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O-MOMENT B-VALUED MARTINGALE
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Abstract. In this paper, with the help of some new atomic decomposition theorems, several ®-
moment Banach space valued martingale inequalities associated with concave functions in the
context of Lorentz spaces are deduced. Our results are closely related with the geometrical
properties of the underlying Banach spaces.

1. Introduction

Martingale inequalities are essential in the development of harmonic analysis,
probability and other aspects of analysis. Many classical scalar-valued martingale in-
equalities have been extended to the Banach space valued (B-valued) martingale set-
ting. We refer the reader to [3, 4, 10, 19, 21, 28, 29] and the references therein for
more information on B-valued martingales. The main topic we shall discuss here is the
®-moment B-valued martingale inequalities associated with concave functions in the
framework of Lorentz spaces.

In 1970, Burkholder and Gundy [6] firstly discussed the ®-moment inequalities
for martingales. Later, the well known ®-moment version of the Burkholder-Davis-
Gundy inequality was discovered by Burkholder et al. in [5]. To better explain our
motivation and results, let us briefly recall the main inequality they achieved there. Sup-
pose that ® is a strictly convex Orlicz function on [0,e0) satisfying the A, -condition.
Then for any Lg -bounded martingale f = (f,)n>0,

E(®(S(f) SE(@M(f))) S E(@(S())); ()

where M(f) = sup,,~¢|fn| denotes the maximal function of martingale f and S(f) =

(EZ:O |d fin |2) Y2 eans the square function of martingale f. Using the techniques of
Doob’s decomposition and the averaging operators, Kikuchi [15, Theorem 3] obtained
an extension of (1) amid rearrangement invariant Banach function spaces. Recently,
several ®-moment inequalities related to concave functions have been studied. This
was initiated by Jiao and Yu [14]. Subsequently, Peng and Li [27] generalized their
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results to the framework of Lorentz spaces. One of their results reads as follows: let @
be a concave Orlicz function, 0 < p <2 and 0 < g < eo. Then for every martingale

f= (fn)n}O’
[PM(f)lp.g S NPl p.gs 2)

where s(f) = (o En—1(|dfn])?) /2 s the conditional square function of martingale
f. Clearly, martingales in the articles mentioned above are scalar-valued martingales.
Motivated by these various results, one natural question arises, that is, does the type of
(2) also hold for B-valued martingales? In this paper, we give an affirmative answer.
We should also mention that martingale inequalities in the B-valued case are closely
connected with the geometrical properties of the underlying Banach spaces. For in-
stance, one of our main results which should be compared to (2) states as follows (see
Section 2 for any unexplained terminology; the proof can be found in Theorem 4): let B
be a Banach space, ® € 4 be a concave function, 1 <r<2,0<p<rand 0<g<oo.
Then the following statements are equivalent:

(i) B is isomorphic to a r-uniformly smooth space;

(i) If the B-valued martingale f = (f,)n>0 satisfies ||®(s"(f))]|pq < oo, then

1PM(N)lpg S NP" (D g 3)

We note that if » =2 and B = R, then (3) recovers (2). Moreover, if we take ®(1) =1¢
initem (ii), then we recover [ 18, Theorem 5.4 (ii)] while item (ii) gives [20, Theorem
5 (ii)] when ®(¢) =¢ and p =gq.

Our main approach is based on new atomic decompositions. Recall that atomic
decompositions were introduced by Herz [9] and Bernard and Maisonneuve [2] for
scalar-valued martingales. After that, this method was generalized by Weisz [30, 31]
and developed by many other authors (see e.g. [8, 11, 12, 13, 22, 26]). As for B-
valued martingales, Liu and Hou [20] firstly investigated the atomic decomposition of
B -valued martingale Hardy spaces. Recently, Liu et al. [18] obtained some martingale
inequalities in the setting of B-valued martingale Hardy-Lorentz spaces with the help
of atomic decompositions. For more details of atomic decompositions of various B-
valued martingale spaces see [16, 17, 19, 21, 24, 25, 32] and the references therein. It
should be noticed that the atomic decomposition theorems of this paper improve those
in [18, 20].

The paper is structured as follows. In Section 2, some preliminary lemmas and ba-
sic knowledge will be introduced. Some atomic decompositions of the B-valued mar-
tingale Hardy-Lorentz spaces are established in Section 3. These theorems are closely
connected with the geometrical properties of the underlying Banach space B. In the last
section, with the help of atomic decompositions, we deduce some ®-moment B-valued
martingale inequalities in frame of Lorentz spaces.

Throughout this paper, the set of nonnegative integers, the set of integers, the real
number field and the complex number field are denoted by N, Z, R and C, respec-
tively. The letter C denotes a positive real number, not necessarily the same number
from line to line. f < g means there exists a positive constant C such that f < Cg. If
< g s f,then we write f =~ g.
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2. Preliminaries

Let (Q,.7,P) be a complete probability space and (B, || -||) be a Banach space.
For a scalar-valued function f: Q — R (or C), let

1

1fllp = (/Qf”dP> (0 < p <o) and || f|-o = ess sup|f].

For a B-valued function f:Q — B, let

1
P
Hf”L,,(B) = (/Q ||fpdp> (0 < p <o) and Hf”Lw(B) = ess sup|| f1|-

2.1. Lorentz spaces

In this subsection, we start with the following definition of Lorentz spaces. For
basic properties of Lorentz spaces, see [1, 7, 23].

DEFINITION 1. Given a measurable function f on a measure space (Q,.%#,P),
0 < p<eoand 0 < g < o, define

- 1 i
(pJ5 (s> 07)"4) 7, if 0<g <o

HfHM: 1 )
sup,otP(|f| >1)7, if g=rco.

The set of all f with ||f||,4 < o is denoted by L, , and is called the Lorentz space
with indices p and q.

REMARK 1. ([7]) (i) It is well known that if p, ¢ are bigger than 1, then L, ,
is a Banach space. However, for other values of p and g, L, is only a quasi-Banach
space.

(ii) If p =g for 0 < p < oo, then L, is the usual L, space. In this case, we
denote | -[|g by | -[|p-

(iii) Observe that forall 0 < p,r <o and 0 < g < we have [||f|"||p.q = |fll}rqgr-

2.2. Orlicz functions

Recall that a function @ : [0,e0) — [0,00) is called an Orlicz function if it is non-
decreasing, ®(r) >0 forall t > 0, ®(0) =0 and P(r) — oo as 1 — oo. Let ¢ be the
set of all Orlicz functions. We have the following simple but useful lemmas.

LEMMA 1. Let ® € 4 be concave. Then it follows from [26, 27] that:

(i) IfO<s<landt>0,then s®(r) < D(st);

(i) If s> 1 and t > 0, then ®(st) < sD(z).

Moreover, one can prove that © is subadditive, continuous and bijective from
[0,00) t0 [0,00).
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LEMMA 2. ([27]) Let ® € 4 be concave, 0 < p < oo, 0 < g< oo and p,qg<r<
o, For f € Ly, if there exists A € & with P(A) # 0 such that {f #0} C A, then

||®(|f|)||p7q§P(A)%¢(%)-

2.3. B-valued martingales

Let {%,},>0 be a nondecreasing sequence of sub-o-algebras of .% such that
F =0 ( Un>0 ﬁn) . The expectation operator and the conditional expectation operator
related to .7, are denoted by E and E,,, respectively. A sequence f = (f,)n>0 in L; (B)
is called a B-valued martingale if f, is .%,-measurable and satisfies E, (f,+1) = f, for
each n > 0.

Let ([O, 1),.7, ,u) be a probability space, u be Lebesgue measure and filtration
{Fu}n>0 be generated by:

Ty = {G—algebra generated by atoms [L, ﬂ) :i=0,...,2"— 1} .
2nn n
Remind that all martingales with respect to the above filtration {.%,},>0 are called
dyadic martingales.

Denote by . the set of all B-valued martingales f = (fy)n>0 relative to {Z, },>0
such that fo = 0. For f = (f,)n>0 € 4 , we define the martingale difference by df, =
Jo— fu—1 (n >0, with convention f_; =0 and .%_; = {0,Q}). The B-valued mar-
tingale f = (fu)nz0 € # 1is said to be L,(B)-bounded if f, € L,(B) for all n >0
and

”fHL,,(B) ‘= 8up,>o anHL,,(B) < oo
Let ¥ be the set of all stopping times relative to {.%,},>0. For f € .# and v € ¥,
the stopped martingale f¥ = (f¥),>0 is defined by

I =30 Xm<vydfom-

The maximal function, the r-variation and the conditional r-variation (1 < r < o)
of a B-valued martingale f = (f,)n>0 are respectively defined by

My (£)(©) 1= 5UPgcmen [fun( @), M(F)(@) := supyizg [ fn ()]
Sy N(@) = (T ldsu(@)I7) " S @)= (T ldfu(@)]") s
s (N@)i= (T Frr (ldful V(@) 5 (@)= (Ton_ o1 (Il (@))

Let A be the collection of all sequences (A,),>0 of nondecreasing, nonnegative and
adapted functions with respect to {7, },>0. Set Aw :=1imy, 0 A,. For f€ 4, P ¥,
0<p<oo,0<g<ooand 1 <7< oo, we define

A2 o (NIB) = { n)uso € A: S() < 2t (0> 1), @(he) € Lpg |
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and
A qo(£)B) = { )iz € Az full < 21 (1> 1),®(he) € Ly }.
Set .
1)L g, 1) = i { [P0 [t Rarduzo € ALY o (£)](B)}
and

Hq)(f)H@,,rq(B) = inf{Hq)()Lw)Hp,q t (An)nz0 € A[@p7q7®(f)](B)}~

One should note that the inequalities of B-valued martingales are closely related with
the geometrical properties of Banach spaces. We now consider definitions of p-uni-
formly smooth, g-uniformly convex and Radon-Nikodym property (in short RNP) of
Banach spaces.

DEFINITION 2. ([29]) Let B be a Banach space and ¢ > 0. The modulus of
uniform smoothness pg(¢) is defined as

[lx+ty]| + [|x — 1yl
PB(0) ::sup{ : “1:xyeB, [ =[hl=1}.

We shall say that B is p-uniformly smooth if there is a constant C > O such that
pp(t) < Ct? forall t > 0.

DEFINITION 3. ([29]) Let B be a Banach space and 0 < 6 < 2. The modulus of
uniform convexity dg(6) is defined as

. xX+y
an(0)i=int {1 “22] e ol < 1ol < 1, i > 0

We shall say that B is g-uniformly convex if there is a constant C > 0 such that
op(0) = COY forall 0 < 6 < 2.

DEFINITION 4. ([29]) A Banach space B is said to have the RNP with respect to
(Q,.#,P) if for each P-continuous vector measure F : % — B of bounded variation
there exists g € L;(B) such that F(E) = [, gdP forall E € % . A Banach space B has
the RNP if B has the RNP with respect to every finite measure space.

REMARK 2. ([19]) If B is isomorphic to a p-uniformly smooth (g-uniformly
convex) space, then B has the RNP.

We end this subsection by recording the following lemmas which will be fre-
quently used in the sequel.

LEMMA 3. Let 1 <r < 2. Then the following properties of a Banach space B
are equivalent:
(i) B is isomorphic to a r-uniformly smooth space;
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(ii) For any B-valued martingale f = (fn)n>0 with E(Z;ZO ||dfm||’> <oo, f=
(fu)n=0 converges in probability;

(iii) There is a positive constant C such that all B-valued martingales [ =
(fn)n>0 in Lp(B) (1< p <o) satisfy

IM(A)lp < CIS"(Nlp3

(iv) There is a positive constant C such that all B-valued martingales f = (f)n>0
in L.(B) satisfy
sup, E(|lfull") <C" Y, E(lldful"):

(v) Same as (iv) for all B-valued dyadic martingales.

For Lemma 3, the proof of (i) < (ii) comes from [19] and the proof of (i) <
(iii) < (iv) < (v) were showed in [29].

LEMMA 4. Let 2 < r < oo. Then the following properties of a Banach space B
are equivalent:

(i) B is isomorphic to a r-uniformly convex space;

(ii) There is a positive constant C such that all B-valued martingales f = (f)n>0
in L,(B) (1< p < o) satisfy

1" (Nl < CIM)p3

(iii) For every B-valued martingale f = (fu)n=0 with sup,olfullr.B) < =,
S"(f) <o a.e;
(iv) There is a positive constant C such that all B-valued martingales f = (f)n>0
in L.(B) satisfy
oo E(lldfull") < Csup,o E([£all"):

(v) Same as (iv) for all B-valued dyadic martingales.

For Lemma 4, the proof of (i) < (iii) was showed in [19] and (i) < (ii) < (iv) &
(v) can be found in [29].

LEMMA 5. Let B be a Banach space. Then the following properties of B are
equivalent:

(i) B has the RNP;

(ii) Fixing p € (1,%), every B-valued martingale bounded in L,(B) converges
almost surely (a.s.) and in L,(B);

(iii) If there exists a positive constant C such that sup,~q || ful|r.8) < C for any
B-valued martingale f = (fn)n=0, then f, converges a.e.

For Lemma 5, we refer to [29] for the proof of (i) < (ii); the proof of (i) < (iii)
can be seen in [19].
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3. Atomic decompositions

In this section, we shall construct some new atomic decomposition theorems.
Firstly, let us review the definitions for atoms.

DEFINITION 5. Let @ € 4 be a concave function, 1 < r <o, 0 < p < e and
0 < k <. A B-valued measurable function a is called a (®,p,k)* -atom (resp.
(®,p, k)5 -atom, (@, p, k)M -atom) , if there exists a stopping time v € ¥ such that
(1) ay=E,(a) =0, if n < v;

1o _1
2) lls"(@)lx (resp. [57(@) 1, M(@)llx) <P(v < )x@~ (P(o <) 7).
For 0 < g < oo, let &* (®,p,q,K) (feSP~ A5 (®,p,q,x), 7™ (®@,p,q, K)> be
the set of all sequences of triples (u*,a*,v¥), where
K q)fl(szrl)
- 1
P! (P(vk < oo)_F>

)

d“isa (®,p, k)" -atom <resp. (@, p, k)5 -atom, (P, p, K)M-atom> and v is the stop-

ping time corresponding to a*, satisfying

{IP’(U" < oo)%cp(ukcp—l <IP(U" < m)—%))} el,.
keZ

Now we can present the atomic decompositions for B-valued martingale Hardy-
Lorenz spaces.

THEOREM 1. Let B be a Banach space, ® € 4 be a concave function, 1 <r <2,
0<p<r, 0<g< o and max{l,p} < k <eo. The following assertions are equivalent:

(i) B is isomorphic to a r-uniformly smooth space;

(ii) If the B-valued martingale [ = (fu)n=0 satisfies || ®(s"(f))|lp.q < oo, then
there exists a sequence of triples (u*,a*,v%) € &% (®,p,q,x) such that for n >0,

fo =Yy WEN(d) ae., 4)

SUPkez, ‘M(ak)Hp <o )

and

||q’(5r(f))||p7,,%ian {P(vk < oo)%@(ukqfl (P(Uk - 00)7;)) }

(6)

kezll,’

where the infimum is taken over all the decompositions of the form (4).
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Proof. (i) = (ii). Given an arbitrary B-valued martingale f = (f;),>0 such that
|D(s"(f))| p.g < == For k € Z, the stopping time v* is defined as:

v i=inf{neN:s (f) > @ (2} (infd = ).
Indeed, v* < V¥!. For k€ Z and n € N, set
. q)fl(szrl)

ut = and af = f" _f”

: (if u* = 0 then let a* = 0).
O~ (P(vk < o0) 7) u

Note that for any fixed k € Z,

k+1 k
da]}; dfl) _ df,;) _ dfn%{vk<kn<vk+1} in e,
H u
Then
]En_l(da];l) _ En—l(df")x{vk<ngvk+1} _

Lk
Hence, (a%),>0 is a B-valued martingale. From the definition of a¥, we have 5" ((a%),>0)
=0 on {vF =oo}. Moreover, s’(f“k) =57, (f) < ®~1(2%). Therefore,

=

1
5 (@)nn0) = (oo Bner (14b)) 2ok ™)
5£k+1 (f)
ik
=¢! <P(Uk < 00)_%>X{Dk<w}.

< K{vk<eo}

Then by Lemma 3 (iii),, we get

=C

r

M ((@4)n0)

<C|

r

S"((dp)nz0) 5" ((ap)n>
< CP(V* < o) 7 O~ I(P(vk <oo)—%) <o,

Thus, (aX),>0 is L,(B)-bounded martingale. Since condition (i) implies B has the
RNP (see Remark 2), then af converges a.s. to a limit ¢* in L,(B) by Lemma 5.
Therefore, ak = E,(a*) (see [19, p. 27]). Combining this with (7), we obtain

§(d)]| <PEF<epra (P < oo)*%). ©)
K
For n < v*,
1)IH»I _ l)k _
E,(d") =d\ =22 no_ Il (10)
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According to (9) and (10), we conclude that a* is a (D, p, K)Sr -atom. Furthermore,

ZkeZ‘u Zm 1 (2k€demx{vk<m<vk“}> =Jn,

which implies that f has a decompositon of the form (4). Since 0 < p < r, by applying
(8) and Holder’s inequality, then (5) holds. It is easy to check that

@(qurl (IP(U" < oor%)) =gkl (11)
and
{(vF < oo} = {d)(s’(f)) > zk} .
Then we get the following inequality for 0 < g < eo:

[{pet <oo(uto (pet <=)77))},
- H{IP((I)(S’(f)) > 2")52"“}

L

keZ i,

— (Bl (r >>2k>%z<’f+l>q)é

(Zkezl’/ 1) >1)” t‘f‘ldt>g
= Hq)(sr(f))”nw

This also shows that (u*,a*,v¥) € &% (®,p,q,x). Standard modifications can be
made for g = co. Consequently,

[{rot <epo{wort(pet <o)},

| SIOE ) lpe (12

On the other hand, it follows from the sublinearity of the conditional r-variation
s” and the subadditivity of ® that

D(s"(f) < <ZkeZ'us ) Dier @(u's (@)

For an arbitrary integer kg, we define

Tien @S (@) = B0 oty (@) + T, (Ut (@) =T+ T,

Then
(I)(Sr(f)) <h+T

and

||X{<p >2ko+1}||p ~ HX{T1>2"O}”P+ HX{T2>2’<0}||17 (13)
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Estimation for Y, 7,2 Oqu{Tl>2kO} .

Let 0 < 6 < min{p,q,1}. Choose A such that 1 < A < min{%, %} By Cheby-
shev’s inequality, Remark 1 (iii) and Lemma 2, we obtain

HX{T1>2"0}”19<2]€% [ 1120:_7106q;(luksr(ak”}}L

p

L
0

N R

P
Z]

N

1 ko—1 , A0
2koA k():*”q)(uks (ak)>

é
1 ko—1
27 | e

1
1 ko—1 ke Ay |[49 17
s { T ot @

[

o(uts (@)’

N

P
2]

1

1 ko1 o (ukllsm (@)l 0’
<L Jyw ]P’(vk<o<>)1)d><7 |
Nzko)t{ k=—o0

P(vk < o)

By the definition of (@, p, K)“J -atom, it is easy to see that

k|| (4K
P(vk < oo)i

Next we divide the proof into two cases according to the value of ¢.

Case 1: 0 < g <. Set 1 <n < A, then one can further deduce that

||X{Tl>2k0}||p (15)
1 k=1 1k 0 o0

S Skox { k:—ooI[D(v <e0)r2 }
1 ko—1 k 8 Jkn0~k(2—n)0 5

= o7 { 0 P(VF < 00) 72M102 }

- 1 ko=l ok 2 5kng i k-1 HkA—1)07L, h

< g | DRt <P {T j

214 ko—1 q i
B go(n-1) { PV < oo),,zknq} E
2kon<1—2 40 ) e
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where the first “<” is due to Holder’s inequality and g + % = 1. By using (15), the
Abel transformation and (11), we get

Zkoezzkoq“l{nﬂko}”; (16)
<y 2k0q(1_n)2§()=:1wp(“k < m)%zknq
ko€Z
k 4k o kog(1—
= Dhen P(V" < o0) 2 2k0=k+12 it
1

- k 4 (k+1
Y Dier PV < o0) 214

! z AN’
B mzkezp(“k <°°)Zq)(ﬂkq>71<P(vk < o) p)) :

Estimation for Y 7, 2k°’1H)({T2>2k0} 5.
For the above symbol 6, let 0 < < 1. It follows from Chebyshev’s inequality,
Remark 1 (iii) and Lemma 2 that

1 = B
HX{T2>21<0}||p < b [2k=k0q)<.uksr(ak)>}
P
1
_ 1 o cr e\ 18917
= DkoB [Zk:koq)<‘u s (a ))} .
1
1 * ke i\ P00
< ko Zk:koq)(“ s'(a )) ,
1
< ! < O uks” (ak Bo ’
= Sk Zk:ko <“ s'(a )) ;
1
_ 1 o ko )PP
kP {Zkko o (uts (@) Hﬁp}
1
1 o X 0 “kHsr(ak)”K poY o
S 0B | 2ty PV <) "®<ﬁ :
P(U <o<>)r<
Choose & such that § < & < 1. Taking the same argument as in (14), we have
1 . 0 1
”%{T2>2k0} Ip < kB {Zk:ko P(v* < o) pzkﬁe} (17)
1
B Qk% {2::k0 P(v* < w)%z"éf’zk(ﬁ*@@} 0
-0
40

< zk% {2:=k0 P(v* < oo)%zkéq}é {Z:zko zk(Bfé)Q#}
B (1 21”“)2—9 { s PO < )it}
0 _ =

_—
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which implies
Zker 2k0qH7f{T2>2k0} ¥
S) IR i (G OLES
- ZkeZ }p(vk < o) FokEq 2:0:700 2kog(1-¢)
1

= k 4 (k+1
_mzkezp(v < ooy p (k1)

= 1 k I kay—1 k -1\\¢

= 537 Dker PV <) r (o (Bt <o) 7))
As a consequence of (13), (16) and (18), we get

[D(s" (NI 4

~ ko+1

g
! k

| Zaen? o)

< {ror <mtoluort(por < )

‘ q

p

ki
S Zager?™ o0

‘ q
P

q

keZ i,
Case 2: q = oo. Firstly, by (15), we find that
1 k=1 k PP
1m0y 0 S 57 { S L B(0F < o) 72440}

! 1 ko—1 T
< gorsumca Bt < b2 (B 200 0)
: P _1
S g sumien Pt <)o (who! (P(uf <) 7))

Thus we get that

1 _ _1
Uiy 29117, 5kl S supiez P(VF < o) 7 (™! (P(v < ) 7)),

Secondly, by using (17), we have
< 1 *© k 8 kB 7
H?C{szko],”pN W{zk:kop(v < 0)r2 }
! k L[N k(-1 7
< Jp SUPrez PV < 02)72 {Zk=k02 B )}

l D —_=
< Bt <o (ptont (2t < h))

which means

1 _ _1
Uk, 2% | 2y 0y Iy S 5upiez PVF < )70 (whe! (P(0F <) 77) ).

(18)

19)
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Consequently, we have

1D(s" (£)) | p.= == sUPkyez 2% | X pap(vr 1) 520013 (20)
{®(s"(f)) }

Nsupkoezz Hx{Tl>2k0}Hp+Supk0€Z2k°||x{T2>2k0}Hp

<ot <ortofuior (s0t <o)}

ezl

Combining with (19) and (20), we obtain that

O o <ol (st <o )}

Taking the infimum over all decompositions of the form (4), we get (6).
(ii) = (i). Let f = (fu)n>0 be a B-valued martingale and satisfy

E( X o ldful) <

. 1)
lq

For 1 <r <2, we have

£l < 151 = (E( S lasl)) <=

Choose ®@(t) = ¢, then ||®(s"(f))|[1 = ||s"(f)|l1 <o and ®~!(¢) =¢. We know f =
(fn)n=0 has a decomposition as (4). Therefore,

[{Po <o(wort(pot <)}

= [, <

and
k
Supyez [|M(a”) |1 < ee.
Furthermore, for any € > 0, there exists a kg € Z such that

k
2|k\>k0“ <&

Notice that a* =, (a*) converges to the function a* as n — o in L;(B) for each

ke Z (see [19, p. 27]). Thus, there exists My € N such that

S

when m,n > M. Set N = maxy i, {M} . Then for m,n >N, we can state that

kaﬁ )

I fn = fullL, 8y = E (HZkeZ whay, — ZkeZ‘u
< ¥ Bl )
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_ k k k k k k
— Z|k‘>k0‘u IE:(”am _an”) +2|k\<k0‘u E(Ham _an”)
gzsupkeZ HM(ak)HlZU{bko ‘uk+82\k|<k0 kaz&

This implies that (f5,),>0 is a Cauchy sequence in L;(B) and thus converges in L;(B).
Hence, (f,)n>0 converges in probability (see [19, p. 14]). Therefore, by Lemma 3, B
is isomorphic to a r-uniformly smooth space. The proof is completed. [J

It is observed that the proof of (21) in Theorem 1 is mainly related to the subaddi-
tivity of ® and the sublinearity of s”. Namely, for [[®(S"(f))l|p.q (resp. [®M(f))]lp.q-
Hd?(s’(f))HM) we have:

COROLLARY 1. Let B be a Banach space and ® € 4 be a concave function. If
I1<r<e, 0<p<eo, 0<g< oo, max{l,p} < kK < oo and the B-valued martin-
gale f = (fu)n=0 has a decomposition of type (4) with (u*,d*,v*) € 75 (®,p,q,x)
(resp. (uk,a* vk e M (D, p,q, k), (u*,d* V%) € ;zfsr((l),p,q,K)), then

[0S ()4 < inf]|{ E@F < )b (k! (P(0F <) 5 )) }

kezlly,

keZ

)
lq>

Next we will establish the atomic decompositions for ®(f) in Qf,fq(B) and 7, 4(B).

(resp. [P,y S inf][{ P <) p (b ! (Bk <) 7))}

’
Z‘I

o, {0t <t (rt <o74)

keZ

where the infimum is taken over all the decompositions of the form (4).

THEOREM 2. Let B be a Banach space, ® € 4 be a concave function, 1 <r <2,
0<p<rand0<q< . The following assertions are equivalent:

(i) B is isomorphic to a r-uniformly smooth space;

(ii) If the B-valued martingale f = (fu)n>0 satisfies ||q)(f>”£2,§i,(B) < oo, then
there exists a sequence of triples (u*,a*, v*) € o/ (®,p,q,) such that for n > 0,
(4), (5) hold and

197 | oy 5y = inf | { (0 < o) @ (! (B0 < o) 7)) }

;o (22

kezlly,

where the infimum is taken over all the decompositions of the form (4).

Proof. (i) = (ii). The proof is similar to the one of Theorem 1, so we omit
some details. Let f = (fy),>0 be a B-valued martingale with [|®(f)]| 55 B) < -
pq

Fix (An)nso € A[25

). q@( £)](B). For every k € Z, we define stopping time

vFi=inf{n e N: 1, > ® (25} (inf® = o).
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Let u* and a* be defined as in the proof of Theorem 1. Then (@), is a B-valued
martingale with §7, (f) <Ay <P~ 1(2). Analogously to the proof of (7), we get
r( (K -1 k -1
S <(an)n>0> < X{vk<w}q) (P(’U < o) P).

Hence, by Lemma 3 (iii), we obtain

[p(@nso)], <5 (inrnan),

A similar verification of Theorem 1 shows that there exists a function ¢* in L,(B) such
that ak =E,(a*) (n € N). Furthermore, ¥ isa (@, p,e0)S -atom with sup,., [|M(da")]|,
< oo and (4) holds. For the case of 0 < g < o, by using the facts that {vf < oo} =
{®(Ae) > 2%} and (11), we have

<c‘

<CP(VF < o) 07! (P(0F < oo)—%) < o,

ez PV < °°)’%q’<ukq>*l (P(v" < 00)7%))[1

=3 P(®( >2k)%2(k+1>q
S Zkezp/ )>1) P19 dr
- HCD( °°)Hp,q'

The case g = o= is obvious. Taking the infimum over all (4,),>0 € A[Qﬁ g0 ()(B),
we obtain that

[{Pot <epo(wort(Ft<=r))}

On the other hand, it follows from the definition of (®, p,0)S" -atom that

|, S0 Log, m)

{8"(d*) > 0} C {v* <l
Additionally, for all n € N, let
P = Y 7@ i
Then (p;)n>0 € A and S (f) < p,. Fix an integer ko and set

P = T (S0 [t cay)s 2D 1= B (A ST(@) i o)

D(p..) < pl) +p2

o2y, = gy, + g,
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Replacing 77 and T, by po(ol) and pcg) in Theorem 1, respectively. Then we have

i k_ oo\s kgy—1 k oo—l»}
10 g, my ~ inf |[{P(* < )p (e (Pt <) 7)) ]
where the infimum is taken over all decompositions of f of the form (4).

(ii) = (i). Suppose that f = (fu)n>0 is a B-valued martingale with S"(f) € L.
Let ®(t) =t and A, = || S}, | (f)||~ for n € N. Clearly, (A,),>0 € A and S}, | (f) < Ay.
Consequently,

1001 o3y < 191 = [187(F)] < o=

Therefore, (f,)n>0 has a decomposition as (4). The rest of the proof is similar to the
one in Theorem 1. [

THEOREM 3. Let B be a Banach space, ® € 9 be a concave function, 0 < p < oo
and 0 < g < oo. The following assertions are equivalent:

(i) B has the RNP;

(i) If the B-valued martingale f = (fu)n>o satisfies || ®(f)|2,,(B) < oo, then
there exists a sequence of triples (u*,a*,v%) € oM (®,p,q,o0) such that for n >0,
(4), (5) hold and

[0()1 5, o) = inf | { P(0* < )P0 (b ! (P(0F <o) 7)) } @3)

kezlll,’

where the infimum is taken over all the decompositions of the form (4).

Proof. (i) = (ii). The proof follows the ideas in Theorem 2, so we only outline the
major steps. Suppose that f = (f,)u>0 is a B-valued martingale with ||®(f)|/z, ) <

oo. For every k € Z, define stopping time v* as follows
vhi=inf{neN: 4, > @ (25} (inf0 = o),

where (An)n=0 € A[Zp40(f)](B). Define u* and a* as Theorem 1. Thus it is suffi-
cient to prove that

k+1
k” _ Hf;;) —
nil — “k
k+1

U + Uk
<M U+

Uk
||a n ||

X{vk<eo}

q)fl (2k+1) =+ q)fl (Zk)
< “k
1

<207 (P(0* <o) 1) gty

X{uk<<x=}
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Therefore,
[#((@nsa) |5 07 (0 <=77).

This shows that there exists a B-valued integrable function a* such that af = E,(a)
(n € N). Then & is a (®, p,0)M -atom and (4) holds. Referring to the proof of Theo-
rem 2, we can easily get (5) and

o) kepy—1 ko o) 3 H <
H{ U < pq)(“q) <P(U <) ’>>}k€Z quHq)(f)”@”‘”(B)
On the other hand, set

(e ZkezukHM(ak)H‘x’X{vkgn}'

Then (0y)n=0 € A and || fy41]] < pn. For a fixed integer ko, let

ko—1
pd) =30 @ (UMMl ih )

= ko D ("M (@) ]| 2t ceny ) -
Consequently,
D(p..) < pV +p?
and
IR [ e Y e

If we replace T1 and T, by pcfol) and po(oz) in Theorem 1, respectively, then we obtain

18(7) 1, oy = inf | { (0 < )P (ko (B0 <o) 7)) }

rezlli,’
where the infimum is taken over all decompositions of f of the form (4).

(ii) = (i). Choose B-valued martingale f = (fy)n>0 such that sup,~o || full..B) <
co, Let ®(t) =t and A, = ||My+1(f)||» for all n € N. Obviously, (A,)n=0 € A and
| fus1ll < Ay . Hence,

1P 2,(8) < [1P(Aee) 1 < SUPg [ full ) < oo

It is similar to that of (ii) = (i) in Theorem 1, we can prove that (f;),>0 converges in
L;(B). More precisely, (fu)n>0 converges a.e. According to Lemma 5, we know that
B has the RNP. 0

REMARK 3. If ®(r) =¢ and K = o, then Theorem | reduces to the corresponding
result in [18]; If ®(r) =1¢, then Theorems 2 and 3 recover the corresponding results in
[18].

REMARK 4. If we consider the special case r =2, ®(r) =¢ and B =R in Theo-
rems 1, 2 and 3, we get the atomic decomposition of Hardy-Lorentz martingale spaces

H} .. 2pq and ) 4, respectively.
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4. ®-moment B-valued martingale inequalities
In what follows, with the help of atomic decomposition theorems achieved above,
we deduce some fundamental ®-moment B-valued martingale inequalities on Lorentz

spaces. Our conclusions strongly depend on the smoothness or convexity of Banach
spaces.

THEOREM 4. Let B be a Banach space, ® € 4 be a concave function, 1 <r <2,
0< p<rand0<q<eo. The following assertions are equivalent:

(i) B is isomorphic to a r-uniformly smooth space;

(ii) If the B-valued martingale f = (fu)n>0 satisfies |®(s"(f))|p.q < oo, then

LM (N)lpg S NP (g3 (24)

(iii) If the B-valued martingale f = (fy)n>0 satisfies Hq)(f)Hgg’q(B) < oo, then

1M (fDpg S NP 257, 8- (25)

Proof. (i) = (ii). Suppose that f = (fu)n>0 is a B-valued martingale satisfies
|D(s"(£))]|p.g < . By Theorem 1, there exists a sequence of triples (u*,a*, v*) €
/% (®, p,q,r) such that

1 k Lk
Efn = Zkezﬂu E, (Ea ) a.e.

and

|2 (g~ | {F <jro (o (Pt <)7) )} ] -

Recall that, by Lemma 3 (iii), for any B-valued martingale g,
1M(g)ll- < CIIS"(&) Il =ClIs" ()l

where C > 1. Obviously, a* = (ak),>0 is a B-valued martingale. Hence,

(e)

Therefore, it is clear that (uk, éak, Uk) € oM (®,p,q,r). Additionally, by Corollary 1,
we find that

P((z)

1
< Is" (@)l < P(vF < oo) 7! (IP(U" < oo)*ﬁ).

r

< ot <ortofutor (st <o )},
pPq q




@ -MOMENT B-VALUED MARTINGALE 453

Further on, we conclude by Lemma 1 (i) that

el <o {u(er))]

T R ,q
~ D" ()l p.g-

Thus, [|[DM(f))ll,4 S 19" () lp.g-
(ii) = (i). Assume that f = (f,)n>0 is an arbitrary B-valued martingale with

E(ZZO IIdfmllr) = IS"(N} < .

Let ®(z) =t. For n € N, define B-valued martingale g" = (g0)m>0 by & = fin+n —
fa. Actually, [s"(g")]" = [s"(f)]" = [s;_1(f)]" — 0 as n — e and s"(¢") <s"(f). By
the Lebesgue dominated convergence theorem, we have ||s"(g")]|, — 0 as n — eo. Ap-
plying (24) to g", we have

[ fontn = fallLy @) < @M ()1 S 1P(s"(€") I = 0, (n— o).

Now we claim that (f,),>0 is a Cauchy sequence in L;(B). Then (f,),>0 converges
in probability (see [19, p. 14]). Using Lemma 3, we obtain that B is isomorphic to a
r-uniformly smooth space.

(i) = (iii). Let f = (fu)n>0 be a B-valued martingale and satisfy || ®(f) 25,(B

< oo, According to Theorem 2, there exists a sequence of triples (u*,af k) 6
/5 (®, p,q,o) such that

1
ZkeZMkE <C k) a.e.

and

\\q)(f)||ggfq(3) ~ H{IP’(U" < oo)%tl)(ukCD‘I <IF’(U" < oo)‘%))}

kezlly,”

Moreover, it follows from the definition of (®, p,0)S" -atom that {S"(a*) >0} C {vF <
oo} . Therefore, we obtain

r r l
17 (a") [l < 1187 (@")[|P(v* < o).
Using Lemma 4 (ii), we see that
k r( k
M)l < C[S" (@)l (C>1).
Since a* is a (®, p,) -atom, then we can conclude that

(z)

<P(VF < w0) T @ <IP(U" < oo)—%).

r




454 L.L1, K.Liu,L. WANG AND L. YU

Itis easy to check that (u*, ta*,v*) € @™ (®, p,q,r). It follows from Corollary 1 and
Lemma 1 (i) that

IOl < | {B0F <)o (Pt <e=)70)) b ]

Hence, |®(M(f))|lpq S H‘I)(f)||ggfq(B)'

(iii) = (i). Suppose that f = (fy)n>0 is a B-valued dyadic martingale with S™(f) €
L., and ®(¢) =t. For every n € N, set A, = Cs;(f). Obviously, (A,),>0 € A.
Clearly, since f is a B-valued dyadic martingale, we have S;,(f) < Cs(f) for each
n € N. Additionally, S, (f) < Ay. As a consequence, we may infer that

1D 5y < [|@(A=)][1 = ClIs" ()1 < . (26)
Let us denote g" = (g7, )m=0 as (ii) = (i). According to (25) and (26), we get

[ fontn = falley @) < @M ()1 S (")

o5 ) SIS =0, (n— o).
Similarly to (ii) = (i), we obtain B is isomorphic to a r-uniformly smooth space. [J

THEOREM 5. Let B be a Banach space, ® € 4 be a concave function, 2 < r < oo,
0 < p<rand0<q<eo. The following assertions are equivalent:

(i) B is isomorphic to a r-uniformly convex space;

(ii) If the B-valued martingale f = (fu)n>0 satisfies [|®(f)|| 7, ,») < e, then

1S (Nlpg S 192,485 27

(iii) If the B-valued martingale f = (fu)n>o satisfies || ®(f) 7, ,®) < o, then
D" (D p.g S N2 2,,408)- (28)

Proof. (i) = (ii). Let f = (fs)n>0 be a B-valued martingale with [ ®(f)|| 5, ,8) <
co. Since B is isomorphic to a r-uniformly convex space implies that B has the RNP
(see Remark 2). Then by Theorem 3, there exists a sequence of triples (uk ,ak, vk) €
M (®, p,q,) such that

1

1
cfn= ez W En (Eak> ae.
and

[{rot <epofwortFet <= i)},

According to Lemma 4 (ii), we know that for any B-valued martingale g,

~ |1 2(N)ll2,,m)

Is"(&)ll- = 115"(&)l- < ClIM(g)] -, (C>1).
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Apparently, a* = (at),>0 is a B-valued martingale. Therefore, a proof similar to (i) =
(iii) in Theorem 4, we can get

“(e)

This shows that £a* isa (®,p,r)’ -atom and (u*, Lak,v*) € &5 (@, p,q,r). Conse-
quently, by Corollary 1 and Lemma 1 (i), we obtain

(8"l < [{B@F < )7 (o (ot <)) }

<P(vF < w0) T @ <IP’(U" < oo)—%).

r

kezlll,”

Therefore,

1DS" (Dl pg S 19(F)

@pq(B) )

(i) = (iil). We can prove (i) = (iii) similarly as above.

(i), (iii) = (i). Assume that f = (f,;),>0 is an arbitrary B-valued dyadic martin-
gale satisfying sup,~¢ || ful|r.(B) < oo Set @(t) =1 and A4, = [[My41(f)l|- Itis clear
that (A,)n>0 € A and || f+1|| < Ay. Thus, we have

1D(f)

Then, S"(f) <o a.e. by (27) and s"(f) < e a.e. by (28). In the latter case, because
f is a B-valued dyadic martingale, we have S"(f) < Cs"(f) < eo. Applying Lemma 4,
we obtain that B is isomorphic to a r-uniformly convex space. [J

7(B) S [@(A) 1 < SUp,>0 anHLm(B) < oo,

REMARK 5. Let ®(f) =¢ and 0 < p = ¢ < 1 in Theorems 4 and 5. Then we
obtain Theorems 5 and 6 in [20], respectively.

REMARK 6. Let ®(r) =t in Theorems 4 and 5. Then we get Theorems 5.4 and
5.6 in [18], respectively.
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