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ON THE JACOBI-DUNKL COEFFICIENTS OF LIPSCHITZ
AND DINI-LIPSCHITZ FUNCTIONS ON THE CIRCLE

OTHMAN TYR* AND RADOUAN DAHER

(Communicated by I. Peri¢)

Abstract. In this paper, we consider & the set of infinitely differentiable 27 -periodic functions
on the circle T =R/27Z. We use the distributions in &, as a tool to prove the continuity of the
Jacobi-Dunkl operator. We obtain a generalization of the classical Titchmarsh theorem for the
Jacobi-Dunkl coefficients of a set of functions satisfying Lipschitz conditions, with the use of the
generalized Jacobi-Dunkl translation operator defined by Vinogradov. In addition, we introduce
the discrete Jacobi-Dunkl Dini-Lipschitz class and we obtain an analogue of Younis’ theorem in
this occurrence.

1. Introduction

Let {ci}rez be a sequence of complex numbers such that

Y Jex| <o (1)

keZ

Then
flx) =Y cre™,
keZ

is a continuous 27 -periodic function and ¢, k € Z are the Fourier coefficients of f.
It is well known that many problems for partial differential equations are reduced to a
power series expansion of the desired solution in terms of special functions or orthogo-
nal polynomials (such as Laguerre, Hermite, Jacobi, Jacobi-Dunkl, etc., polynomials).
In particular, this is associated with the separation of variables as applied to problems
in mathematical physics (see [22, 25]).

One of classical problems in harmonic analysis and approximation theory consists
in finding necessary and sufficient conditions on the Fourier coefficients ¢,k € Z of a
function to belong to a generalized Lipschitz class.

In 1937, E.C. Titchmarsh [26, Theorem 85] characterized the set of functions in
L?>(R) satisfying the Cauchy Lipschitz condition by means of an asymptotic estimate
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growth of the norm of their Fourier transform, he proved that if f € L?(R) with 0 <
0 < 1, then the following statement

1/2
(/le(t+h)—f(t)2dt> =0(h®) as h—0,

is equivalent to
/W>N F(A)Pdr = O(N"28)  as N — o,

where f stands for the Fourier transform of f.
Later, Younis generalized this theorem by replacing O(h%) by

h5
(0] W s 0<6<1,Y>0.
Ogﬁ

In 1967, R. P. Boas [4] found necessary and sufficient conditions on the Fourier
coefficients ¢, k € Z, satisfying the condition (1), to ensure that f belong to a gen-
eralized Lipschitz class. More precisely, in the case {ci}rez C R* (that is for cosine
series with non-negative coefficients), he showed that f € Lip(6), 0 < § < 1, if and
only if

=3

2 Cp = 0(n76>7

k=n

or, equivalently,
2 kex = O(n'~0).
k=1

After the publication of these articles, this theory has been widely studied by several
authors. It is extended to functions of several variables on R” and on the torus group
T" was studied by Younis [28, 29], and has also been generalized to general compact
Lie groups [28]. Recently, it has also been extended to the case of compact Groups [8].
Titchmarsh’s theorem [26] was also extended by Bray [5] to higher dimensional Eu-
clidean spaces in a more general setting using multipliers by modifying the technique
given in the seminal paper of Platonov [19] in the case of rank one noncompact sym-
metric spaces. For an overview of extensions of this theorem in different settings we
referto [1, 8,9, 10, 11,12, 14, 16, 17, 19, 24, 27].

To our knowledge, these theorems for the discrete Jacobi-Dunkl transform have
not derived yet. In our current research, we are concerned with the Jacobi-Dunkl ex-
pansions on I = [—m,7]. By using some elements and results related to the discrete
harmonic analysis associated with Jacobi-Dunkl transform introduced in [7], we try to

explore the validity of these results in case of functions of the wider Lipschitz class
in the weighted spaces ]Lga’ﬁ ). For this purpose, we use the generalized Jacobi-Dunkl
translation operator which was defined by Vinogradov in [21].

We conclude this introduction by giving the organization of this paper.
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In the next Section, we state some basic notions and results from the discrete har-
monic analysis associated with the Jacobi-Dunkl transform that will be needed through-
out this paper.

In Section 3, we consider & the set of all infinitely differentiable 27 -periodic
functions on the circle T = R/27Z, we also define &’ the set of even distributions
on T (that is, continuous linear functionals on &) and we prove that the Jacobi-Dunkl
differential operator Ay g is a continuous linear operator on the space &

In Section 4, we study among other things the validity of Titchmarsh’s theorem
in the case of functions of Lipschitz class in the space }Lga’ﬁ ), while in Section 5, we
extend this theorem to Younis’s theorem in the case of functions of Dini-Lipschitz class.

2. Preliminaries

In this Section, we will recall some properties of Jacobi and Jacobi-Dunkl poly-
nomials, we present the information we need about the discrete harmonic analysis on
the image under the Jacobi-Dunkl transform. For this purpose, we refer the reader to
[2,3,6,7, 15, 20, 21].

Throughout the paper, N, Z and R are the sets of non-negative integers, integers
and real numbers respectively, f, and f, are the even and odd parts of a function f,

i.e.,
iy = 1O

We shall always assume that o¢ and 3 are arbitrary real numbers with

and f,(1)="~—~ i€l

1 1
o>f 2—5, (x;é—z, andset p:=a+f+1.
We shall consider functions f(¢) on I := [—m,x]. It is convenient to extend them

to 2m-periodic functions on R or, equivalently, regard each f(r) as function on the
circle T =R/2nZ. Unless otherwise stated, I stands for the closed interval [—7, 7]

and [y stands for the open interval (—7, 7).

The Jacobi polynomials (p,(,a’ﬁ ) are defined by

o P (1) := RP) (cos(r)), )
forall n € N and ¢ € [0, 7], with x — R™P) (x) is the normalized Jacobi polynomial of
degree n such that Rﬁlo“ﬁ )(l) =1, and are defined as (for more details see [23]).

n k
(o) INa+1) (n) I'(n+p+k) (x—l)
R, =" . 3
(x) l"(n+p)k§6 k)Tla+1+k) \ 2 ®)

Note that for all n € N and 7 € [0, 7], we have

P <1 and @\ (—1) = o{*P)(1). )
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The Jacobi operator % = %, g defined on € (Ip) is given by
1 A
(@ [— A ! /: /! =
fi= g ArY =1+ 5
where A =A,, g is the weight function given in the relation
1 1
A(6) == (1—cos0)*(1+cos0)P|sin6|, a>p > 3 o # ~3 (5)

For 1 < p < oo, we consider the Banach space Lg,a’ﬁ ) of all measurable functions

f(z) on I with finite norm

ili= ([ lroraoa) "

For p = oo, we define the Banach space L*P) = & (I) to be the set of all contin-
uous functions f(z) on I endowed with the norm

1£llo- = max] f(7)].

Forall n € N, (p,Eml3 ) is the unique even % -solution in (0,7) of the differential

equation

Bf(t) =—A1f(t), f0)=1, f(0)=0,

where
Ay = 0P = sgn(n)/|n|(|n|+p), neZ.
The Jacobi function (p,Eml3 ), n € N satisfies the following inequalities.

LEMMA 1. The following inequalities are valid for Jacobi functions (p,Eo"l3 ).
a) Fort € (0,7/2], we have

1— <p|<""ﬂ>(t) <kiA22, Vnel. (6)

|
b) Fort €[0,1] and t|n| < 1, we have

1= P (1) > oAk, el )

|

Proof. See [18, Proposition 3.5 and Lemma 3.1].
LEMMA 2. The following inequality is true
1= P0) > ke, (8)

for t|n| > 1, where k3 is a certain constant.
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Proof. See [18, Proposition3.3]. O
The Jacobi-Dunkl operator A = A, g is defined on 7 by

1 Al
Af =2 AF) =+ for ©)

with

i/((:)) = (a—i—%) cot%— (ﬁ—f—%) tan; t €1\ {0}. (10)

Note that if f is even, then Af = f’, if f is odd, then Af = (Af)'/A and if f is an
even ¢ -function, then we have

A’ f = Bf.
From [7], for all n € Z, the differential-difference equation
AF(t) = idaf (1), nEZ,
{ f0)=1,

admits a unique ¢ -solution l[/,(,a’ﬁ ) (¢) on I. Itis related to the Jacobi polynomial and

to its derivative by

(1)

(@B) L d (aB) .\ - .
W,E“’ﬁ)(t) —J Pl (¢) o A (t) if neZ*,
1 if n=0.

‘We note that, forall n € Z and t € I, we have
v ) =P (=) =) and P ) <1 (12)

For all n, p € Z, we have the orthogonality formula given by (see [7])

i -
[ v PP oaea = i) s, (13)
—TT
where
—1
@B) _ ([T (B2 o (aB) _ I(p+1)
Wy, _</_n% (t)|A(t)dt) Doy = T+ DB+
and (2fn] + p)T(et+ || + DI(p + |n])
(a.B) _ ni+p o+ |n|+ p+in X
= B (Mo D)2l F DEB | 11y P
By using the relation (see [7])
2
L oe)(1) = - 21 sin(20) @ F ),

4(a+1)
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the function y, can be written in the form
. .
w0 = ol P )+ sin(2r) gl PV (0). (14)

a1

The discrete Jacobi-Dunkl transform (or the Jacobi-Dunkl coefficients) of a function f
in L(la'p) is defined by (see [7])

- -
enlf) = / FOVEP VAM)dr, nel. (15)
—TT
Now, we consider the Jacobi-Dunkl expansion of f given by
~+oo
0= NP WP vier (16)

THEOREM 1. (Parseval formula) If f € ]Lga’ﬁ ), then we have

oo 1/2
w2=<ZMﬂﬁM“> . (17)

n=—oo

Proof. See [7, Theorem 3.4]. [

In the following, we need to recall some results cited by Vinogradov in [21], where
he introduced the generalized Jacobi-Dunkl translation operator [21, Lemma 1]. First,
we will introduce some notations that we require. We denote by

. {xl ifx>0, LR,

70 ifx<o,
X4 :=x1+.

dop = /01 PP — 2y Blgy = F(ﬂ;r&rﬁ)_ﬁ), a>p>-—1.
bg 1= /Oﬂ(sine)zﬁde = %, B> —%.

Cap = dapbp = ﬁr(?r?ffl()ﬁ 2 s p> 5

R\ {27}, e, ifo>p>-1,
Gop =14 R\ {nn},., ifa=p>-1
0 ifo=p=—13.
For h,t € Gy g and 0,y €1,

%) h t
_cosy cos(y) —cos5cos 5

s h it
SIH§SIH§

Onse(X):
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and
h t 0 h t 0
O(h,t,0,x) :=1—cos 3~ cos’ 3~ cos? 5 +2cos 5 o8 5 cos Ecos(x).
For o0 > f > —1,
|sinZsinsin &2 7
W(h,t,0):= / 1-o0 o] o,
( ) 207200 5 0 ( .6+ 00.ns 01 o.n) (X)

x Q7 P (1,0, 7)sin% (x)dy.
For o0 > = —1%,

_Isin Isin £ sin §| 72

W(h,t,0) := T
o

2

1
[(1 — Ops,0+Oons + Gt,e,h) (O)Qi ? (h,t,0,0)

+ (l — Gh7t79 + 697h7t + Gt,(-),h) (TE) Qi 2 (h7t, 67 ﬂ:)}

For o= > —1%,

(1 — cos?(h) — cos?(t) — cos?(0) +2cos(h) cos(1) COS(O))i_%
2by|sin(h)sin(¢)sin(0)|2

sin(h+1) cos(0) — cos(h)cos(z)
8 (1 * sin(0) ) (l a sin(h) sin(z) )

W(h,t,0) :=

The generalized Jacobi-Dunkl translation operator is defined for f € ]]_éo"l3 ) and

t,h el by

/4
yhf(t) = _nf(G)W(h,t,G)A(G)dO if h,t c Ga,ﬁ;
f(t+h) ifh¢ GypgortdGeyp.
It is also shown that for f € ]]_,é“’ﬁ )
Cn(yhf) — Wr(taﬁ)(h)cn(f), (18)

forall n € Z, h € I, and the product formula
TP 6) = P () ys P o), (19)
holds.
THEOREM 2. If f € Léa’ﬁ), then T"f ¢ Lga’ﬁ) and we have

17" flla < | fll2s VREL (20)
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Proof. See [21, Theorem 3]. [

For every f € ]Léa’ﬁ ), we define the differences A}’ f of order m, m=1,2,...,

with step i, 0 < h < 7 by:
ALf) = (7" + T 7" =21,)" f(1),

where I, is the identity operator in ]Lga’ﬁ ),

3. Auxiliary results

In order to get our results, we will need some auxiliary results.

Throughout the paper c;, ¢z, c3,... are positive constants, which may be differ-
ent in different formulas and may depend on o, 3 and other parameters (we usually
indicate them)

We note that the procedure for proving the results in this Section is similar to that
in Platonov’s paper [18].

We denote by & = &(I), the set of all infinitely differentiable 27 -periodic func-
tions on R such that for all k =0,1,...,

k .
Ne(f) ==Y, sup |9/ f(1)| < oo,
j=0t€l

where f € & and 0, is the operator of differentiation with respect to 7.
The topology of & is defined by the semi-norms Ny, k € N.
We define another system of seminorms on & by putting

k :
Ne(f) == X sup|d/ (AF)(1)], keN.

j=0 1€l

Let & = &'(I) be the set of distributions on I (that is, continuous linear functionals on
&). The spaces ]Lga’ﬁ ) are embedded in &” by the formula

(fr@)2:= /j;f(t)mA(t)du

forall £ € L\P) and ¢ € &.

LEMMA 3. For every k € N, there is a number c¢; = c1(k) > 0 such that for all
f €&, we have

sup 19K (Af)(1)] < 1Nkt (f).- Q1)

Proof. Let f € & and k € N. It follows from (9) that
I (AN))

=300+ (a4 5 )3 ((cor5) £0) = (B+3) 2 ((sn5) )
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Thus, we have the inequality

suplof (7)) < sup 97 0]+ (a5 ) s ((cor ) 10

tel
+ (ﬁ + %) stlg of ((tan )fa( ))‘

Let us estimate each term on the right-hand side of the above inequality. Clearly,

sup [0 £(1)] < Nigr ()

tel

Since f,(0) =0, one can represent f,(z) in the form

o) = [[1oo)as= [ sisyas =1 [t

(cot%) folt) =t (cot%) /Olfe’(tu)du. (22)

Then

We put for a moment

t
teot> for tely\ {0},
a(t) = 2 for t=0,

0 for t=—-mort=m.

Clearly a(t) € €=(I). Put '
Aj=max|da(t)|.
X tel

By Leibniz’s formula and relation (22), we have

o ((co§)10) = 3 (5) ot aton ([ wisths Va2

where (1;) is the binomial coefficient and

f(jH)(tu)— fe(jH)(tu) if jiseven,
/e ) i jis odd.

It is also clear that,

Jj /+1
‘/ e/o du

1 . ;
<suplfyl, (0] < 5 (sugﬂf“)(r) +sup|f<f“><—z>|)
te te

k+1

:sup|f(j+1 |<2sup\f 1) = Niy1(f)-

tel j=0 1€l
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Then, it follows from (23) that

F((cot3) £0)] < oNira(£), 24)

where ¢, = Z];:o (lj‘.)Ak,j. On the other hand, we note that

suplf ((1an5) £
< F((an3) 1) s F((wan ) £,0)]. (25)

We estimate each term on the right-hand side of (25) separately. Since the function
fo(t) is odd and 27 -periodic, we have f,(—n) = —f,() and f,(—n) = f,(7), whence
fo(£m) =0. One can represent the function f,(¢) in the form

foly == ["Asas =) [ i - myuya,

Then
<tan )ﬁ, — b (1) /feiH—t— )u)du, (26)
where
(t—n)tan% for r€(0,m),
-2 for t=m.

Clearly, b™ (1) € €=(]0,7]).
Using (26) and arguing as in the proof of (24), we get

o ((tan )fo( ))‘ < N1 (f), 27

sup
t€(0,7)

where ¢3 = ¢3(k) is a constant.
On the other side, since f,(—m) = 0, then we can represent the function f,(¢) in
the form

t 1
:Lnf;(s)ds:(t+n)/() f—m+ (t+m)u)du,
Then
(tan )ﬁ,( - /fe — 7+ (0 + m)u)du, (28)

where
t
(t+n)tan§ for t¢e(—m,0],

b (1) :=

-2 for t=-—m.

Clearly, b~ (t) € €= ([—r,0]).



ON THE JACOBI-DUNKL COEFFICIENTS OF LIPSCHITZ... 29

Using (28) and arguing as in the proof of (24), we get

sup
te[—m,0|

F (a0 2) £0)] < cabien (1), 29)

where ¢4 = c¢4(k) is a constant.
Finally, inequality (21) follows from (24), (25), (27) and (29). O

Lemma 3 and the definition of the seminorms N; yield the following corollary.

COROLLARY 1. Forall ke N and f € &, we have

Ni(Af) < esNiy1(f)s (30)

where ¢s = cs(k) is a constant.

LEMMA 4. For every k € N, there is a number ce = c¢(k) > 0 such that for all
f €&, we have

sup [AF(1)] < 6Nk (f). (31)

tel

Proof. 1t follows from Corollary 1 that

sup [A“f(1)] = No(A“f) < es(O)N1 (A1 f) <+ < es(0)es(1) - es(k— 1)Ni(f)-

tel

This proves (31) with ¢g = H, OC5( . O

LEMMA 5. Forevery k € N, there is a number ¢7 = c¢7(k) > 0 such that we have

sup|9F £(1)] < crNi—1 (Af), (32)

tel

forall feé&.

Proof. Let f = f,+ f, € &. We note first that

sup|df f(1)| < sup  [9ff(O)+ sup  |9ffF()[+ sup [9ff()].  (33)

rel tel—m,—n/2) tel—m/2,m/2] te(r/2,m]

We estimate each term on the right-hand side of (33) separately.
If f is even, then Af, = f/ and we have

sup |9 fe()| = sup |9FTN(fi@)= sup [OfTNAL)@) B4

te[—mn,—m/2] te[—n,—n/2) te[—n,—m/2]
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Since Af, = 1/2(Af+Af) and Af = —Af where f(t) = f(—t), then it follows from
(34) that

sup |k R0)] < 5 (32§|atkl<Af><t>| +suplaf (A7)0 )

tel—m,—n/2)

SUP|9k HAS)( ZSEPWJ (Af)(@)]
j=0 1€l
= Ne-1(Af). (335)

Similarly, we show that

sup [0} fe(t)| S Ne1(Af) and  sup  [9ffu(t)| S Neer(AS).  (36)
te[—n/2,m/2] te[r/2,m]

The other side, if f is odd, then

(A1)

Afo= f0+ fo— (37)

From (37), we can represent f,(¢) as
folt) = / Afols (38)

by virtue of f,(m) =0. So,

70 = [ R A+ AL

— (n—1) /0 1 2‘;((2 ))A(n+ (t — WALy (T + (t — m)u)du+ Af(t).  (39)

We put for a moment

—(2ﬁ+1)u2ﬁ+1 for 1= 1.
We also put .
o(x) = Slxﬂ for x#0,
' 1 for x=0,
_(o(tu/2)\ 2 (cos(ru/2)\ P!
raplton) = ( o(t/2) ) < cos(1/2) ) : (40)

Since o(x) € €~ (R), we see that ry g(t,u) € €~ ((—m,7) x [0,1]).
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One can represent the function a(#,u) in the form

alt,u) = K(H %) (n—t)cot% - (/3 + %) (m—1)tan %} WP g o (m—1,u0).

It follows that a(f,u) is defined on the rectangle [/2,7] x [0,1] and is infinitely dif-
ferentiable with respect to ¢. For every k € N, the function d/a(¢,u) is continuous on
the rectangle [7/2, 7] x [0,1].

For every j € N, we put

A :max{|a,~"a(z,u)| (tu) € [m)2,7] % [0,1]}.

It follows from (39) that

750 = [ @A {7+ @ mput ALl an
Then, we have
8tkfo(t) = 8tk71(fa/(t))
B N i o) ) ‘
+35 Y AL (0).

So,
. k—1 F—1\— . .
sup |8,fo(t)|<2< | )Akl,-supa/(Aﬁ,><t>|+sup|a,1<Aﬁ,><z>|.
te[n/2,x j=o\ J el rel
Therefore,

k=1 71\
sup |9} f,(1)| < (Z (kj l)Ak—l—j> Ni—1(Afo) +Ni—1(Afo)-

te[n/2,m] j=0
Using the same technique as in (35), we get

sup  |9F £, ()] < csNi_1 (AS), (42)

te[n/2,m]

with eg = eg(k) = (1+ 255 (1) A1)
To estimate the first term on the right-hand side of (33), we deduce from the equal-

ity f,(—m) =0 that
folt) = fﬁ /_ ALOAG)s
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Thus,

10— [ A s as+ an) @)

—(m+1) /01 ﬁ;—((tt))A(—nqL (t+m)u)Afo(—m+ (1 + m)u)du+ Af,(t).

We put for a moment

A
b(t,u):={ A(r)
—(2B+ 1)u?P+! for t=-—m.

(m+0)A(—w+ (t+m)u) forte (—m,—m/2],

One can represent the function b(z,u) in the form

b(t,u) = [— (OH— %) (n—l-t)cot— ([3 + ) (n—l-t)tanz] 2B+1, 1o (T +1,u).
(44
where rg o (¢,u) is the function (40) with and interchanged. We easily see from (44)
that the function b(#,u) is defined on the rectangle [—m,—7m /2] x [0, 1] and is infinitely
differentiable with respect to 7. For every k € N, the function 9/*b(¢,u) is continuous
on the rectangle [—m,—m/2] x [0,1].
It follows from (43) that

1
:/O bt u)Afy(~ T+ (e + m)w)du+ Af,(1). (45)
Using (45) and arguing as in the proof of (41), we get
sup |9 fo(1)] < coNe—1 (Af). (46)
tel—n,—m/2)

To estimate the second term on the right-hand side of (33), we deduce from the

equality f,(0) =0 that
folt) = / Afo(s

Thus,

=

/ A[gtz)é Afa )ds+Afa(t)

0
We put for a moment
A/
(tu) i= ‘Zz&)f‘(f”’ fors € [~7/2,7/2]\ {0}
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One can represent the function ¢(z,u) in the form

ct,u) = {— (OH— %) tcot%+ <B + %) ttan%] Wty g(t,u). (48)

We easily see from (48) that the function ¢(,u) is defined on the rectangle [—7 /2,7 /2]
x [0,1] and is infinitely differentiable with respect to 7. For every k € N, the function
dfc(t,u) is continuous on the rectangle [—7/2,7/2] x [0, 1].

It follows from (47) that

1
726 = [ clt.nfo(wpdu+ (o). (49)
0
Using (49) and arguing as in the proof of (41) and (45), we get
sup |9 fo(1)] < croNi—1 (Af)- (50)
rel-n/2,1/2)
Then, by combining relations (34), (35) (36), (42), (46) and (50), we have
sup 9/ (1)| < sup 9] fe (1)] +sup| 9] fu (1)] < ctiNi—1 (AS), (51)
tel tel tel

where ¢1; = ¢y (k) is a constant. [J

Lemma 5 and the definition of the seminorm N; yield the following corollary.

COROLLARY 2. Forall ke N and f € &, we have
Ni(f) < c2(Ne—1 (Af) + Nie1 (), (52)
where c1p = c12(k) is a constant.

THEOREM 3. Forevery k € N, there are positive numbers Cy = Cy (k) and C, =
Cy (k) such that for all functions [ € &, we have

Ne(f) < CIN((f), (53)
Ne(f) € CoNet (). (54)

Proof. Using Lemma 4, we get

k , k k
Ne(f) = Y sup A f(0)| < Y e6 ()N, (f) < (2 C6(j)> Ni(f)- (55)

j=0 1€l j=0 j=0

This proves inequality (53) with C; = ¥5_q c6(/)-
The proof of inequality (54) is by induction on k. For k = O this inequality holds
with C,(0) = 1. If it holds for k — 1, then we use (52) to obtain that

Ni(f) < cra(k)(Ni—1(Af) + Ni1(f))
< e2(k)Ca(k— 1) (N(Af) +Ni(f))
< 2e12(k)Ca(k = 1)Niy1 (f).-
This proves (54) with C(k) = 2c12(k)Ca(k—1). O
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COROLLARY 3. The systems of seminorms {Ni(f),k € N} and {N(f),k € N}
determine the same topology on the vector space & .

COROLLARY 4. The Jacobi-Dunkl differential operator A is a continuous linear
operator on the space & .

We extend the action of A to distributions in &’ by the formula
<Af,(P>2 = <f7A(p>2a f € @@/7 (S &. (56)

In particular, the action of A is defined on every function f € ]Lga’ﬁ ) , but A is a distri-
bution in general.

Let Wy be the Sobolev space of order k € N constructed from the Jacobi-Dunkl
operator A, that is,

W= {fe L\ Arpell®P) r=12,. 4},
where
ANf=Ff, Nf=AN"Lf), r=1.2,... k.

Here the inclusion A" f € }Lga’ﬁ ) means that the distribution A” f is regular and

corresponds to an ordinary function of class ]Lga’ﬁ ),

LEMMA 6. If f € L"P) | then
Cn (Af) = _ilncn(f% (57)
forallneZ.

Proof. For every distribution f € &', we put ¢,(f) := (f, q/,S“=’3)>2,n € Z. It fol-
lows from (11) and (56) that

en(Af) = (AP,
= (f. APy,
= (f,idai™P)),
= —i2a{f P,
= —idpcn(f).
(a.B)

Then the equality (57) is valid in &, so it is also valid in }Lga’ﬁ ) (the spaces L, are
embeddedin &’). O

COROLLARY 5. If f € WX, then

en(A'f) = (=) Ayea(f), (58)
forallr=1,2,... k.
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4. Generalization of Titchmarsh theorem for discrete
Jacobi-Dunkl of Lipschitz class

In order to give a generalized version of Titchmarsh theorem for the discrete
Jacobi-Dunkl transform in ]]_éo"l3 )
selves.

We emphasize that in this paper, the symbol * &'* always refers to a global estimate

valid over T.

. We begin with auxiliary results interesting in them-

LEMMA 7. Let O<h<m. If f € Wzk, then for all n € Z, we have

> - o P ) P len () PP = Al Af (A7 )13, (59)

n=—oo

where A is a positive constant and r =0,1,2,... k.

Proof. According to the relations (14) and (18), we get

cn(Bf) = ea T"F) + ea( T ) = 2ea(f)
= (WP () + P (=) = 2)cu(f)
=2(gi P () = V().

Using the proof of recurrence for k, we have

cn(Akf) =25\ P () — en(f).

In view of formula (58), we get

F(BGN 1)) (n) = (=) 2"%,; (<P| , ()= Dea(f).
Now, by appealing the Parseval formula (17), we have the desired result. [

Now, we define the discrete Jacobi-Dunkl Lipschitz class:

DEFINITION 1. Let 0 < § < k. A function f € W5 is said to be in the discrete
Jacobi-Dunkl Lipschitz class, denoted by Zip(06;2, ¢, B), if

IARA P2 = () as h— 0,
where r=0,1,2,... k.
Observe thatif 0 < § < 0 < 1, then
Zipr(0:2,a,B) C ZLipr(6;2,0,B).

Indeed, for 0 <h <1 and 6 < o, we get h° < n , whence the remark follows.
The proof of theorem 4 necessitates the following lemma:
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LEMMA 8. Suppose b, >0 and 0 < ¢ <d. Then
N
Z n'b, = O(N°),
n=1

is equivalent to

Proof. See [13, page 101]. O

THEOREM 4. Let 0< 6 <k and f € Wzk. The following two conditions are equiv-
alent:

(a) f€Zipi(8:2,a,B),
b)Y A |eal )PP = o(N2) as N — oo

[n|=N
Proof. (a) = (b) Let f € Zipi(6;2,,8). Then we have
AL )2 = 6(R®) as h— 0.

It follows from Lemma 7 that

~+oo
> 22 =l P ) PElen( ) PwitP) = Allak (a3

N=—oo

< Ch?,

as h — 0, where C is a positive constant.
If 0 < |n| < 1/h, hence |n|h < | and from formula (7), we have

)L;kh% k‘l (P|,,| (h)|2k-

From this, we get

Y AR () PP
1<nl<f]

1
S X A= P (r)Pwi?
2 1qm<[}

<o S A oS ) P P

2 n=—eo

= 0(h*®).
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Here [}] is the integer part of . Furthermore, by using the fact that A is greater than

or equal to n? forall n € Z, we get

z H* 22 h e (f )|2 (o,B) _ ﬁ(hzs).

NENL]
Consequently,

Y 1A e ()PP = o(WOH) ash— 0.

1<hl<[}]

Thus
Z n4k)Ln2r|C( )|2 (a.B) _ ﬁ(N4k—25) as N — oo,

1<In<N

which is equivalent to

N
Z n4k)Ln2r(|cn(f)|2 + |C—n(f)|2)W;(qa’ﬁ) _ ﬁ(N4k—25) as N — oo,

n=1

by virtue of
(— )4kl2r ﬁ 4k2{3rwi(qavﬁ), Vne 7.

From Lemma 8, we have

ZA”W )2+ lea(f)P)wi P = O(NH-23-4) as N — oo,

Therefore

3 AZ|en(f)PwP) = o (N9,

[n|>N
as N — oo, witch complete the proof of the first implication.
(b) = (a) Suppose now that
> Alen(£)Pwi? = O(NP) s N e,
>N
we have to show that
S A= 0P en ()P = 002%) as 0.
N—=—o00
We write

> A=) PHlea ()PP < a4+

where

Si= % A=l P e (n)Pw?

1< i< ]

(60)
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and

Sr= X A= P ) PHen(h)Pwi P,
nl=[#]
We estimate them separately. Let us now estimate _¢; . First, note that

A2 =4n? <1+|ﬂ> <4n*(1+p) for [n| =1, neZ. (61)
n

It follows from this, the inequality (6) in Lemma 1 and formula (60) that

Si= % A-elPmPH e, (n)PwP

1<nl<[4]
<Gt Y AT ()PP
1< <[ 4]
<@t e 3 alen ()P

<<
_ ﬁ(h4k+25_4k)
= O(h*®).
On the other hand, it follows from (4) that
= Y AN QPP len(r) PP,
In>[7]
<28 3 AVle)PwP.
Inl>[3]
_ ﬁ(h26)7
and this ends the proof of this theorem. [J

We conclude this Section by the following immediate consequence.
COROLLARY 6. Let 0 < 8 <k and f € Wy. If
f€Zip(6:2,a,B),

then
> leal )PP = (NE)as N oo

n|>N

5. Generalization of Titchmarsh theorem for the discrete
Jacobi-Dunkl of Dini-Lipschitz class

In this Section, we will consider a different condition, the so-called Dini-Lipschitz
condition on Wzk and we will generalise the corresponding Titchmarsh theorems (cf.
[26, Theorem 85]).
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DEFINITION 2. Let y€R and 0 < § < k. A function f € W¥ is said to be in the
discrete Jacobi-Dunkl Dini-Lipschitz class, denoted by Zipi(8,7;2, 0, ), if

1\7
AN f)2 =0 <h‘s <logz) ) ash— 0,

where r=0,1,2,... k.

LEMMA 9. Forall n € Z, we have

§0|(,,| ﬁ)( 1)

0.
222 Aoty O

Proof. Tt follows from relation (2) and (3) that
(P‘nofﬁ)( ) 1 sinz /2 2+0 sinz/2\*
A2t2 C4a+1)\ )2 t/2 '

We immediately get the desired result when 7 tends to 0. [J

THEOREM 5. Let 8 > 2k and y<O0. Ifafunction f belongsto ZLipi(0,y;2,c, ),
then f is null almost everywhere on I.

Proof. Assume that f € ZLipi(8,7;2,0,8), and fix r =0,1,...,k. Then
h6
(log )77
where K is a positive constant, being the last inequality valid for sufficiently small

values of &.
It follows from Lemma (7) that

1AL (A" )|z < K

< ;Lz 2%k 2. (a.B) 2 K
"1 - h n S
3 A= 0l P 0 PP TR
Therefore,
H2(8-2k)
211 _ %c, 2 Slaﬁ)ng
wr 3 A= g 0P oD 7

Since 6 > 2k and —2y > 0, we have

J2(6-2k)

Jim ———— —0.
h—0 (]()g E)*2Y



40 O. TYR AND R. DAHER

Thus

2k
1= giP ()

22 ‘Cn(f)‘zwi(qaﬁ) =0.

~+oo
I 420r+2K)
it 2

N=—oo

Now, taking into consideration Lemma 9 and thanks to Fatou theorem, we have

oo

+
Y e (pPu? <o,

n=—oo

Hence ¢, (f) =0 for all n € Z. the result follows from the injectivity of ¢,,. O

For the proof of the second Titchmarsh theorem we will be using an extension of
Duren’s lemma (cf. [29, p. 101]), Lemma 8 in this paper, adapted to the Dini-Lipschitz
condition.

LEMMA 10. Suppose a € R, b, >0 and 0 < c <d. Then
N
D néb, = O(N°(1ogN)®) as N — oo,

n=1
if and only if

~+oo
b, = O(N“(logN)*) as N — oo.
n=N

Proof. See [8, Lemma4.1]. [

THEOREM 6. Let YER, 0< 0 <k and f € Wzk. The following two conditions
are equivalent:

(A) f € gipk(avy;27avﬁ)’

(B) X A |en(NPwP = 0 (N2 (10gN ) as N — +en

n|>N

Proof. We first note that the theorem is proved in the case where y = 0, by virtue
of Theorem 4 and the fact that

Zipr(6,0;2,a,B) = ZLipr(6;2,a,B).

Let us now show the first implication (A) = (B): Let f € .Zipi(3,7;2,c, ), with
Y # 0. Then we have

HMMW2=60%M%Y)aMHO
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It follows from Lemma 7 that

2y
ZA”“ (p‘n (h)|2kcn(f)2w,ga,ﬁ>:ﬁ<h25<log%) ) ash — 0.

n=—oo

If 0< |n| < %, hence |n|h < 1, and the second assertion of Lemma 1, we obtain
)L4kh4k k‘l o §°|n| (h)|2k

Therefore,

ik p 2 2, (B) 264k 1 2
Y Al (PP = 0 (1254 (log ) ).
]

l<|n|<[}l
by virtue of A? > n?. Putting N = 1/h, we may write this inequality in the following

form:
2 n4k)Ln2r‘cn(f)‘2W}(1m/3) -0 <N4k725 (10gN)27> ]

1<[nf<N

Equivalent to

N

X AT (e 1)+ le-al )PP = 0 (N30 (1og V)2 )
n=1

From Lemma 10, we have
N
3 22 (eal)P + el NP = & (N2 (10g )7 ).
n=1

Consequently

Y Al NP = o (N2 (1ogN ), 62)
|n|>N

Thus, the first implication is proved.
Let’s show the reverse implication (B) = (A): Suppose now that

3 A len(F)Pwi = & (N2 (10gN)) as N = e,

[n|>N
i.e.,

3 A2 R + eoa (2l =0 (W2 10z ).

as N — +-oo. It follows from Lemma 10 that

N
3 AT (ea(F)P + le-a(NP) = 0 (N2 10gn)™). (63)

n=1
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According (59), we write

||AIZ(Arf)H2 Al 2 12’\1 (p|n| (h)|2k\cn(f)|2w,(1a’ﬁ)

n=—oo

A+ A) = ( D +2>

0<|n|<N  |n|=N
It follows from (6), (61) and (63) that

A <R 3T A (PP

0<|n|<N

< (4C1(p+1))2kh4k 2 n4kx3r|c( )|2 (a,B)

1<[n<N

= (der(p-+ 1) 3 A2 (e (1 + en ()"

n=1
=0 <N4k*25*4k(logN)2y> =0 (N*m(logN)”) .

On the other hand, it follows from (4) and (62) that

Iy <225 A2 ea(F) PP = ﬁ(zv—”aogzv)”).
Inl=N

Y
AN )= 6 (h6 <log%) ) as b0,

and this ends the proof of this theorem. [l

Consequently,

COROLLARY 7. Let 0< § <k and f € W¥. If

f€Zip(6,7;2,0,B),

then
2 |Cn(f)|2W£,a7ﬁ) _ ﬁ(N72372r(10gN)2y) as N — oo,
[n|=N
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