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ON THE ZEROS OF POLYNOMIALS AND RELATED
REGULAR FUNCTIONS OF A QUATERNIONIC VARIABLE

GRADIMIR V. MILOVANOVIC*, ABDULLAH MIR AND IMTIAZ HUSSAIN

(Communicated by J. Pecari¢)

Abstract. In this paper, we establish a ring-shaped region containing all the zeros of a unilateral
polynomial with quaternionic coefficients located on only one side of the powers of the quater-
nionic variable. We shall also obtain zero-free regions for the related subclass of regular power
series.

1. Introduction and preliminaries

A classical study in geometric function theory is to locate the zeros of a polynomial
in the plane using various approaches and techniques. This kind of study is considered
to be very significant and has deeply influenced the development of mathematics and its
application areas, such as physical systems. This study, in addition to having multiple
applications, has inspired much more research, both theoretically and practically. A
classical result of practical interest, giving the upper bound for the moduli of the zeros
of a complex coefficient polynomial due to Cauchy [2], is as follows:

THEOREM A. Let P(z) =X_,avz" be a polynomial of degree n. Then all the
zeros of P(z) lie in

lz2] <1+ max
an

o<v<n—1

Many similar studies, which shed light on the zero bounds of a complex coefficient
polynomial in the plane, have since appeared in the literature as a result of this elegant
result, for instance, see [19]. Using the classical Schwarz lemma, Mohammad [23]
obtained the following upper bound for the zeros of P(z).

THEOREM B. Let P(z) = X" _yayz" be a polynomial of degree n. Then all the

zeros of P(z) lie in |z| < M/|ay| if |an| < M, where
M — Ha)l(}anflzn_l + . +a0| — I‘Tlla)f|aozn—1 + . +an71 }
= 7=

In order to estimate better and sharper zero bounds, it is desirable to put some re-
strictions on the coefficients of the polynomial. One of the most known results about the
distribution of zeros of a complex polynomial with important applications in geometric
function theory is the Enestrom-Kakeya theorem [15].
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THEOREM C. (Enestrom-Kakeya Theorem). If T(z) =Y\ _gavz” (z€C) isa
polynomial of degree n, with real coefficients and satisfying

ap 2 ap_1 2= ay = ay >0,

then all the zeros of T(z) liein |z| < 1.

We refer the reader to the comprehensive books of Marden [15] and Milovanovié¢
et al. [20] for an exhaustive survey of extensions and refinements of this well-known
result. We get the following equivalent form of Theorem C by applying it to the poly-
nomial Z'T (1/z).

THEOREM D. IfT(z) =Y} _yavz’ (z€ C) is apolynomial of degree n, with real
coefficients and satisfying

aOZaIZ"'>anfl>an>Ov

then T(z) does not vanish in |z] < 1.

The Enestrom-Kakeya theorem is generally seen as an important addition to this
field of study and has been the subject of a substantial amount of scholarly discourse.
The extension of Theorem B to a class of related analytic functions was established by
Aziz and Mohammad [1] in the form of the following result:

THEOREME. Let f(z) =X, _yavz’ # 0 be an analytic functionin |z| <t, t > 0.

If

ay>0 and ay_1—tay >0, v=1273 ...,
then f(z) does not vanish in |z| <t.

By H we denote the noncommutative division ring of quaternions. It consists
of elements of the form g = x¢ + x1i + x3j + x3k, with xo,x1,x2,x3 € R, where the
imaginary units i, j. k satisfy i> = > = k> = —1,ij= —ji=k, jk=—kj=1i, ki =
—ik = j. Every element g = xo + x1i +x2j +x3k € H is composed by the real part
Re(g) = x¢ and the imaginary part Im(g) = x1i +xpj + x3k. The conjugate of ¢ is
denoted by g and is defined as § = xo — x1i — xpj — x3k and the norm of ¢ is |¢| =

V4G = \/x%+x3+x3+x3. The inverse of each non zero element ¢ of H is given by
g '=lqdq.

For r > 0, we define the ball B(0,r) = {g€ H: |g| < r}. By B we denote the
open unit ball in H centered at the origin, i.e.,

B = {q=x0+x1i+x2j +x3k : x5+ x4+ 33 +x3 < 1},
and by S the unit sphere of purely imaginary quaternions, i.e.,
S={g=xii+xpj+xsk:x]+x3+x3=1}.

Notice thatif I € S, then I? = —1. Thus, for any fixed I € S, we define

Cr={x+1Iy: x,yeR},
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which can be identified with a complex plane. The real axis belongs C; for every
I €S and so a real quaternion g = xo belongs to C; for any / € S. For any non-real
quaternion g € H \ R, there exist, and are unique x,y € R with y >0 and I € S such
that g =x+1Iy.

We refer the reader to [4], [6], [8]-[10], [14] and the reference therein, for def-
initions and properties of quaternions and many aspects of the theory of quaternionic
regular functions. The following definition of regularity for functions of a quaternionic
variable was introduced in [9] by Gentili and Struppa, who were inspired by a work of
Cullen [5] on analytic intrinsic functions of quaternions:

DEFINITION 1. Let U be an open set in H. A real differentiable function f :
U — H is said to be left slice regular or simply as slice regular if, for every I € S, its
restriction f; of f to the complex plane C; satisfies

_ 1/0 d
orf(x+1y):= 3 <$ +Ia—y>fl(x+l}’) =0.

Since forall n > 1 and forall I € S, we have

1(a o L
§<£+18_y> (x+Iy) =0,

it follows by definition that the monomial P(g) = ¢" is regular. Because addition and
right multiplication by a constant preserves regularity, all polynomials of the form

n
T(Q)quvav, ay€cH, v=0,12,...n, (1)

v=0

with coefficients on the right and indeterminate on the left are regular.

Given two quaternionic power series f(q) = Xv_oq"ay and g(q) = Xv_q"b,
with radii of convergence greater than R, we define the regular product of f and g as
the series

(f*8)(q) = ioqvcv,

where ¢, = Z;‘{;o ayb,_ for all v. Further, as observed in [6] and [9] for each quater-
nionic power series f(q) = Yu_q"ay, there exists a ball B(0O,R) = {g € H: |q| < R}
such that f converges absolutely and uniformly on each compact subset of B(0,R) and
where the sum function of f is regular.

Polynomials with quaternionic coefficients located on only one side of the variable
were also investigated in [12] and [13]. It is observed (e.g., see [6], [12]) that the zeros
of a polynomial of type (1) are either isolated or spherical. Gentili and Stoppato [10]
(see also [8]) provided a necessary and sufficient condition for a regular quaternionic
power series to have a zero at a point in the form of the following outcome by utilising
some helpful tools from the theory of regular functions:
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THEOREM F. Ler f(q) = Y_oq"av be a given quaternionic power series with
radius of convergence R, and let p € B(0,R). Then f(p) =0 if and only if there exists
a quaternionic power series g(q) with radius of convergence R such that

flq)=(qa—p)*g(q).

In the form of the following conclusion, Gentili and Struppa [9] developed a max-
imum modulus theorem for regular functions, which encompasses convergent power
series and polynomials:

THEOREM G. (Maximum Modulus Theorem). Let B = B(0,r) be a ball in H
with centre 0 and radius r > 0, and let f: B — H be a regular function. If |f| has a
relative maximum at a point a € B, then f is a constant on B.

Recently, Gardner and Taylor [7] used Theorem G and extended Schwarz’s lemma
from the complex to the quaternionic setting as follows:

THEOREM H. Let f(q) =" _yq"ay and f: B(0,R) — H be regular, where the
coefficients ay, 0 < v < n, and variable q are quaternions. Suppose f(0) =0, then

M|q|
|f(q)] < —— for |q| <R,

where M = max,—g |f(q)|.

In the quaternionic environment, the counterpart of the aforementioned Enestrom-
Kakeya theorem and its different variants were examined in fairly recent articles (cf.
[3], [L1], [16], [17], [18], [21], [22]). This paper aims to extend some classical results
by deriving bounds for the moduli of all zeros of a unilateral polynomial of type (1).
First, we will get a more general conclusion: a ring shaped region containing all ze-
ros of the polynomial. We also get the quaternionic counterpart of Theorem B as an
application. Additionally, a zero-free region is established for the relevant subclass of
regular power series.

2. Main results

In this section, we state our main results. Their proofs are provided in the next
section. We begin by obtaining a ring shaped region containing all zeros of a unilateral
polynomial of type (1).

THEOREM 1. Let T(q) = ¥)_yq"av be a polynomial of degree n (where q is a
quaternionic variable ) with quaternionic coefficients ay, v =0,1,2,...,n. If for some
t >0, we have

llnlax q"an+q" an_y +"'+Clal‘ <My, )
ql=t
and
max q'a0+q" 'ay +---+qan71\ < Ma, 3)
ql=t
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then all the zeros of T(q) lie in the region

min Mt < |g| < max M 1
M) T tlan|'t )"
We get the following outcomes as special instances from Theorem 1:

COROLLARY 1. Let T(q) = Y% _yq"ay be a polynomial of degree n (where q
is a quaternionic variable) with quaternionic coefficients ay, v =0,1,2,... n. If for
some t >0, we have

r‘n‘ax q"an+q" an 1+ +qai| <lao,
ql=t

then T(q) does not vanish in |q| <t.
COROLLARY 2. Let T(q) = X _yq"av be a polynomial of degree n (where q

is a quaternionic variable) with quaternionic coefficients ay, v =0,1,2,... n. If for
some t >0, we have

r‘n‘axqao+q Yaj +-- +qan < lanl,
q|=t

then T(q) has all its zeros in |q| < 1/t.

Next, we use Theorem 1 to prove the following result, which in particular provides
an extension of Theorem B to a polynomial with quaternionic coefficients.

THEOREM 2. Let T(q) = Z q"ay be a polynomial of degree n (where q is a

quaternionic variable ) with quatermomc coefficients ay, v=0,1,2,....n. If for some
t >0, we have
I‘n‘ax lag+q" Par+ -+ an_ 1‘<M 4
ql=t

then all the zeros of T(q) lie in

M 1
gl < ma"( ‘)'

In Theorem 2, if r = 1, we have the following:

COROLLARY 3. Let T(q) = X4 _,q"av be a polynomial of degree n (where q is

a quaternionic variable) with quaternionic coefficients ay, v =0,1,2,....n, and
TnIa)i ag+qtar+--+ay =Tn|a>§’q”’lan4+q”’2an72+---+ao <M,
q q|=

then all the zeros of T(q) lie in

M
lg| < max( 1).
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Corollary 3 provides the quaternionic analogue of Theorem B, specifically for
lan| <M.

We will now examine the zero-free regions for the relevant subclass of power series
that are regular in the ball B(0,R), R > 0. In this direction, we prove the following
result, which, as a consequence, gives the quaternionic analogue of Theorem E.

THEOREM 3. Let f: B(0,R) — H be a regular power series in the quaternionic
variable g, i.e., f(q) =Xy_oq"ayv, for all ¢ € BO,R). If ay, v=0,1,2,..., are
quaternionic coefficients such that for some positive real number t with t < R, we have

=3

Ilnla)t( (pag—tay) + Z qv_l(av_l —tay)| <M, 5)
q1= v=2

where p > 1, then f(q) does not vanish in

lq] < &,
(p—1)|ao| +M

REMARK 1. Let f(q) =3, _yq"ay be a power series (where ¢ is a quaternionic
variable) regular in B(0,R) with real and positive coefficients satisfying

pag >tay =t*ay > -,

forsome p > 1 and 0 <t < R. Then

oo =

Ilnla)t( (pao—tar)+ Y, q" Nay-1—tay)| < (pag—tar)+ ¥, 1" Hay_1 —tay)
q1= v=2 v=2

= plaol
=M (say).

It follows from Theorem 3 that f(g) does not vanish in

t
2p—1°

lg| <

For p =1, we get from Theorem 3 the following result:

COROLLARY 4. Let f:B(0,R) — H be a regular power series in the quaternionic
variable g, i.e., f(q) =Xv_yq"ay, for all ¢ € BO,R). If ay, v=0,1,2,..., are
quaternionic coefficients such that for some positive real number t with t <R, we have

max| 3 " fay 1 —ran)| <
|q|=t v=1

then f(q) does not vanish in
t]ag|

< .
lq i
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REMARK 2. Let f(q) =X} _,q"ay be a power series (where ¢ is a quaternionic
variable) regular in B(0,R) with real coefficients satisfying

07&00<101<"'<tla/1 >fl+lal+1>"',

for 0 <t <Rand A > 0. Then

=3

max quq(av—l—mv)
lal=t | y=1

tvjl‘av_l —tav|

N
DM

<
Il
—_

' MNelay| = lay ||+ Y, " Me(ay —lav]) = (ay—1 = |av-1])]|

N
DM

v=1 v=1
A oo

= Zt"_l(t\av\—\av,ﬂ)—i— D " lay_1]| —t]av])
v=1 v=A+1

8

+ Z tv_llt(av —lay|) = (ay—1 — |av71|)|

=2r*ay | — |ao| + Y 1V t(av — |av]) — (ay—1 — |ay_1])]

v=1

<2tl\ak\ — \a0\+22t‘/’av— |av\|

v=0
A 2 < %
:a0<2t — | — “Fm Zt |av_av|}>
=M (say).

It follows from Corollary 4 that f(g) does not vanish in

t

lq| <
a,

21* “ —l+—2t lay — \avu

REMARK 3. If in Remark 2, we suppose ay, >0, v=0,1,2,..., and take A =0,
we get the quaternionic analogue of Theorem E.

3. Proofs of the main results

Proof of Theorem 1. We have

1

T(q) =ao+qa1+q*ar+ - +q" 'an1+q"an,

so that

IT(q)| = |ao| — |P(q)| (6)
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where
P(q) = qa1+qar+ - +q" ‘a1 +q"an.

Clearly P(0) =0 and by (2), |P(q)| < M, for |¢q| =1.
Therefore, it follows by Theorem H, that
Mi|q|
[Plg)l < —= for g <1,

which implies by (6), that

T(q)| = lao| —

. (tlao|
2
ol <min(L.r).
then T'(q) #0.

In other words, all the zeros of T'(g) lie in

. t|(10‘
> —1 ). 7
lq] mm( M, ) (7

M
# for |q| <t.

Hence, if

Now let
vig)=q"«T(1/q)=q"ap+q" a1+ +qay,_1 +an,
so that
lw(q)| = lan| —|H(q)], (8)
where

H(q) =dqan—1 +q2an72+ +qn—1a1 _'_qnao.

Clearly, H(0) =0 and by (3), |H(q)| < M; for |q| =1.
Therefore, it follows by Theorem H, that

Ma|q|
|H(q)| < == for l|q| <1,
which implies by (8), that

(w(q)| > lan| —

lg| < min ta| t
M2 ’ ’
then y(q) #0.

In other words, all the zeros of y(g) lie in

t
g > min ( il ,t)-
M,

M
# for |g| <t.

Hence, if
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As T(q) = ¢"+*w(1/q), it follows that all the zeros of T'(g) lie in

M 1
<max (2 1), 9
ol <max (2.7 o)

Combining (7) and (9), the desired result follows. [

Proof of Theorem 2. We have from (3) and (4), that

n—1

max |¢"ap+q

max ar+---+qap— 1‘—tm|ax‘ “lag+q"2ai+ - +an_
= la

<M =M.

Therefore, it follows from Theorem 1 by replacing M, by M, that all the zeros of T (g)

lie in
M 1
lg] < max - .
Jan]”
This completes the proof of Theorem 2. [

Proof of Theorem 3. Consider the power series

F(q)=(t—q)* f(q) =taog+ (p — 1)gao — w(q),

where

Ve 1 (ay_1 —tay).

v(q) = q(pap —ta)) +q2q

v=2

Clearly, w(0) =0 and by (5), |w(q)| <tM for |g| =1.
Since y(q) is regular in B(0,R), it follows by Theorem H, that

lw(q)| <Mlq| for |q| <1,
which implies

|F(q)| = |tao+ (p — 1)qao — w(q)|
> tlag| — (p — 1)|qllao| — M|q| for |q] <t.

Hence, if
t
|q‘ < mln<|a—0 ) t)a
(p— Dlaol +M

then F(q) #0.
In other words, all the zeros of F(g) lie in

. tlag|
>min( —10L__ ). 1
g m‘“((p—naom ’) (10
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Since

=3

plao| = ’(Pao_ml) + 3 Y ay—1 —tay)

v=2

=3

(pap —tay) + Z q" Yay_1 —tay)

v=2

=M (by Theorem G),

< max
|q|=t

it follows that for p > 1,
|ao| < plaol < (p — 1)|aol + M,

and, hence

min( t]a| t) _ t]ao| .
(p— Dlao| +M’ (p = Dlao| +M
Using this in (10), it follows that F(g) does not vanish in

t]ao|

< .
< a1

(1)

By Theorem F, the only zeros of F(q) are ¢ =t and the zeros of f(q), it follows
that f(¢) does not vanish in the disk defined by (11). This completes the proof of
Theorem 3. [J

Conclusion

The historical Cauchy’s and the Enestrom-Kakeya theorems form an essential part
of the classical content of the geometric function theory. They are equally important
in modern papers dealing with the regional location of zeros in regular functions of
a quaternionic variable. Here, we establish a ring-shaped region with all the zeros of
a unilateral polynomial with quaternionic coefficients located on only one side of the
quaternionic variable. A zero-free region is also established for the relevant subclass of
regular power series.
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