
2—o

1-3=¢ 2xT=a
X (l+2x1 a) x/ sint
(14+x)e (L+1)e

(e +1)x
S (1T4x)2

for x > A. Due to Theorems 2.3 and 2.4, both [ g¢ (x) sin (ux?) dx and [ g¢ (x)cos (ux?)dx
0 0

are uniformly convergentin u for o > 2 butnotfor 0 < o < 1.
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EXAMPLE 2.3. Let hg(x) = e¢™* for an a > 0. Then hy € MNP, and both

J he(x)sin (ux?) dx and [ hg(x)cos (ux?) dx are uniformly convergent.
0 0

EXAMPLE 2.4. For i(x) = ((14+x)In(2+x))~!, i€ MN¥Y, and Theorem 2.3 (or,
2.5) implies the uniform convergence of [ i(x)sin (ux?)dx in u while [ i(x)cos (ux?)dx
0 0

is not uniformly convergent in u since (1.12) is not satisfied for i.

EXAMPLE 2.5. Consider j(x) =x"2 and p > 1. Then j € MN®,. Integrals

J j(x)cos (ux?)dx, [ j(x)cos(ux)dx and [ j(x)sin(ux)dx do not converge, since j ¢
0 0 0

Y and j ¢ @, respectively. However, [ j(x)sin (ux”)dx converges uniformly in u due
0

to Theorem 2.3 (or, 2.5). Moreover,

1 . 1 mp)cl”1 .
Jl(p,u):/;sm(uxp)dx:; xstm(ux”)dx
0 0
1
p

since

.=
I'(z) = ! /xz’1 sin (ux) dx, u€Ry, 0<Re(z) <1,
0

(see [8, p. 893]), that can be extended for —1 < Re(z) < 0 using integration by parts
and

=

Z

I(z) = “ — /xz’lcos (ux)dx, ueR,, 0<Re(z) <1,
cos &£

0

(also see [8, p. 893]).

3. Proofs of Theorems 2.1-2.6

First, we show an important property of class GM(f3).

LEMMA 3.1. If f(x) € GM(B) with some B(x), where xB(x) — 0 (x — oo), then
g(x) =x1/P=1f(x'/Py € GM(B') for any p > 0 with B'(x) = %maxt%l/,,/2 (tB (1)) and
xB/(x) =0 (x — o0).
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Proof. Calculations give us

2x 2x
[1aswi= [ fa(s/rs)|
< ‘% - l‘zxtl/l’2 ‘f(tl/P))dt+jtl/Pl )df(tl/l’)‘

2x 2x
< ‘%—1 %/tl/”’l)f(tl/l’)‘dt+C0x1/1”l/)df(tl/p)‘
(xl/r (l/r
1
<lt=ply [ IG)lds+Coxt7t [ jases)
xl/p xl/p

where Cy = max{1,2!/7=1} Since for any f(x) € GM(B), we have

x/2 t
11 7 c 1
< —— t|ld < — - tB(¢
In2 xglx/z /‘ F6)l In2 xgj/)é(ﬁ( 2
t
(see [3]), we can obtain
2x | | (2x)1/p 1 ok+1,1/p
cli—p|1 1 1"
dg(t)] < — t ds+Co— d
Jlas1< =55 [ masap@ydscor 32 [ larts)
X xl/p 2kxl/p
SCI=PlL iy, 1t okl
< -1 1B(1))+Co - (2 /1’)
- >t>§‘1‘}‘,’,‘/2(ﬁ())+ OX;ZO B (2

. (Cllnz cli-pl, l/p_1)+c0no)l max (1B (1))

Xi=xl/r /2

(3.1)

where ny is the integer so that 2"0~! < 21/ < 2" This means g(x) € GM(B') with
, 1
B'(x) = — max (¢B(r)).
X 12x/p /2

Therefore, xf'(x) = 0 (x = ). O

Proof of Theorem 2.1. Suppose f; € GM(B)N®,. Then g;(x) = 1% Ur=17(x'/p)
€ GM(B')N®,. Usi

Using (1.5) and Lemma 3.1 we get from Theorem 1.1 the uniform
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convergence of (1.1). Moreover, we can obtain (2.1) from (1.8) keeping in mind (3.1):
IF(fi(x):p) = S1(f1(x): p, @)
= IFi (81093 1) = 811 (9: 10" < € man, / dg1 (1)

2
Cll— C
< Cy max (M(Zl/”—l)—i—o—m) max t/\dfl(s)|

x>aP )2 pln2 p r=>xl/r /2
=C' max /\dfl , (3.2)
t>u/21+1/1’

where C' = C; (C“ Dpl(o 21/P —1) 4 o

In2

This completes the proof of Theorem 2.1. [

Proof of Theorem 2.2. Suppose f> € GM(B)NY. Since g(x) = I%xl/l’_lfg (x!/P)

€ GM(B')NY, using (1.6) and Lemma 3.1, we get from Theorem 1.2 the uniform
convergence of (1.2). Moreover, we can obtain (2.2) from (1.13) using (3.1) and (3.2):

[F2(f2(x); p) = S2(f2(x); P, @) ||
= [[F2(g2(x); 1) — Sa2(g2(x); 1,aP)||.,

< max /gg(t)dt +C, max x/|dg2(t)
X

x>aP x}al’/2

t>a 1>a/21+1/p

< max /fz(s)ds +C"  max t/\dfz(s)| ,

C|1— Con,
where C" = C, (ﬁ Vr—1)+ Lo
The proof of Theorem 2.2 is complete. [

LEMMA 3.2. If f(x) € GM(3B), then g(x) = x"/P=1f(x'/P) € GM(,B), for any
p>0.

Proof. By Lemma 3.1, we have that g(x) € GM(’) with

2a

1 1
B'(x) =~ max 1,B(r)=~ max sup [|f(s)ds
X >x/p /2 X 12x1/P/2a>B(t 0

(2a)”

l sup /|f |ds—— sup /l/pfl’f(tl/p)‘dt

xa>B xliry2)d Y azB(irj2) 2
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2K+ gp 2b
p ! pno
=2 s 3 [ lewlar <22 sup sup [ lgto)la

X
a}B(xl/P/2) k=0 2k » u}B(xl/l’/2)h>a’)b

P S /\g (1)]at
X B(x!/P/2))p

//\

where ny is the integer so that 2"0~! < 27 < 2" . This means g(x) € GM(23). O

Proof of Theorem 2.3. Part (i). Using Theorem 2.1 we obtain the uniform conver-
gence of (1.1).

Part (ii). Suppose that f; : Ry — R, fi € GM(2f), L (x) is bounded at infinity,
p >0 and (1.1) converges uniformly in u. We start with setting

E=E() =57, xcR..

Then for x <t < 4x, we have

T
Wgé(x)

S

tl’g_

[\

therefore

sin (& (x)27) > sinW.
Using this inequality, we can show, analogously as in the proof of [2, Theorem 3.1],
that I ()c)3 — 0 as x — . This completes the proof of part (ii) and that of Theorem
23. O

Proof of Theorem 2.4. Part (i). Using Theorem 2.2 we obtain the uniform conver-
gence of (1.2).

Part (ii). Suppose that f> : Ry — R, fo € GM(23), I. (x) is bounded at infinity,
p > 0 and (1.2) converges uniformly in u. Taking u = 0, we immediately get (1.12)
since cos (ux”) = 1. Moreover, for

E=E()= 0, xcRy.

4 (4x)?’
and x <t < 4x, we have
T < P < T
W \é(x)t NS Z
Therefore 1
cos(E(x)t?) > —.
(& (x)1P) 7

Using this inequality, we can show, analogously as in the proof of [2, Theorem 3.1], that
I (x)3 — 0 as x — oo. The proof of part (ii) and that of Theorem 2.4. is complete. [
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LEMMA 3.3. If f(x) € GM(,B), then g(x) = x'/P=1f(x'/P) € GM(,B), for any
p>0.

Proof. The proof is similar to that of Lemma 3.2. [

Proof of Theorem 2.5. Lemma 3.3 and Theorem 1.5 yield the required result. []

Proof of Theorem 2.6. Lemma 3.3 and Theorem 1.6 yield the required result. [

4. Weighted integrability

We consider the weighted L?-convergence, g > 1, of the sine and cosine integrals
(1.1)—(1.2) with power weights x~7 for certain y € R.

We recall that the weighted L?-convergence of sine and cosine integrals (1.3)—
(1.4) were considered by various authors, see e.g. [1, 3, 13, 20].

DEFINITION 4.1. ([3]) Suppose that f: R, — C is a function locally of bounded
variation on Ry . We say that f € GMy ,with 6 € (0, 1], if there exist positive constants
C, A and ¢ > 1 such that

=3

/\df(t)l <Cx9—1/vt(—;)|dz<oo

X x/c
forall x > A.

It is known that M C GM; C GMg, C GM,, for 0 < 6, < 6, < 1, where M
denotes the class of non-negative, monotone non-increasing functions (see [5] and [14,
15]).

THEOREM 4.1. ([3]) Let fi : Ry — R, belong to GMy N @y, where 6 € (0,1].
Ifg>1and 1-0g<y<1+4gq,then

[P (A s L w)|?

" eELR:) & /x”qﬁff(x) dx < eo.

0

THEOREM 4.2. ([3]) Let f> :RL — @Jr belong to class GMg NP, where 0 €
(0,1]. If g=1and 1 —0g < y< 1, then

P2 (f2(x); 1,u)|?

= eLR,) & / 92 £ () dx < oo,
0
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5. Results on weighted integrability

We extend Theorems 4.1 and 4.2 to the integrals (1.1) and (1.2).

THEOREM 5.1. Let p > 0 and a function fi : R, — R, belong to G—Mpe nd,,
where p6 € (0,1 and 0 € (0,1). If g=1 and 1 —0g <y < 1+gq, then

B (f1(x);psu)|?

. eL(Ry) & /up7+q_p_1ff1(u) du < . (5.1
0

THEOREM 5.2. Let p > 0 and a function f>: R, — R, belong to G—Mpg nY,
where p6 € (0,1 and 0 € (0,1). If g=1 and 1 —0g < y< 1, then

M eLR)) & /upH’F”*lfg(u) du < oo, (5.2)
. 0

It is clear that Theorems 5.1 and 5.2 do not work when 6 = 1. As Lemma 6.2
shows, in order to prove (5.1) and (5.2), the assumptions of these theorems must be
changed. Similarly as in the proofs of Theorems 5.1 and 5.2, we can show the following
theorem:

THEOREM 5.3. Suppose 0 < p < 1.

(i) Let a function f, : R, — R, be such that x"/?~ f; (x'/?) € GM, N®,. Ifg=>1
and 1 —q <7y <1+gq, then (5.1) holds.

(i) Let a function f : R — R, be such that x'/?~' f,(x'/?) e GM|NW. If g > 1
and 1 —qg <y <1, then (5.2) holds.

We show some examples of general monotone functions for which the main inte-
grability theorems can be applied. We suppose that p >0, g > 1.

EXAMPLE 5.1. Let fy(x) = e * for an o > 0. It is clear that fo, € MNWY.
Applying Theorems 5.1-5.3, we get

F ; q

| l(fa(x)7p,u)| EL(R+)
u?

for 1—;1—7<)/<1+q,p>10r l-g<y<l+gq,p<1and

P2 (fo(x);p, 1)

7 e L(Ry)

forl—%<y<1,p>10r1—q<7<1,p<1.
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EXAMPLE 5.2. Let

) = 0, ifxelo,1)
8 TN o, ifxe P20 k=0,1,2,...

for o > 0. One can see that for any x € 227,22 *2), rc 7,

oo

/ [8al?) C‘Z(22k> TeaEn " —2«

X

Cio [ 1ga(0)]
< dr,
(1—2-o)(22¢ 30 / 1
X

which means g, € GM; N¥. By Theorems 5.1-5.3,

u?

F spsu)ld T e
| l(ga(x)pu)| EL(R.;,.)@/XP)H_II p 1xaqu<°°<:>'y<l—g+—
p
0

forl——<y<1+q p>lorl—g<y<l+gq,p<1and

|F2(80(x); p,u)|? c

o
LR)ey<1-9,.%
ut P P

forl—%<y<1,p>10r1—q<7<1,p<1.

6. Proofs of Theorems 5.1-5.2

We show the following property of the classes GM g .

LEMMA 6.1. Let p >0 and f(x) € GM g, where p6 € (0,1] and 6 € (0,1).

Then g(x) = x"/P=1 f(x!/P) € GMy.

Proof. Elementary calculations give us

f dg(r)] = / ja (/1)) |

<X /mtl/l’2‘f(t1/1’)’dt+/wtl/1’l’df(tl/p)‘

X

TR, s fagy

|
—_

t1-0+6

X

N

Telp=1 | p(l/p
—1 xel/#d%ﬁ-l.

X

(6.1)
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Taking C = max { 1721/1"1} , we have

2k+1y
=Y /tl/Pfl‘df(tl/p)’
k=0
2kx
2k+1y
o 1/p—1
<ay ()" [ e
k=0 2kx
2k+1x)1/l’
& o\ /el
=y (%) JARZE]
k=0
(24)'”

AN AP f(R)
< k k / -
\clcgo (2 x) ((2 x) ) i

(ka)l/p/c
oS () [ e,
<acy (%) i
k=0 (2kx)l/’)/c
7 - k
< Clcxefl / ‘f[()ze)l dZ 2 (2971>
xl/f’/c ¢ k=0
CC gy [Pt
x/cP
Using (6.1) and (6.2), we get
T _ T t
/‘dg(l)‘ <C/)C6 1 ‘gt(e)|dta
X x/c

where C' = ’11—7 — l’ + p(lflzg,l) and ¢ = cP. Thus g(x) € GMy. O

LEMMA 6.2. If g(x) = x'/P=1f(x!/P) € GM,, where p € (0,1], then f(x) €
GM,,.

Proof. Let g(x) =x"/P=1f(x'/7) € GM,, where p € (0,1]. Then

] af()] = / af?)| = / @ (pu! 17 Lo )|

< (Il)_l>/oo|f(u;/l’)| du+p/oou11/p’d (I%ul/pflf(ul/p)>‘
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z _ _
=(1 —p)/Mdu—pxl’ 1/ ‘d (%ul/p lf(ul/p)> ‘
X < xP

| / )

<(1 —p)x”_l/Mdz—FCpxp_
P u
X

xP /e

:(1—P)xp_l/vz(—§)|dz+Cpxp‘l / Mdz

zP
x/cl/”

X
<Oy / |f(@)] dz,
zP
x/c"

where C" = (1 —p)+Cp and ¢’ = c¢!/P. Thus f(x) € GM,. O

Proof of Theorem 5.1. Let p > 0 and a function f; € G—Mpg N®,, where po €
(0,1] and 6 € (0,1). By (1.5),

(1!1_7)61/1971f1 (x1/P); 1,,4) ’q

u?

(B (fi(x); psu)|?

u?

F;
6L(R+)<:>’ : € L(R,).

Using Lemma 6.1 we get that x'/?~1 f; (x!/?) € GM§ . Thus by Theorem 4.1 with g > 1
and 1-0g<y<l+g

[ (S eyt [

u?

= q
& /x7+q_2 (%xl/p_lfl(xl/p)> dx < oo
0

& [Tl () dx < oo,

St

This ends our proof. [

Proof of Theorem 5.2. Let p >0 and a function f> € GM,9N'¥Y, where p6 €
(0,1] and 6 € (0,1). Using (1.6), Lemma 6.1 and Theorem 4.2 with ¢ > 1 and 1 —
0g <y <1 we obtain

. )Fz (};xl/pflfz(xl/p);l,uﬂq

u?

“ q
@/x”‘f*z (lxl/plfz(xl/z?)) dx < o
p
0

|F2(f2(x); p,u) |4
u?

€ L(Ry) € L(R.)

& /xpqu—p_lfg(x)dx < oo
0

and our proof is completed. [
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7. Conclusions

In Theorems 2.1 and 2.2, we gave sufficient conditions for the uniform conver-
gence of the integrals (1.1) and (1.2) with certain general monotone functions f; and
f> while in Theorems 2.3 and 2.4, we gave necessary and sufficient conditions for the
uniform convergence regarding GM(,3) functions. In addition in Theorems 2.5 and
2.6, we saw that the previously given conditions are necessary and sufficient in case of
not necessarily non-negative GM(;3) functions. From these theorems, we conclude
the following.

THEOREM 7.1. Suppose that a function f: R — C belongs to Y. If f €
GM(B), the integral [ f(t)dt is convergent and xf3(x) — 0 as x — oo, or equivalently
0

2x

x/\df(t)|—>0 as x — oo,

X

then the integral

oo

F(p,u):=F(f(x);p,u) = /f(x)eiux” dx

0

converges uniformly in u € R, and

X 2x
1E() - S(p. )l < max| [ f)a| +C max | [las)

X>a/2l+l/p

where
a

S(p,a,u):=S(f(x);p,a,u) :/f(x)eiuxl’ dx.

0

THEOREM 7.2. Assume f € GM(,3)NY and p > 0.
@) If f: Ry — C, (7.1) and (7.2) hold, then the integral F(p,u) converges uni-
formly inu e R..

2x
(ii) Let f: Ry — R and suppose that 1(x) := [ |f(¢)|dt is bounded at infinity.
X

Then the uniform convergence of the integral F(p,u) implies
xf(x) =0 as x— oo, (7.1)

and that

=

/ Sf(x)dx converges. (7.2)
0
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THEOREM 7.3. Assume [:R; — R belongs to the class GM(13)NY and p >

0. Then, the necessary and sufficient conditions for the integral F (p,u) to converge
uniformly in u € Ry are (7.1) and (7.2).

In Theorems 5.1 and 5.2, we presented sufficient and necessary conditions for

the weighted L7 -convergence of the integrals (1.1) and (1.2) with certain non-negative
functions f; and f> belonging to the class GM g, where p6 € (0,1] and 6 € (0,1).
In Theorem 5.3, we gave a necessary and sufficient condition for the weighted L9-
convergence of the integrals (1.1) and (1.2) when p € (0,1] and x'/?~1 £, (x'/?) € GM,
or x!/P=1 £, (x!/P) € GM| , respectively. From these theorems, we conclude the follow-

ing.

THEOREM 7.4. Let p > 0 and a function f: R, — R, belong to G—Mpg N,

where p6 € (0,1] and 0 € (0,1). If g=1 and 1 —0g < y< 1, then

oo

EL(R,) < / WPYHIP 19 () iy < oo, (7.3)
0

[F(f(x):p,u)|?

u?

THEOREM 7.5. Let 0 < p < 1 and a function f : R, — R be such that

X/ (P e GM N If g > 1 and 1 —q < y < 1, then (7.3) holds.
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