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ON THE NUMERICAL RADIUS OF AN OPERATOR MATRIX

MOHAMMAD SABABHEH*, CRISTIAN CONDE AND HAMID REZA MORADI

(Communicated by I. Peric)

Abstract. This paper investigates possible upper and lower bounds for the numerical radii of
2 x 2 operator matrices.

The obtained results improve and generalize many results from the literature in accessi-
ble forms. Moreover, many numerical examples will be given to support the feasibility of our
findings.

1. Introduction

Let 7, be two Hilbert spaces with inner products (-,-) ,,(-,-) 5 . respec-
tively, and let Z(7, %) denote the Banach space of all bounded linear operators
from % to ¥ . When 5 = ¢, we write #(¢) instead of B(#,#"). The zero
element in B(7,. %) or #(7) will be denoted by O, and the identity operator in
HB() will be denoted by 1.

Fori=1,---,n, let 7% denote Hilbert spaces, and let J# = &} _,.7%;. An operator
T € A() can be represented by an n x n operator matrix T = [7j;], in which T;; €
BA,H).

While studying the problem of positive completions of certain partial operator
matrices, Hou and Du proved the following significant result, in which the notations
| -1|,(-) and r(-) refer, respectively, to the usual operator norm, the numerical radius,
and the spectral radius.

LEMMA 1. [11] Let J4,56,...,.56, be Hilbert spaces, and let T = [T;;] be an
n x n operator matrix with T;; € 9B (I, ;). Then

Il < ([ 701
o (T) <o ([[7]]])
r(T) < r ([[|7]]])-
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One significance of the above result is how the calculations of operator matrices
are bounded by the same calculations for certain scalar (non-negative) matrices. How-
ever, we notice that, in general, o(T) € w[w(7;;)] and r(T) £ r(r(T;;)). We refer the
reader to [11, 14] for a list of references in which this and related problems were treated.

In this paper, we are interested in obtaining sharp and accessible bounds for the
numerical radius of a 2 x 2 operator matrix. Among many results, we will be able to
show thatif A,B € B(H), then

1 1
mx{o@.00). 18 +Cl5l-clb<o([2p])
max (o (AB). 0 (BA)} < & (1A + B + A~ BP). @

1 O RT
siri<o([r 7 |) <o,

where RT and 3T denote the real and imaginary parts of T € (). The signifi-
cance of the latter bound lies in refining the first inequality in

and that

1
STl < o(r) <7l )

known for any Hilbert space operator 7. On the other hand, the significance of (2) is
the way it generalizes an important result from [6].

It is of particular interest to study the equality cases in (3). In particular, it is
well known that if 72 = O, then 1||T|| = o(T). In the sequel, we will show some
equality scenarios. Among those results, the Aluthge transform will have its role. We
recall that if T € 2() has the polar decomposition T = U|T|, then the weighted
Aluthge transform of T is defined by 7; = |T|'U|T|'~* for 0 <1 < 1. This transform
was defined for ¢t = % in [3], then was extended in [5] to the weighted form. The
Aluthge transform was used by many authors to find sharper bounds for the numerical
radius, as one can see in [g, 13, 17, 20].~Am9ng them, Yamazaki [19] showed that
o (T) =% ||T||, whenever T = O, where T = Ty.

The bound in (1) is a substantial reverse of the corresponding upper bound [9]

w ([Z‘ ﬁ]) < max{o(A), 0(D)} + LELOTOBE-C) @

2
In particular,

o ([‘; gD < max{w(A),0(D)} + o(B).

The following lemma, which gives alternative definitions for the numerical radius,
will be used frequently in the sequel. This lemma can be found in [12, (2.1)] and [8,
pp. 75-76]
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LEMMA 2. Let T € # (). Then

o (T)= supHm(ler)H— sup || aRT + BT,
0eR o2+B2=1

where o, 3 vary over all such real numbers.

Numerous researchers have used the formulas in the above lemma in the literature
to improve some well-known bounds.
A related result to Lemma 2 can be stated as follows.

LEMMA 3. [9, (4.6)] Let A,B € B(H). Then

“o([5a])

At this point, we remark that such alternative identities for w help calculate the
numerical radius using computer algebras. For example, the identity in Lemma 3 is
used to calculate the numerical radius in Example 1 below.

Other lemmas that we will need are as follows.

1
5 HA+€193*

LEMMA 4. [18, Theorem 2.14] Let A,B € HB(.H). Then

ja+ai<

LEMMA 5. [1, Corollary 2] Let 74 and 5% be Hilbert spaces, and let T =
A B} be an operator matrix with A € B (), B B(,4), C € B(H,5),

1
max {|lA]| 18]} + | ]a*

CD
and D € A (.753). Then

1 0 B\’
w(?l‘)<§ w(A)+w(D)+\/(w(A)—w(D))2+4w<[COD
Moreover, the following lemma will be used to obtain some comparisons with the

existing literature.

LEMMA 6. [13] Let A,B € B(). Then

max{(AB),»(BA)} < 0’ ({g gD .

Now, we show the following formula for the off-diagonal block operator matrix

[g g] . This will be used as a key tool in obtaining our results. For the remainder of

this paper, o/, refer to real numbers.
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PROPOSITION 1. Let A,B € B(H). Then
A+ B* A—B*

w([OA]>— sup || +p
B O o2+B2=1 2 2i
Proof. We have
A+ B* A—B* 1 . .
sup ||& +B——| =5 sup [[(a—if)A+ (a+iB)B’|
o2 +p2=1 2 2 2 g2 p2=1
1 o
=— sup |a—if] HA+ +1ﬁ
2a2+52 1 1ﬁ

Since o® 4+ B% =1, we may let o = cos0, B =sin6, 6 € [0,27] to get

A+ B* A—B*
o +B—
21

1 .
_ — SsuplA+e 08"

29

“o([50])

where we have used Lemma 3 to obtain the last equality. This completes the proof. [J

sup
a’+p2=1

The following corollary is well known. However, we derive it from Proposition 1.

COROLLARY 1. Let A € B(H). Then

o([0 5] ) =1t

w(A)= sup |laRA+BSAJ.
a?+p2=1

and (see Lemma 2)

Proof. The first conclusion follows from Proposition 1, by letting B = A*. On
the other hand, letting B = A, and noting that @ ( [g g]) = w(A) imply the second

assertion. [J

2. Upper bounds for the numerical radius of an operator matrix

Now we present several new upper bounds for the numerical radii of different
important forms of 2 x 2 operator matrices, including the following forms.

52 53 18

We begin with the following upper bound for ( [g g] ) '
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THEOREM 1. Let A,B € B(I). Then

A B 1 1 %2 %2 1
< Z it Z
w([OOD \2‘”(A)+2H‘A 1B H+8’

and, in particular,
1 1
B <HB*2H —=|B|*+ =,
IBII < |[IB"1|| + 7 = IBI"+ 3
with equality if and only if ||B|| = %

Proof. We have
i0|A B
(e [oo
_ Lo [AB] o A*
2 00
. A B .. A" O
= {|(cos 0 +isin0) {0 0} + (cos @ —isin0) [B* O] H

A+A* B A-A" B
=lcosO| g 2|—sin0| % 2
5 O

_%0
oA B RA 8 SAg
5(¢ [0 0] )| = oo ¥ 5] -smo %2 5

On the other hand, by letting cos = o and —sin® = 3, we have

(o el LEeses o™

(o +1ip)B*

i.e.,

|3 (a+iB)B* 0
21 %((x;iﬁ)l} F((xl—:iﬁ)lgb

([
(|
( %(“fﬁ”ﬂ [;}1 %(a;iﬁ)ID
([ )

aRA + B34 L (a —iﬁ)BD

La+ip)ar <28
AP+ B L(a—ip)A

Therefore, by Lemma 5, we obtain

(e foo])l <=

O“HBA* 062+B2
7

2 )
AP 1B #5EA

)

/oc2+ﬁ2 0 a2+B21
<Y TF hA)+o 7} .
2 (4) ( A* >+ B> O
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Now, by Lemma 2, we get

o([o0)) <zo@+o([p wr iOID

1 ’ , 1
A)+ = |||A* B* .y
()+2H| I+ +4H

[\

N —

1 1 5 S 1
S
S0 (A)+ 5[l + 5|+ 5

where the last equality follows noting that |7+ || = || ||+ 1, when T > O, as desired.
The second inequality follows from the following fact:

1 O B 1 a1
- — < = -
1m1=o([go]) <3)mr+ 1

This completes the proof. [l

REMARK 1. It has been shown in [16] that

A B 1 # «
o([50]) < 501+ 1an+ B8],

and that

A B]\ 1 1 R
) ([0 OD < 50(4)+ 7 [[1+AA" + BB 5)

We give an example to show that our bound in Theorem 1 can be sharper than the

above bound. Let
A [0.06 0.02} B [0.08 0.02}

0.05 0.01 0.05 0.14
Then
% H|A*2+ B> + %IH ~0.139964
and
%||I+AA* + BB*|| ~ 0.257482.

This shows that the bound S (A)+ % H A+ | B+ %IH found in Theorem 1 is better

than the bound (A)+ % ||I +AA* + BB*|| from [16], in this example.
In general, it can be seen that Theorem 1 provides sharper bounds than (5), when
AA*+BB* < I.

In the recent work [6], it is shown that

1
©(P7Py) < 5 (IIP7+ P71+ IP7 ~ Py ©

for any pair of orthogonal projections P and Py . We generalize and refine this result
for any pair of operators in the following corollary.
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COROLLARY 2. Let A,B € HB(5). Then

OA 1 *[|2 %2
qu OD <3/ IA+B R+ A- B2

In particular,
1
max {0 (AB), 0 (BA)} < § (HA+B*||2+ HA—B*H2> .

Proof. The first assertion follows from Proposition 1, by noting that

0ATY _ AT BN g IA-BY o g
o([50]) <t 5 v ip S Eh a2 g

then finding the maximum value on the right. The second assertion follows from the
first, noting Lemma 6. [

In the following, we obtain a refinement of the first inequality of (3) in terms of
the real and imaginary parts of 7 .

PROPOSITION 2. Let T = RT +i3T be the Cartesian decomposition of T €
PB(H). Then

1 O RT . 1
— < < — .
2 ”TH S W <|:IST 0 :|> = mln{w(T)7 \/E ”T”}
Proof. Let A=RT and B =i3T in Proposition 1, and set & = 0, 1. This yields

1 . . 0 KT
5 max {|RT +iS7, |RT — ST} g“’([isr OD' %

Now,

1 1
5 Tl = 5 max{[|IT[l, |71}

1
= 5 max {|RT +iST||, |RT —iST}

<o(|arp]) ©o

1
< SVISRT —iSTIP + X7 4iSTIP  (by Corollary2)

1 2 2
= I+ T
N

V2
=5 [iail®
Thus, we have shown that

1 2
sri<o([&0]) < L. ®

i3T O 2
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On the other hand, since (see [9, Theorem 2.3])

o([y5]) < 5 0x1+mn.

we can write
(lsr o |) < 50971+1870)
= 3 (0(R7) +0(37))
<o(T).
Therefore,
siri<o (]S % |) <om.
O

This, together with (8), implies the desired result.
At this point, we recall that if T € Z(.¢) is such that RT,3T > O (thatis, T is

accretive-dissipative), then [15]
L7 < o(T)
V2o '
In this case, when T is accretive-dissipative, min{w(7), % T} = \/_||T||
REMARK 2. It has been shown in [10, (2.12)] that
1 O RT
— < .
;<o ([iST 0 D
Of course, Proposition 2 improves the above estimate

0 KT s
REMARK 3. o (LST 0 }) = L ||T||, whenever T2 = O (equivalently, when

T=0).

We have seen how Proposition 2 provides a refinement of the first inequality in
(3). Now, in line with the approach of this paper, we present a refinement of the second
inequality in (3). First, a lemma.

LEMMA 7. Let A,B € #B(5€). Then

o (|5 6]) <3 V/maxUAIL 151 + VFTATE Dy max (a1 -+ /7 (A TIBD.

In particular,

(max (1Al 181} + /rTATIB) ) (max 1Al 1811} + /r(ATIBD)).
)

ENT

w (AB) <
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Proof. From Proposition 1 and Lemma 4, we have

([2)

A+ B* A—B*
= sup |« +0—:
a?+p2=1 2 2
1 o+i
=— sup |[A+ +?BB*
2a2+B2=1 a—ip

1 1
%nax{A,||B||}+H|A*|2|B|z

1 1 1
< 5¢max{A||,||B}+ [l 187

This proves the first assertion, since

L L %
151272 = /r(ISTT7T)

1 1
= |Isizi7 12 712502

forany S,T € B().
The second conclusion follows from Lemma 6. [

REMARK 4. We note that, using the arithmetic-geometric mean inequality,

S/ max {411 1B} + /7 (ATB )y max A, 181} + v/~ (A-TIB])
1 max (JA]L 1B} + v/rATIB) + max (]l 181} + v/~ (A-TIB]

N

2 2
= % (max{A”’”B}_i_ \/V(\A\ \B*\)—;\/r(\A*‘ |B|)>
< % <maX{HA||7||BH}+max{\/r(|A| |B*‘)»\/7‘(‘A*| |B|)}> . (10,

This shows that Lemma 7 improves Theorem 2.5 in [4].

We have the following refinement of the right inequality in (3).

COROLLARY 3. Let T € #(5€). Then

<T+\/Tr(|T*5T|%)).

1 1
, whenever |T*|2|T|2 = O.

o(T) <

N =

Meanwhile, o (T) = % T

Proof. Let T = U|T| be the polar decomposition of T, and let A =U |T\% and
B= |T|%. Noting that

AB=T, |A| <|B|=|T|?, |A]* = |B*|> = |B]> = |T|%, |A*|* =|T"|1,
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direct substitution in (9) implies the desired result.

The second assertion follows from the obtained inequality and the first inequality
in(3). O

Related to Corollary 2 and Lemma 7, we have the following mixed bound. Notice
also how this extends (6).

THEOREM 2. Let A,B € HB(I). Then

o ([95]) < 3y/mantia+ sl 14 B+ LA BB AT

1
X \/maX{IIA+B*,IIA—B*}+§\/V(A*+B|A—B*)-

Proof. Let o, € R with o>+ B2 = 1. So, |a|,|B] < 1. We have by Lemma 4
that

2 +h 2i
(04
g\/max{%A+B*||,%||A—B*||}+7V2mH|A+B*5B—A*%
X\/max{%HA—i-B*,%A—B*}+7\/|O;|[3|H|A*+B|£|A—B*5
o o|” +
<\/max{7A+B*|| Lia-s}+ OB s gt e

o o+
X\/max{7||A+B*7%A—B*} MH\A*—FB\ A— B}

H A+ B* A—B*
a

1 1
<2\/max{A+B* JA— B[} + 5 H\A—i—B*| 1B — A%}

x \/max{A—i-B*H,A—B*}—i-E 1"+ BI2a— B2

That is,

A+B* A—B*

a5+

1 1 1 1
< gy/max{llA+ Bl A - B} + 5 [1A+ B 2 B - 4%

1 1 1
xyfmax {4+ B[, |4~ B[} + 5 || |A4* + BI2 14 - B
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By taking supremum over o, 8 € R with o® + % = 1, we infer that

0A 1 ] ; -
<5 * — B* — *| 2 _ Ax|2
w([BOD\z\/max{nAw I,]lA B||}+2H|A+B‘ B—A%|

1 1 1
x \/max{||A+B*7||A—B*||}+§ 1=+ B2 ja— B2

Arguing like Lemma 7, this is equivalent to the desired conclusion. [J

EXAMPLE 1. We have found different bounds for B? g
give numerical examples to show that none of the obtained bounds is uniformly better
than the other. This will be summarized in a table as follows. For given A, B, let

) . In this example, we

1
a= 3 IA+B+ -5,

)

1 1 1 L1
bzz\/max{nA,B||}+HA23*|2 \/max{A||,||B}+H|A*232

1 1 1 1
c=Nmax{nAw*n7||A—B*||}+§H|A+B*ZB—A*|2

1 1 1
x \/max{||A+B*7||A—B*||}+5 [1as +BI21a — B

These are the three upper bounds found in Corollary 2, Lemma 7, and Theorem 2,

. OA
respectively. Further, let d = ( B 0) .

No. A,B d a b c
0

2 A= 11 5.1627 | 5.3762 | 5.69321 | 6.49065

(53

_2 2_

1 A= gi 6.53824 | 7.31387 | 6.76621 | 7.53419
(45T

B=1l40)

0—-10

~10 1
o[22

3 A= [9 -9 ] 10.982 | 14.324 | 13.2392 | 12.9548
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These approximate numbers were obtained by Mathematica. These three examples
show that none of the three bounds obtained is uniformly better than the other two!

EXAMPLE 2. It has been shown in [12, Therem 2.3] that
OA 1
< = .
o () <5 al+18l)

Here we give an example to show that neither this bound nor our bound in Corollary 2
is uniformly better than the other.

(i) Let
10
A=[o0)
and
01
n=[01]
Then |
5 (Al +11B])~1.20711
and |
SV B+ JA— B~ 114412
(i) Let
11
i
and
01
n=[1]
Then |
5 (1A +11B]) ~ 1.30902
and

1
E\/||A+B*||2+ |A — B*||? ~ 1.37491.

3. Lower bounds for the numerical radius of an operator matrix

In the previous section, several upper bounds for the numerical radius of certain
operator matrices were shown and applied. In this section, we present some lower

bounds with applications.
It follows from [9, Theorem 3.7] that

max{w(A),%w(B)} gw([g g]).

The following result improves this lower bound.
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COROLLARY 4. Let A,B € HB(5). Then

max{%B,w(A)} gw([g gD.

Proof. 1t follows from the proof of Theorem 1 that

oM< (55])

One can easily see that

2 2
VELP g < '

[a‘J{A—i—BSA %(a—iﬁ)B} H

5 s(a+ip)B* 0O
and 1
oaRA+B3A L (a—iB)B
[aRA +B3A|| <’ [%(miﬁ)B* e ]H

From (3), by letting o« =1 and 8 =0, we have

%||B||<w<[g gp'

From (3) and by taking supremum over o, 8 € R with o®> 4 8% = 1, then noting Lemma

1, we infer that
A B
w(A)<w<[0 OD

Combining the last two inequalities imply the desired result. [

Now we are ready to find the following lower bound for the numerical radius of

. |AB . . .
the operator matrix [ . We notice that this gives a reversed version of (4).

C D}
COROLLARY 5. Let A,B € B(H). Then
1 a1 ; A B
max {0 ().00). 318+ 5 18- <o (|8 5]).
with equality when B =C = O.
Proof. Tt follows from Proposition 1 by letting @ =0, 1, that

OA 1 " *
o([5o]) = gmaxtia+ sl la-1. (an



430 M. SABABHEH, C. CONDE AND H. R. MORADI

B o (5] ()

(i)
max{w (4),0 (D)}, 0 ([g gD}

> max {max{w(m,w(n)},%max{B+c*,B—c*}}
{ow.om). 18+l 518-c1},

as desired. [

We remark here that (11) also follows from Lemma 3.

REMARK 5. In [12, Theorem 2.3], it is shown that

OA 1 "
w({B 0:|) P §||A+B ||

Consequently, (11) provides a refinement of this bound.

The first part of the following result has been recently shown in [13, Corollary
2.2]. However, the significance below is gained by the two identities one can find for
the stated supremums, and the subsequent equality conditions.

In the proof of the next result, we repeatedly use the property that if 7 = U|T| is
the polar decomposition of T, then U|T|9U* =|T*|%,q > 0, see [7, p. 58] for example.

THEOREM 3. Let T € B() andlet 0<t < 1. If T =U|T)| is the polar decom-
position of T, then

(i) .
O U|T|"™
om <o (|75 7))
(ii)
»([o ur1\ _ 1o iy, & —B°
® ([T, o = e 4(|T\ 4T )+—2 RT + afST
1 2_R2 .
= sup —(|T\2’+\T|2<1*’>)+“ ﬁmwﬁsz.
a?+p%=1 4 2

Proof. Tt follows, from Lemma 6 and Proposition 1 that

A+B* A—B|?
o +B

max{w(AB),w(BA)} < sup 7 5

a?+p%=1
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For T € #(),let T = U|T| be the polar decomposition of T, and let A= U|T|'~!,

=|T|", 0 <r < 1. Then the first assertion follows from Lemma 6. Next, Proposition
1 implies

(570

UTlfz Tz UTlfz_Tz
:supa‘|+||+[3‘|,||
24 p=1 2 2i
UT“ T ulr)" T UT“ T UlT)" T
~ |T| H+B|| 7| |T| H+B|| |T|
2 4p2=1 2i 2 21
UT“+T uiT|* |1 TI" U T T 7" U*
~ |T| H+B||.H a\l \|+[3||\.\
o2 +B2=1 2i 2 2i
2
o _
s | (e PO ) + B (g ’>—2%T)+aBST“~
a2+B2:1 4

This proves that

T 1 _ a? — B2
w2<[7‘?, vl D: sup | (147200 + E Loy apsr.
| | 062+ﬁ2=1 4 2
On the other hand,
L2 ([0 Ut
i o
UTlfz t 1=t |t
— ap || 7| " +|T| +BU\T| . |T|
o2+B2=1 2 2i
UT“ T vir| i\ [ ulr|*ter) ol )
~ ap ||+HB||.H aH+\I+[3H.\I
a?+p2=1 2i 2 2i
TI'U* T Tz_TlfrU* UTlfz T UTlfz_Tr
~ ap H +HBIIU a||+|\+BII.II
a?+p2=1 2i 2 2i
2
[04 o ~ ~
— awp —<|T|2’+|T|2(1 ’>+2EKT> (\T|2'+\T\2(1 f>—zsnT,) +aBST||.
a2+p2=1 4

This completes the proof. [l

For the rest of this section, we discuss some equality conditions. Here we notice
that if T € Z(A°), then T? = O if and only if T = O.
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COROLLARY 6. Let T € B(). If T?> = O (equivalently, if T =0), then

T T*
|T||= sup $+(a2—ﬁz)9{T+2aﬁSTH

a?+p2=1 2
= sup \T\+(a2—ﬁ2)mf+zaﬁsfH
a?+p%=1

T T*
= sup ﬁ—l—(oﬁ—ﬁz)%T—i—Z(xﬁSTH.
a?+p2=1 2

Proof. We know that (see [13, Corollary 2.2])

w2< )g%(nrum(f)).

So, by Theorem 3, we get

o Utz
T} 0

a)(T)g1 sup H\T\.i_(az—ﬁz)‘ﬁf+2aBSfH

2oc2+B2=1
1 T|+|T*

=— sup ﬁ—i—((xz—ﬁz)‘ﬁT—kZ(xﬁSTH
2a2+B2:1 2

<5 (Itl+o (7).

The result follows by assuming T=0. O

COROLLARY 7. Let T € B(H). If T*> = O (equivalently, if T =0), then

T|+|T* T|+|T*
max M+3T , M_FQ{T <7,
2 2
and
. ~ T|+|T* T|+|T*
max{H|T|+9zT A+ 57 %‘Hm 7’%+3TH}<T||.

Proof. We prove the first inequality. If we set o = 1 and =0, we get

T|+|T*

%—k%T <|IT].
Ifweset o = = %,we obtain

T|+|T*

LSNP B

By combining the above two inequalities, we get the desired inequality. [
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