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ON A GENERALIZED JORDAN-VON NEUMANN
TYPE CONSTANT AND NORMAL STRUCTURE

L1 TANG*, DONGHAI J1 AND XIAOMEI WANG

(Communicated by S. Varosanec)

Abstract. In this paper, we introduce a new geometric constant C(,pc)c (a,X), which is closely re-
(a+2)P

2p—2(2p+ap) are

lated to the generalized Jordan-von Neumann type constant. We show that 2 and

(p)

the upper and lower bound for C', (a,X), respectively. Moreover, we obtain that C(fz (a,X) =

ct?)

ditions for normal structure of a Banach space with different constants, such as the generalized
James constant, Dominguez-Benavides coefficient and the coefficient of weak orthogonality.

—oo

a,X ) , where X is the ultrapower space of X . Subsequently, we give some sufficient con-

1. Introduction

The concept of normal structure was firstly proposed by Brodskii and Milman in
[1]. Subsequently, Kirk proved that the singlevalued nonexpansive mapping of Banach
space with normal structure has fixed point property in [10]. Since then, the study
of normal structure has been an important means to study the fixed point theory (see
[20, 25]).

Whether a Banach space has normal structure, it depended on the geometry of its
unit ball and its unit sphere. However, it is very difficult to give the characterization
of geometry structure of Banach space. In recent years, various geometrical constants
have been introduced by many scholars, which can describe the geometry structure of
Banach space.

Among them the James and Jordan-von Neumann constant are two widely studied
constants. Throughout the paper, X is a Banach space, and X* denotes the dual space
of X . The closed unit ball and unit sphere of X are denoted by By and Sy, respectively.
The following two constants,

e+ 11 + e — ]
3 5 xy e X [lx| £y >0,
2]l + 1y 1)

Cny (X) = Ssu

J(X) = sup {min {[[x+y[, [.x—y[|} -,y € Sx} .
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are called the Jordan-von Neumann constant and James constant in [8, 14], respectively.
They have the following properties:

(1) For any Banach space X, V2 < J(X)<2and 1 <Cys(X)<2.

(2) If X is an inner product space, then J (X) = /2. Cy; (X) = 1 if and only if X
is an inner product space.

In order to promote the results of Cyy (X) and J (X), Dhompongsa introduced the
constants J (a,X) and Cyy (a,X) (see [3, 4]), where a > 0.

J(a,X) = sup{min{|[x+yl,[lx—yl[} :x,y,2 € Bx, [ly—z| <allx||}.

b+ 317 + [lx =zl
CNJ(a7X):sup{ 5 > 5 1 X,),2€X
2/|x[17 =+ fIyll~ + Iz

where x,y,z are not all zero and ||y — z|| < @||x||. They have the following properties :

(1) J(0,X) =J(X), Cny(0,X) = Cpy (X);

(2) Cny(a,X) and J (a,X) are nondecreasing continuous function with respect to
a;

(3) For any Banach space X, 1+ 4+ 4 < Cyy(a,X)<2forall a>0. If H isa
Hilbert space, Then Cyy (a,X) =1+ 41‘; forall a € [0,2].

Cui [2] and Dinarvand [5] introduced the constants C,(\Z) (X) and C,(VI;) (a,X), re-

spectively, and gave some sufficient conditions for the normal structure, where a >
0,1 < p<oo.

0 [ Il sl
i) ) =swp | S ey 5 € X ) £ 0.0

Ix+yl” + llx— 2"
20 Yx)|? + 2772 (JIy1” + 12117
where x,y,z are not all zero and ||y —z|| < a|lx|| .

To further describe the geometric properties of Banach space, such as uniform non-
square and normal structure, some scholars introduced the constants (see [19, 22, 23])
C (X), C_(a,X) and ') (x (X), where a > 0 and 1 < p < eo. For more details on
these geometric constants,

Cl(fj) (a7X):sup{ :x,y,zEX}

. 2 2
min { v+ v/, v - vI*}

Ly ex Il > 0
el

C_ o (X)=sup

o) min {[[x-+y[[7, [x—y1I”}
Cro (X :sup{ — cx,y€X,(x,y) #(0,0) ¢ .
%) 227 + P (x.y) #(0,0)

2min { o+ 51 Jor— 2}
2 2 2
201+ 1P + el

C_w(a,X) =sup xyz€X

where x,y,z are not all zero and ||y —z|| < allx|| .
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In general, it’s difficult to know that whether Banach space has normal structure.
In recent years, some scholars have found that the relationship between geometric con-
stants can give sufficient conditions for normal structure. Since then, many scholars
have focused on getting sufficient conditions for the normal structure. We can see some
results in [24].

In this paper, we introduce a new constant C(_poz, (a,X), which is closely related to
the generalized Jordan-von Neumann type constant and analyze some properties of this
new constant. In next section, the study is focussed on the relation between normal

structure and the constant C(_poz, (a,X). Using ultrapower techniques, we establish the

relationship between generalized James constant (Dominguez-Benavides coefficient,
the coefficient of weak orthogonality) and C(_poz, (a,X) to get a sufficient condition for
a normal structure. Accordingly, we can improve the results which have been obtained

in [22, 24].

2. Preliminaries

In following part, we give some necessary notations and definitions.

DEFINITION 1. ([11]) A Banach space X is said to be uniformly non-square

if there exists & > 0 such that for any x,y € Sx, we have min{|x+y[,|x—yl|} <
2(1-8).

DEFINITION 2. ([1]) A Banach space X is said to have (weak) normal structure
if for every (weakly compact) closed bounded convex subset K in X that contains more
than one point, there exists a point xo € K such that

sup{|lxo — [ :y € K} <sup{fx—y|:xycK}.

If there exists ¢ € (0, 1) such that

sup{[[xo —y[|:y € K} <csup{[lx—y[ :x,y €K}.
then X is said to have uniform normal structure.

In the sequel, we need to some basic facts about ultrapowers of Banach space in
[9, 18, 21].

Let .% be a filter on N and let X be a Banach space. A sequence {x,} in X
converges to x with respect to .% , denoted by lim zx,, = x, if for each neighborhood U
of x, {ic:x;eU} € Z. Afilter Z on N is called an ultrafilter if it is maximal with
respect to set inclusion. An ultrafilter is called trivial if it is of the form {A C: iy € A}
for some fixed iy € N, otherwise, it is called nontrivial. Let /.. (X) denote the subspace
of the product space [],cnX equipped with the norm

[[(xn)[]oo = sUP [[2a| < o
neN
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Let % be an ultrafilter on N and let
Moy ()= {x= () € L (X) st | =0}

The ultrapower of X, denoted by X is the quotient space Al,:/(f;)) equipped with

the quotient norm. Write (x,),, to denote the elements of the ultrapower. It follows
from the definition of the quotient norm that

o) [| = T [|xa ]

Note that if %/ is nontrivial, then x can be embedded into X isometrically. An

—~ ~\ *
important result about ultrapower space is that if X is super-reflexive,i.e., X* = (X ) ,

then X has uniform normal structure if and only if X has normal structure (see [9]).

3. The constant C”) (a,X)

We define the generalized constant c(_”oZ, (a,X) as

min {[lx+ ", [lx— 2"}
2072 1x)1P + 273 {1y 117 + [1z117)

C(_poz,(a,X):sup{ :x,y,zGX}

forall 1 < p <o and a >0, where x,y,z are not all zero and ||y —z|| < a||x||. By
analogy with the definition of the constant Cz(v J) (a,X), the following is the equivalent
definition of the generalized constant c'?) (a,X):

min {[lx+y]*, lx— 21"}
2072 |1x)1” 4+ 273 {1y 17 + [1zl17)

C(poz,(a,X):sup{ :x,y,zEBX}

where x,y,z are not all zero and ||y — z|| < a||x||. Now let us collect some useful prop-
erties of this new constant.

REMARK 1. X is a Banach space and 1 < p < oo, the following statements hold.

1) c?(0,x) =) (x), ¢ (a,X) =C w(a,X), C2(0.X) =C_..(X):

2) C(_poz, (a,X) is a non-decreasing and continuous function for a > 0;

3)If ct?) (a,X) <2, then c\) (X) < 2, and consequently, X is uniformly non-
square in [23] ;

(4) For all a > 0, we have C(_’Q, (a,X) < C,(\,’}) (a,X) <2.

THEOREM 1. X is a Banach space and 1 < p < oo, we have

(1) 555 <C(a,X) <2 forall a € [0,2];

2) ') (a,X) =2 forall a>2
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Proof. (1) Suppose that a € [0,2] and from Remark 1, we have c\?) (a,X) < 2.
Let x € Sx, y = —z = §x such that y — z = ax. In addition,

a+2
oyl = [f+ 5 = 5=
2
Ix—z|| = Hx+ xH a+
Then
. 2\
R {0 L S ) W B

2072 x [P+ 2073(IV NP+ [lll)  2p-24+20-2(4)7 T 2072 (20 +ab)

(a+2)P

20 ar) S strictly increasing on [0, 2]

(2) We observe that the function a —
and attains its maximum at ¢ = 2, which means C( 02,( X) > 2. From Remark 1, we

haveC(_ol(a, X)=2. O

EXAMPLE 1. Let X be R? endowed with the /; — l., norm

|(x1,x2)|| = [(x1,x2) [y, x1%2 >0,
: (et x2) |y X122 < 0.

Then C'%) (1,X) =2.

Proof. From Theorem 1, we have C(_pol(LX) <2.Letx=(1,—-1),y=(1,0), z
(0,1). Wehave y—z=(1,—1) =x, [lx+y|| = [[(2, = 1) [« =2, [lx—2l| = [[(1, )Iloo—
2. From the defition of the C'”). (a,X), we have

min { x4 y[|”, ||lx — z[|"} 2k

"= (LX) 2 o 2 (P + 1)~ 2 2422

Hence, %) (1,X)=2. O

EXAMPLE 2. Let X be R? endowed with the I, — I, norm

[ x2)ll1s - X102
II(X17X2)||={ T

>0
| (x1,x2) [, x1x2 <O.

b

Then ) (2,X) = 2.

Proof. From Theorem 1, we have C') (2,X) < 2. Let x = (3.1).y=1(0,1), z=

(~1,0). We have y—z= (1,1) =2 (1, 1) =2x. [l = |5, )]}, =2, Jx—2l =
I( 3.4 Hl = 2. From the defition of the C”) (a,X), we have
- P ly— P p
0 )5 Mol =y

272|x[|P +2P=3(Iy 1P + Jl2ll”) — 2P~2 42072
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Hence, C”) (2,X)=2. O

From the definition of the constant J (a,X) and c'?) (a,X), we can easily obtained
the following lemma.

LEMMA 1. Let X be a Banach space and 1 < p < oo. For all a > 0, we have

p—1

J(a,X) <27 /) (a,x).
LEMMA 2. Let X be a Banach space and 1 < p < co. Then

" (a,x) =), (a)?) .
Proof. For 1 < p <o, we have

" (a,x) < ) (a)?) .

—oo

Next, we prove that C(_pol (a,X) > C(_poz, (a,)?) . Let § >0, o € [0,a]. Assume that
X,5,Z € X satisfy ||y —Z|| = o ||%]|, not all of them are zero. If ¥ =0, then
min {4317, [F-217) _ min{[I7, 027} _ o
2072|517 + 202 (|311P + 1=2117) - 2073 (5117 + 11z117)

thus 2277 < ") (a,X).
If X # 0, then choose € > 0 such that € < §x]|. Since ||X]| = 1i2m||an and
%

min {[[¥+y[|”, ¥ —2]|"} - min {4yl [ — zall”}

c= — =
2022|317 + 2273 (V1P + [2117)
Then it follows that the set

im =limc,.
% 2072”2073 (lyull? + llzall?) — 2"

E={neN:|ca—c| <8,llyn—znll < |l +& < (0 +8) [[xa|}
belongs to % . In particular, notice that x, # 0 for all n € E, there exists n such that

min{HXn‘Fyn“p?HX"_Z"HP} +6<C(p)
< C2

c< oo
2072l 1P 42073 (|yal|” + |zl 7)

(a+8,X)+8.

Hence, the inequality C(_poz, (a,)? ) < C(_’Q, (a,X) follows from the arbitrariness of § and
the continuity of clr) ,Xx). O

LEMMA 3. ([6]) If X is a super-reflexive Banach space and fails to have normal
structure, then for r € (0,1] there are X1,%2,X3 € Sg, f1,f2,/3 € S(}?)* such that

(1) lk}—fc}” =1 and f;(5;) =0 forall i # j, (i,j=(1,2,3));

(2) filx) =1, (i=1,2,3);

(3) 153 = (2 + rxy) || = [z + x|
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THEOREM 2. X is a Banach space, if there exists a € [0,1] such that

2 4
») X 1 1 1—a
Coal@X) < 20 1( Ha +J(a,X)+2a '

where 1 < p < oo, then X has normal structure.

Proof. Fromand 1 < p <o, we know that (J (a,X))” < or-iclr) (a,X).So X is
uniform non-square according to the inequality, consequently, X is also super-reflexive
(see [11]). Assume that X fails to have normal structure and the inequality holds for
some a € [0, 1]. Then from there are x7,%,x3 € S ,fl,fz,f3 € S( %)’ satisfying all the
conditions in Lemma 3. We put

X=X3—Xi

5 X3—X+x]
y=ax+(1-a) By

~_ o~ _ X3 —X)+X]
Z—““+(1‘”W?Eﬂﬂ

Then ||x]| =1, ||¥]| < 1, ||Z]] £ 1, y—Z = ax. Hence, we have

- X3 —X+x
—X1+GX3+(1—a)m

(e - X3 —X+x
> f3 <X3—xl+ax3+(1 —a)m)

X+ = ||

l1—a
263 — %2 +x1 |
_ X3 — X2+ X1
=2l )IIX3—X2+x1||

> (—fl) (@—ﬁmﬁﬂu@%)

[[3 — 22 +x1|

B—xitaxi+(1—a

l1—a

[[3 — 22 +x1|

Therefore,
C(_IQ, (a,X) = C(_IQ, (a,f)

min {[[x+y[|”, X —2[|"}
202 &P 4203 (5117 + 117

> L (14129 ’
= a1 a T~ ~ . ~ .
271 |63 — X2 +x1|

We put

—X3 +x2+x1
[l —x2—x1]]

—X3+X0+X]
z=an+(1-a) g5t

y=ax+(l—a)
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Then ||x]| =1, ||P|| < 1, ||Z]| < 1, y—Z = ax. Similarly, we get
" (a,x) =) a,)’?)

min {[|X+ 757, | —Z]"}
~2r2FP 203 (|91 + 1211)

> | <1+ 4 1-¢ )p
2r-1 |55 —x2 — x1|

We put
X=X3—X
y=ax3+(1—a)x
T=an+(1—a)x

We have ||x]| =1, ||y]| <1, ||Z]] <1, y—Z = ax. Hence,

[+ =15 =2+ a4+ (1—a)x| = (1+a) (X —x2+x1 —alx —2x].

IX=2l =[x - (1+a)x—({1-axl = (1+a)|x—x2—x—alx —2x].

2 = 23| < oz = X[l + [ | = 2, [} — 23] < 2.
From the defition of the J (a,X), we have
J(a,X):J(ajZ)
> min {||x+y[|, [|¥—Z[|}
> (1+a)min{[x3 — % +31|[, |53 — %2 — 51|} - 2a.

It follows that
1 14+a
min ([ — % + 5L % — % —=l} ~ J(@X)+2a

Consequently, we obtain
1

l—a P
" (a,x >—<1+a+ - )
(a,X) 2r—1 min {||x3 — %+ x1]|, [|[%3 — %2 — X1/}

. 1 L4 at l—a P
o\ T X)) 1 2a)

which contradicts with the hypothesis. So Banach space X has normal structure.

Next, we get the following corollary.

COROLLARY 1. X is a Banach space. If
1 1\’
C(P) X — (1 -
e (X) < 55T +J(X)

c) (1,x) < 2.

where 1 < p < oo, then X has normal structure.

or

O
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We know that if C_o (X) < 14 ——, then X has normal structure (see [24]).

( )
From Corollary 1, we have C_.. (X) < 5(1 + ﬁ) when p =2, since v2 <J(X) <

2 and % (l + J&)> < 14 ——, so we have improved the results.

( )

4. Dominguez-Benavides coefficient

The constant R(a,X) was introduced in 1996 by Dominguez-Benavides [7], for
a>0,

R(a,X) = sup {liminf{||x,, +x||}} .

where the supremum is taken over all x € X with ||x|| < a. All weakly null sequences
{xn} in Bx satisfy

D|(x,)] = limsuplimsup ||x, — xp || < 1

n—oo m—oo

In particular, if a = 1, we have 1 <R(1,X) < 2.

LEMMA 4. ([6]) If a super-reflexive Banach space X fails to have normal struc-
ture, then there are x1,x) € Ss.f1, /2 € S( Xy’ such that

(1) uxl—xQH =1 andf,-(xj)=Oforl7éj, (1,7 =(1,2));
(2) fik)=1, (i=12);
(3) 2 +x| <R(1,X).

THEOREM 3. X is a Banach space, if there exists a € [0, 1] such that

») 1 1—a \?
C_o(,(a,X)<—2p_l <1+ +R(1 X)) .

where 1 < p < oo, then X has normal structure.

Proof. Suppose that 1 < p <o, if a =1, from Corollary 1, we know that Banach
space X has normal structure.

If 0<a<1,since R(1,X) > 1, we have C(f,l(mX) < 2, then X is uniform
non-square, consequently, X is super-reflexive.

Assume that X fails to have normal structure. From Lemma 4, there are X1,X% €
N f17 f2 es (x)’ satisfying all the conditions in Lemma 4. We put

X=X —Xi

y=an+(1-a) 2

~_ -~ X +x]
Z=ax1+ (1l —a) el
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Then ||x]| =1, ||¥]| < 1, ||Z]] <1, and ||[x2+x1]] = f1 (%2 4+x1) = 1. We can easily
obtain that

_ SO X2 +X
x+y||=lx—xi+an+(l—a) ———
1%+ ¥ ( )||x2+x1||
~(_. - X2 +Xx
= fa <Xz—x1+aX2+ l—a ﬁ>
S v
1—a
=l+a+-——-—.
l|lx2 +x1|
_ SO X2+ X
x—z||l=|x—x—ax;— (1 —a) ————
e ) T
N~ ~ X2 +X1
2(— 1) (xz—xl—axl— l—a ﬁ)
/ R
1—a
=l4+a+-———7.
[[%2 +x1 |

From the definition of the C'%) (a,X). it follows

c'?) (a,X) = c'?) (a,)?)

min {[[X+ ", [IX—2]|"}
2072 |x(17 + 2773 (13117 + [12117)

LI ST L
= A1 a T~ . ~
2r-1 Iz + x|

> L (14as 124 ’
21U TYTRLX) )

which contradicts with the hypothesis. This completes the proof. [

If a =0, we get the following corollary.

COROLLARY 2. X is a Banach space, if

) 1 1
Cl (X)) < = <1+R(1 X)) .

)

where 1 < p < o, then X has normal structure.

2
We know that if C_.. (¢,X) < 1+ (%) , then X has normal structure

2
[22]. From Theorem 3, it has C_o (a,X) < %(l +a+ﬁ) when p = 2. Hence,
for a € [0,1], 1 <R(1,X) <2, we have

(veai) <) v Gt an) < 2
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In particular, when p = 2, according to the Corollary 2, we know

C (X)) < %(1 + ﬁ)z.

2
Since % (1 + ﬁ) <1+ m holds, therefore we have improved the results.

5. The coefficient of weak orthogonality

The weak orthogonality property, which is denoted as the WORTH-property, was
introduced by Sims [17]. Recall that a Banach space X has the WORTH-property if

lim |26, + || — [, — x][| = 0.
n—oo

forall x € X and all weakly null sequences {x,}. In order to characterize the WORTH-
property, Jimenez-Melado et al introduced the coefficient of weak orthogonality[12],
defined by

ux)= inf{)L s limsup ||x, + x|| < A limsup||x, — x|| }

where the infimum is taken over all x € X and all weakly null sequences {x,} in X. It
is well known from that [12], [13]

() 1< p(X) <3,

(2) X has normal structure if and only if u (X) = 1.

(3) If X is a reflexive Banach space, then u (X) = u (X*).

LEMMA 5. ([15]) Ifa super-reflexive Banach space X fails to have normal struc-
ture, then there are x1,%; € S5, f1, /2 € S()?)* such that

(1) |5 ==l =1, fi(&) =0 forall i #j, (i,j=(1,2));
(2) fi@) =1, (i=1,2);
(3) 1%+l < u(X).

THEOREM 4. X is a Banach space, if there exists a € [0,1] such that

1 1—a\?
P (@x)< —(1+a+—m0) .
Yo (a,X) T +a+“(X)
where 1 < p < oo, then X has normal structure.
Proof. 1t can be obtained by using similar arguments as those be given in the proof

of Theorem 3 and Lemma 5. So we omitit. [

If a =0, we get the following corollary.
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COROLLARY 3. X is a Banach space, if

(») 1 1 P
Cfpoo(X) < W<l+m> .

where 1 < p < oo, then X has normal structure.

2
We know that if C_. (¢,X) < 1+ (%) , then X has normal structure

2
[22]. From Theorem 4, it has C_..(a,X) < %(1 +a+ ﬁ) when p =2. Hence,
ael0,1], 1 < u(X) <3, wehave

Hrras oty <[3].

+(min (lj(—a—)i-a2 >2€[§’2}
{1 (X) +a.2}

In particular, when p = 2, according to the Corollary 3, we know C_..(X) <

2 2
1 1 . 1 1 1 .
5 (1 + W) . Since 5 (1 + W) <1+ il holds, so we have improved the re-
sults.
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