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CHARACTERIZATIONS OF wρ –BIRKHOFF––JAMES

ORTHOGONALITY AND wρ –PARALLELISM

FUAD KITTANEH ∗ AND ALI ZAMANI

(Communicated by M. S. Moslehian)

Abstract. We study the concepts of Birkhoff–James orthogonality and parallelism in Hilbert
space operators, induced by the operator radius norm wρ (·) . In particular, we completely char-
acterize Birkhoff–James orthogonality and parallelism with respect to wρ (·) . As an application
of the results presented, we obtain a well-known characterization due to R. Bhatia and P. Šemrl
for the classical Birkhoff–James orthogonality of Hilbert space operators. Some other related
results are also discussed.

1. Introduction

Let
(
H ,〈·, ·〉) be a complex Hilbert space equipped with the norm ‖·‖ , and let

SH denote the unit ball of H , i.e., SH =
{
x ∈ H : ‖x‖ � 1

}
. Let B(H ) be the

C∗ -algebra of all bounded linear operators on H . For ρ > 0 an operator A ∈ B(H )
is called a ρ -contraction (see [16]) if there is a Hilbert space K (⊇ H ) and a unitary
operator U on K such that Anx = ρPUnx for all x ∈ H ,n = 1,2, · · · , where P is
the orthogonal projection from K to H . Holbrook [9] and Williams [22] defined the
operator radii wρ(·) as the generalized Minkowski distance functionals on B(H ) , i.e.,

wρ(A) = inf
{
t > 0 : t−1A is a ρ-contraction

}
.

The operator radius wρ(·) , usually referred to in the literature as the ρ -radius, plays a
very important role in the study of unitary ρ -dilations (see, e.g., [17]). It is well known
that wρ(A∗) = wρ (A) and wρ(U∗AU) = wρ(A) for all A and all unitary U ∈ B(H )
i.e., wρ(·) is, respectively, self-adjoint and weakly unitarily invariant. Moreover, the
operator radii wρ (·) have the properties:

w1(A) = ‖A‖,

where ‖·‖ is the Hilbert space operator norm, that is, ‖A‖= sup
{‖Ax‖ : x ∈ SH

}
and

w2(A) = w(A),
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where w(·) is the numerical radius, that is, w(A) = sup
{|〈Ax,x〉| : x ∈ SH

}
. For every

A ∈ B(H ) , we also have

1
ρ
‖A‖ � wρ(A) � 1+ |1−ρ |

ρ
‖A‖. (1)

If A is normal (i.e., A∗A = AA∗ ), then wρ(A) = 1+|1−ρ |
ρ ‖A‖ and if A is 2-nilpotent

(i.e., A2 = 0), then wρ (A) = 1
ρ ‖A‖ . Notice that there is a major difference between the

case when 0 < ρ � 2 and 2 < ρ < ∞ . It is known that for ρ ∈ (0,2] , wρ(·) is a norm
on B(H ) but for ρ ∈ (2,∞) is only a quasi-norm. For proofs and more facts about the
operator radii, we refer the reader to [2, 5, 9, 10, 17, 22].

Now, let ρ ∈ (0,2] and A,B ∈ B(H ) . We say that A is wρ -Birkhoff–James
orthogonal to B (see [6, 11]), in short A ⊥wρ B , if

wρ(A+ γB) � wρ(A) for all γ ∈ C,

or equivalently,

min
γ∈C

wρ(A+ γB) = wρ(A).

In particular, when ρ = 1 and ρ = 2, we obtain, respectively, the definitions of the
classical Birkhoff–James orthogonality (written A ⊥ B) and the numerical radius or-
thogonality (written A ⊥w B) in B(H ) . The Birkhoff–James orthogonality plays a
very crucial role in the geometry of Hilbert space operators, see [4, 18, 19, 21] and the
references therein. Characterizations of the Birkhoff–James orthogonality for operators
were given in [8, 13, 15, 23, 26].

Furthermore, we say that A is wρ -parallel to B (see [20]), and we write A ‖wρ B ,
if

wρ(A+ λB) = wρ(A)+wρ(B) for some λ ∈ T,

or equivalently,

max
λ∈T

wρ(A+ λB) = wρ(A)+wρ(B).

Here, as usual, T is the unit circle of the complex plane. For ρ = 1 and ρ = 2, we also
obtain, respectively, the definitions of the the operator norm parallelism (written A ‖ B)
and the numerical radius parallelism (written A ‖w B) in B(H ) . The concept of paral-
lelism plays a significant role in the study of the geometric and the analytic properties of
Banach space, for instance, see [7, 20, 25]. Some other authors studied different aspects
of parallelism of bounded linear operators, see [14, 24] and the references therein.

Motivated by these, in this paper we explore the wρ -Birkhoff–James orthogonality
and the wρ -parallelism on B(H ) . In particular, we present characterizations of the
wρ -Birkhoff–James orthogonality and the wρ -parallelism. Our results extend some
previously known results which appeared in the literature [4, 13, 14, 24].
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2. The wρ -Birkhoff–James orthogonality

We start our work with the following proposition, which contains some basic prop-
erties of the relation ⊥wρ .

PROPOSITION 1. Let A,B ∈ B(H ) and ρ ∈ (0,2] . The following conditions are
mutually equivalent:

(i) A ⊥wρ B,

(ii) A∗ ⊥wρ B∗ ,

(iii) αA ⊥wρ βB for all α,β ∈ C\ {0} ,

(iv) U∗AU ⊥wρ U∗BU for all unitary U ∈ B(H ) .

Proof. The proof immediately follows from the definition of the relation ⊥wρ and
the properties of wρ(·) . �

REMARK 1. Let A,B ∈ B(H ) .
(i) If ρ ∈ (0,2] and A is 2-nilpotent, then wρ(A) = 1

ρ ‖A‖ , and so the condition
A ⊥ B implies A ⊥wρ B . Indeed, for every γ ∈ C , by (1) it follows that

wρ (A+ γB) � 1
ρ
‖A+ γB‖� 1

ρ
‖A‖ = wρ(A).

(ii) If ρ ∈ [1,2] and A is normal, then wρ (A) = ‖A‖ , and hence the condition
A ⊥wρ B implies A ⊥ B . Indeed, for every γ ∈ C , again by (1), we have

‖A+ γB‖� wρ (A+ γB) � wρ (A) = ‖A‖.

In order to prove our desired characterization of the wρ -Birkhoff–James orthogo-
nality, we need the following lemmas.

The first lemma has been proved recently in [12, Theorem 3.1].

LEMMA 1. Let X ∈ B(H ) and ρ ∈ (0,2] . Then

wρ (X) =
2
ρ

w

([
0
√

ρ(2−ρ)X
0 (1−ρ)X

])
.

The second lemma reads as follows. Our approach is similar to the one given in
[26, Theorem 1].

LEMMA 2. Let A,B ∈ B(H ) and ρ ∈ (0,2] . The following conditions are equiv-
alent:

(i) wρ(A+ rB) � wρ(A) for all r � 0 ,
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(ii) there exists a sequence

{[
xn

yn

]}
in SH ⊕H such that

lim
n→∞

∣∣∣∣∣
〈

Ayn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉∣∣∣∣∣= wρ(A)

and

lim
n→∞

Re
(〈√

ρ(2−ρ)xn +(1−ρ)yn,Ayn

〉〈
Byn,

√
ρ(2−ρ)xn +(1−ρ)yn

〉)
� 0.

Proof. (i)⇒(ii) Let wρ(A + rB) � wρ (A) for all r � 0. We may assume that
wρ(A) �= 0 otherwise (ii) trivially holds. So there exists ε0 ∈ (0,1) such that wρ(A) �
ε2 for all ε ∈ (0,ε0) . Therefore,

wρ(A+ εB) � wρ(A) � wρ(A)− ε2 � 0
(
0 < ε < ε0

)
. (2)

Let ε ∈ (0,ε0) . By Lemma 1 we have

w

([
0
√

ρ(2−ρ)(A+ εB)
0 (1−ρ)(A+ εB)

])
=

ρ
2

wρ(A+ εB),

and hence there exists a sequence

{[
xn

yn

]}
in SH ⊕H such that

lim
n→∞

∣∣∣∣
〈[

0
√

ρ(2−ρ)(A+ εB)
0 (1−ρ)(A+ εB)

][
xn

yn

]
,

[
xn

yn

]〉∣∣∣∣= ρ
2

wρ (A+ εB). (3)

Utilizing Lemma 1, (2) and (3), we have

ρ
2

wρ(A)+ ε
ρ
2

wρ(B) = w

([
0
√

ρ(2−ρ)A
0 (1−ρ)A

])
+ εw

([
0
√

ρ(2−ρ)B
0 (1−ρ)B

])

� lim
n→∞

∣∣∣∣
〈[

0
√

ρ(2−ρ)A
0 (1−ρ)A

][
xn

yn

]
,

[
xn

yn

]〉∣∣∣∣
+ ε lim

n→∞

∣∣∣∣
〈[

0
√

ρ(2−ρ)B
0 (1−ρ)B

][
xn

yn

]
,

[
xn

yn

]〉∣∣∣∣
� lim

n→∞

∣∣∣∣
〈[

0
√

ρ(2−ρ)(A+ εB)
0 (1−ρ)(A+ εB)

][
xn

yn

]
,

[
xn

yn

]〉∣∣∣∣
=

ρ
2

wρ (A+ εB) � ρ
2

wρ(A),

and so by letting ε → 0+ we obtain

lim
n→∞

∣∣∣∣
〈[

0
√

ρ(2−ρ)A
0 (1−ρ)A

][
xn

yn

]
,

[
xn

yn

]〉∣∣∣∣= ρ
2

wρ (A).
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This implies

lim
n→∞

∣∣∣〈√ρ(2−ρ)Ayn,xn

〉
+
〈
(1−ρ)Ayn,yn

〉∣∣∣= ρ
2

wρ (A),

or equivalently,

lim
n→∞

∣∣∣∣∣
〈

Ayn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉∣∣∣∣∣= wρ (A).

We also have

2ε lim
n→∞

Re
(〈√

ρ(2−ρ)xn +(1−ρ)yn,Ayn

〉〈
Byn,

√
ρ(2−ρ)xn +(1−ρ)yn

〉)

+
ρ2

4
w2

ρ(A)+ ε2 ρ2

4
wρ (B)

= 2ε lim
n→∞

Re

(〈[
xn

yn

]
,

[
0
√

ρ(2−ρ)A
0 (1−ρ)A

][
xn

yn

]〉〈[
0
√

ρ(2−ρ)B
0 (1−ρ)B

][
xn

yn

]
,

[
xn

yn

]〉)

+w2
([

0
√

ρ(2−ρ)A
0 (1−ρ)A

])
+ ε2w2

([
0
√

ρ(2−ρ)B
0 (1−ρ)B

])

� 2ε lim
n→∞

Re

(〈[
xn

yn

]
,

[
0
√

ρ(2−ρ)A
0 (1−ρ)A

][
xn

yn

]〉〈[
0
√

ρ(2−ρ)B
0 (1−ρ)B

][
xn

yn

]
,

[
xn

yn

]〉)

+ lim
n→∞

∣∣∣∣
〈[

0
√

ρ(2−ρ)A
0 (1−ρ)A

][
xn

yn

]
,

[
xn

yn

]〉∣∣∣∣
2

+ ε2 lim
n→∞

∣∣∣∣
〈[

0
√

ρ(2−ρ)B
0 (1−ρ)B

][
xn

yn

]
,

[
xn

yn

]〉∣∣∣∣
2

= lim
n→∞

∣∣∣∣
〈[

0
√

ρ(2−ρ)(A+ εB)
0 (1−ρ)(A+ εB)

][
xn

yn

]
,

[
xn

yn

]〉∣∣∣∣
2

=
ρ2

4
w2

ρ (A+ εB) � ρ2

4

(
wρ(A)− ε2)2 =

ρ2

4
w2

ρ(A)− ε2 ρ2

2
wρ (A)+ ε4 ρ2

4
,

which yields

lim
n→∞

Re
(〈√

ρ(2−ρ)xn +(1−ρ)yn,Ayn

〉〈
Byn,

√
ρ(2−ρ)xn +(1−ρ)yn

〉)

� ε3 ρ2

8
− ε

ρ2

4
wρ (A)− ε

ρ2

8
w2

ρ (B). (4)

Finally, by letting ε → 0+ in (4), we conclude that

lim
n→∞

Re
(〈√

ρ(2−ρ)xn +(1−ρ)yn,Ayn

〉〈
Byn,

√
ρ(2−ρ)xn +(1−ρ)yn

〉)
� 0.
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(ii)⇒(i) Suppose (ii) holds. For any r � 0, by Lemma 1 we have

w2
ρ(A+ rB) =

4
ρ2 w2

([
0
√

ρ(2−ρ)(A+ rB)
0 (1−ρ)(A+ rB)

])

� 4
ρ2 lim

n→∞

∣∣∣∣
〈[

0
√

ρ(2−ρ)(A+ rB)
0 (1−ρ)(A+ rB)

][
xn

yn

]
,

[
xn

yn

]〉∣∣∣∣
2

= lim
n→∞

∣∣∣∣∣
〈

Ayn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉∣∣∣∣∣
2

+
8r
ρ2 lim

n→∞
Re
(〈√

ρ(2−ρ)xn +(1−ρ)yn,Ayn

〉〈
Byn,

√
ρ(2−ρ)xn +(1−ρ)yn

〉)

+ r2 lim
n→∞

∣∣∣∣∣
〈

Byn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉∣∣∣∣∣
2

� w2
ρ(A),

which implies wρ(A+ rB) � wρ (A) and the proof is completed. �
We are now in a position to establish the main result of this section.

THEOREM 1. Let A,B ∈ B(H ) and ρ ∈ (0,2] . The following conditions are
equivalent:

(i) A ⊥wρ B,

(ii) for each θ ∈ [0,2π) , there exists a sequence

{[
xn

yn

]}
in SH ⊕H such that

lim
n→∞

∣∣∣∣∣
〈

Ayn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉∣∣∣∣∣= wρ(A)

and

lim
n→∞

Re
(
eiθ
〈√

ρ(2−ρ)xn+(1−ρ)yn,Ayn

〉〈
Byn,

√
ρ(2−ρ)xn+(1−ρ)yn

〉)
� 0.

Proof. (i)⇒(ii) Let A⊥wρ B and let θ ∈ [0,2π) be fixed. Thus, wρ(A+ reiθ B) �

wρ(A) for all r � 0. By Lemma 2 there exists a sequence

{[
xn

yn

]}
in SH ⊕H such

that

lim
n→∞

∣∣∣∣∣
〈

Ayn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉∣∣∣∣∣= wρ(A)

and

lim
n→∞

Re
(〈√

ρ(2−ρ)xn+(1−ρ)yn,Ayn

〉〈
eiθ Byn,

√
ρ(2−ρ)xn+(1−ρ)yn

〉)
� 0,
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and hence we deduce (ii).
(ii)⇒(i) Suppose (ii) holds. Let γ ∈ C . Then γ = eiθ |γ| for some θ ∈ [0,2π) .

So, there exists a sequence

{[
xn

yn

]}
in SH ⊕H such that

lim
n→∞

∣∣∣∣∣
〈

Ayn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉∣∣∣∣∣= wρ(A)

and

lim
n→∞

Re
(
eiθ
〈√

ρ(2−ρ)xn +(1−ρ)yn,Ayn

〉〈
Byn,

√
ρ(2−ρ)xn +(1−ρ)yn

〉)
� 0.

Utilizing a similar argument as in Lemma 2, we get wρ (A+ |γ|eiθB) � wρ(A) . Thus,
wρ(A+ γB) � wρ(A) , or equivalently, A ⊥wρ B . �

When H is a finite dimensional Hilbert space, we have the following result.

COROLLARY 1. Let H be a finite dimensional Hilbert space, and let A,B ∈
B(H ) and ρ ∈ (0,2] . The following conditions are equivalent:

(i) A ⊥wρ B,

(ii) for each θ ∈ [0,2π) , there exists a vector

[
x
y

]
∈ SH ⊕H such that

∣∣∣∣∣
〈

Ay,

√
8−4ρ

ρ
x+

2−2ρ
ρ

y

〉∣∣∣∣∣= wρ(A)

and

Re
(
eiθ
〈√

ρ(2−ρ)x+(1−ρ)y,Ay
〉〈

By,
√

ρ(2−ρ)x+(1−ρ)y
〉)

� 0.

Proof. If A⊥wρ B , then from Theorem1 we obtain a sequence

{[
xn

yn

]}
in SH ⊕H

such that

lim
n→∞

∣∣∣∣∣
〈

Ayn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉∣∣∣∣∣= wρ(A)

and

lim
n→∞

Re
(
eiθ
〈√

ρ(2−ρ)xn +(1−ρ)yn,Ayn

〉〈
Byn,

√
ρ(2−ρ)xn +(1−ρ)yn

〉)
� 0.

Since

{[
xn

yn

]}
is a bounded sequence, then it has a convergent subsequence converging

to a vector

[
x
y

]
. This

[
x
y

]
is the required vector. The proof in the other direction is

straightforward. �
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As an immediate consequence of Theorem 1, we have the following result that can
also be found in [13, Theorem 2.3].

COROLLARY 2. Let A,B ∈ B(H ) . The following conditions are equivalent:

(i) A ⊥w B,

(ii) for each θ ∈ [0,2π) , there exists a sequence {yn} in SH such that lim
n→∞

|〈Ayn,yn〉|
= w(A) and lim

n→∞
Re
(
eiθ 〈yn,Ayn〉〈Byn,yn〉

)
� 0 .

Proof. The proof follows immediately from Theorem 1 for ρ = 2. �

As another consequence of Theorem 1 we have the following result.

COROLLARY 3. Let A,B ∈ B(H ) . The following conditions are mutually equiv-
alent:

(i) A ⊥ B,

(ii) for each θ ∈ [0,2π) , there exists a sequence

{[
xn

yn

]}
in SH ⊕H such that

lim
n→∞

|〈Ayn,xn〉| = 1
2
‖A‖ and lim

n→∞
Re
(
eiθ 〈xn,Ayn〉 〈Byn,xn〉

)
� 0 ,

(iii) there exists a sequence {zn} in SH such that lim
n→∞

‖Azn‖= ‖A‖ and lim
n→∞

〈Azn,Bzn〉
= 0 .

Proof. (i)⇒(ii) This implication follows immediately from Theorem 1 for ρ = 1.
(ii)⇒(iii) Suppose (ii) holds. For θ = 0,π , there exist, respectively, sequences{[

xn

yn

]}
and

{[
x′n
y′n

]}
in SH ⊕H such that

lim
n→∞

|〈Ayn,xn〉| = lim
n→∞

∣∣〈Ay′n,x
′
n

〉∣∣= 1
2
‖A‖

and

lim
n→∞

Re
(〈

x′n,Ay′n
〉〈

By′n,x
′
n

〉)
� 0 � lim

n→∞
Re(〈xn,Ayn〉 〈Byn,xn〉) .

Therefore, we can find sequence

{[
x′′n
y′′n

]}
in SH ⊕H such that

lim
n→∞

∣∣〈Ay′′n ,x
′′
n

〉∣∣= 1
2
‖A‖ and

〈
By′′n,x

′′
n

〉
= 0. (5)
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Put zn := 2‖x′′n‖y′′n and en := x′′n
‖x′′n‖ . Hence, ‖en‖ = 1 and by the arithmetic-geometric

mean inequality, we have ‖zn‖ = 2‖x′′n‖‖y′′n‖ � ‖x′′n‖2 + ‖y′′n‖2 � 1, and so zn ∈ SH .
Rewrite (5) as

lim
n→∞

|〈Azn,en〉| = ‖A‖ and 〈en,Bzn〉 = 0. (6)

Since |〈Azn,en〉|� ‖Azn‖ � ‖A‖ and
∥∥∥ Azn
‖Azn‖ − en

∥∥∥2
= 2− 2

‖Azn‖Re (〈Azn,en〉) , by (6) it

follows that lim
n→∞

‖Azn‖ = ‖A‖ and lim
n→∞

(
Azn

‖Azn‖ − en

)
= 0. Therefore, the above facts

imply that

lim
n→∞

〈Azn,Bzn〉 = lim
n→∞

(
‖Azn‖

〈
Azn

‖Azn‖ − en,Bzn

〉
+‖Azn‖〈en,Bzn〉

)
= 0.

(iii)⇒(i) Suppose that there exists a sequence {zn} in SH such that lim
n→∞

‖Azn‖=

‖A‖ and lim
n→∞

〈Azn,Bzn〉 = 0. We have

‖A+ γB‖2 � ‖(A+ γB)zn‖2 = ‖Azn‖2 +2Re(γ〈Azn,Bzn〉)+ |γ|2‖Bzn‖2

for all γ ∈ C and n ∈ N . Thus,

‖A+ γB‖2 � lim
n→∞

sup‖(A+ γB)zn‖2 � ‖A‖2

for all γ ∈ C , and so A ⊥ B . �

REMARK 2. The equivalence (i)⇔(iii) in Corollary 3 is due to R. Bhatia and
P. Šemrl [4, Remark 3.1].

3. The wρ -parallelism

In this section, we explore the wρ -parallelism for Hilbert space operators. Here
are some properties of the wρ -parallelism whose proofs are so easy that we omit them.

PROPOSITION 2. Let A,B ∈ B(H ) and ρ ∈ (0,2] . The following conditions are
mutually equivalent:

(i) A ‖wρ B,

(ii) A∗ ‖wρ B∗ ,

(iii) ζA ‖wρ ζB for all ζ ∈ C\ {0} ,

(iii) αA ‖wρ βB for all α,β ∈ R\ {0} ,

(iv) U∗AU ‖wρ U∗BU for all unitary U ∈ B(H ) .
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To achieve the following theorem, we mimic some ideas of [3, Theorem 2.1].

THEOREM 2. Let A,B ∈ B(H ) and ρ ∈ (0,2] . The following conditions are
equivalent:

(i) A ‖wρ B,

(ii) there exists a sequence

{[
xn

yn

]}
in SH ⊕H such that

lim
n→∞

∣∣∣∣∣
〈

Ayn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉〈
Byn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉∣∣∣∣∣
= wρ (A)wρ(B).

Proof. (i)⇒(ii) Let A ‖wρ B . Hence, there exists λ ∈ T such that wρ(A+ λB) =

wρ(A)+wρ(B) . By Lemma 1 there exists a sequence

{[
xn

yn

]}
in SH ⊕H such that

lim
n→∞

∣∣∣∣
〈[

0
√

ρ(2−ρ)(A+ λB)
0 (1−ρ)(A+ λB)

][
xn

yn

]
,

[
xn

yn

]〉∣∣∣∣= ρ
2

wρ (A+ λB),

or equivalently,

lim
n→∞

∣∣∣∣∣
〈

(A+ λB)yn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉∣∣∣∣∣= wρ(A+ λB). (7)

We have∣∣∣∣∣
〈

(A+ λB)yn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉∣∣∣∣∣
2

=

∣∣∣∣∣
〈

Ayn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉∣∣∣∣∣
2

+

∣∣∣∣∣
〈

Byn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉∣∣∣∣∣
2

+2Re

(
λ

〈
Ayn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉〈√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn,Byn

〉)

� 4
ρ2

∣∣∣∣
〈[

0
√

ρ(2−ρ)A
0 (1−ρ)A

][
xn

yn

]
,

[
xn

yn

]〉∣∣∣∣
2

+
4

ρ2

∣∣∣∣
〈[

0
√

ρ(2−ρ)B
0 (1−ρ)B

][
xn

yn

]
,

[
xn

yn

]〉∣∣∣∣
2

+2

∣∣∣∣∣
〈

Ayn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉〈√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn,Byn

〉∣∣∣∣∣
� w2

ρ(A)+w2
ρ(B)+2

∣∣∣∣∣
〈

Ayn,

√
8−4ρ

ρ
xn+

2−2ρ
ρ

yn

〉〈
Byn,

√
8−4ρ

ρ
xn+

2−2ρ
ρ

yn

〉∣∣∣∣∣
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� w2
ρ(A)+w2

ρ(B)

+
8

ρ2

∣∣∣∣
〈[

0
√

ρ(2−ρ)A
0 (1−ρ)A

][
xn

yn

]
,

[
xn

yn

]〉∣∣∣∣
∣∣∣∣
〈[

0
√

ρ(2−ρ)B
0 (1−ρ)B

][
xn

yn

]
,

[
xn

yn

]〉∣∣∣∣
� w2

ρ(A)+w2
ρ(B)+2wρ(A)wρ (B),

and hence∣∣∣∣∣
〈

(A+ λB)yn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉∣∣∣∣∣
2

� w2
ρ(A)+w2

ρ(B)

+2

∣∣∣∣∣
〈

Ayn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉〈
Byn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉∣∣∣∣∣
� w2

ρ(A)+w2
ρ(B)+2wρ(A)wρ(B) = w2

ρ(A+ λB). (8)

By (7) and (8) we obtain

lim
n→∞

∣∣∣∣∣
〈

Ayn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉〈
Byn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉∣∣∣∣∣= wρ(A)wρ (B).

(ii)⇒(i) Suppose that there exists a sequence

{[
xn

yn

]}
in SH ⊕H such that

lim
n→∞

∣∣∣∣∣
〈

Ayn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉〈
Byn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉∣∣∣∣∣= wρ(A)wρ (B).

(9)

Since ∣∣∣∣∣
〈

Ayn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉〈
Byn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉∣∣∣∣∣
�
∣∣∣∣∣
〈

Ayn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉∣∣∣∣∣wρ(B) � wρ(A)wρ (B),

by (9) it follows that

lim
n→∞

∣∣∣∣∣
〈

Ayn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉∣∣∣∣∣= wρ (A). (10)

By using a similar argument, we also have

lim
n→∞

∣∣∣∣∣
〈

Byn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉∣∣∣∣∣= wρ(B). (11)
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Further, for every n , there exist λn ∈ T such that∣∣∣∣∣
〈

Ayn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉〈
Byn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉∣∣∣∣∣
= λn

〈
Ayn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉〈
Byn,

√
8−4ρ

ρ
xn +

2−2ρ
ρ

yn

〉
.

From this and (9) it follows that

lim
n→∞

λn

〈
Ayn,

√
8−4ρ

ρ
xn+

2−2ρ
ρ

yn

〉〈
Byn,

√
8−4ρ

ρ
xn+

2−2ρ
ρ

yn

〉
= wρ(A)wρ (B).

(12)

Since {λn} is a bounded sequence in T , there exists a subsequence {λnk} and a λ ∈ C

such that λnk → λ . We have∣∣1−|λ |∣∣= ∣∣|λnk |− |λ |∣∣� ∣∣λnk −λ
∣∣→ 0,

and hence |λ | = 1. Thus, λ ∈ T . Since

Re

(
λ

〈
Aynk ,

√
8−4ρ

ρ
xnk +

2−2ρ
ρ

ynk

〉〈
Bynk ,

√
8−4ρ

ρ
xnk +

2−2ρ
ρ

ynk

〉)

= Re

(
(λ−λnk)

〈
Aynk ,

√
8−4ρ

ρ
xnk+

2−2ρ
ρ

ynk

〉〈
Bynk ,

√
8−4ρ

ρ
xnk+

2−2ρ
ρ

ynk

〉)

+Re

(
λnk

〈
Aynk ,

√
8−4ρ

ρ
xnk+

2−2ρ
ρ

ynk

〉〈
Bynk ,

√
8−4ρ

ρ
xnk+

2−2ρ
ρ

ynk

〉)
,

by (12) we get

Re

(
λ

〈
Aynk ,

√
8−4ρ

ρ
xnk +

2−2ρ
ρ

ynk

〉〈
Bynk ,

√
8−4ρ

ρ
xnk +

2−2ρ
ρ

ynk

〉)

= wρ (A)wρ(B). (13)

For every k , by Lemma 1 we also have

w2
ρ(A+ λB)

�
∣∣∣∣∣
〈

(A+ λB)ynk,

√
8−4ρ

ρ
xnk +

2−2ρ
ρ

ynk

〉∣∣∣∣∣
2

=

∣∣∣∣∣
〈

Aynk ,

√
8−4ρ

ρ
xnk +

2−2ρ
ρ

ynk

〉∣∣∣∣∣
2

+

∣∣∣∣∣
〈

Bynk ,

√
8−4ρ

ρ
xnk +

2−2ρ
ρ

ynk

〉∣∣∣∣∣
2

+2Re

(
λ

〈
Aynk ,

√
8−4ρ

ρ
xnk+

2−2ρ
ρ

ynk

〉〈
Bynk ,

√
8−4ρ

ρ
xnk+

2−2ρ
ρ

ynk

〉)
,
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and therefore by (10), (11) and (13) we conclude that

w2
ρ(A+ λB) � w2

ρ(A)+w2
ρ(B)+2wρ(A)wρ(B).

Hence, wρ(A+ λB) = wρ(A)+wρ(B) , that is, A ‖wρ B . �
If H be finite dimensional, then we get a tractable characterization of the wρ -

parallelism as follows.

COROLLARY 4. Let H be a finite dimensional Hilbert space, and let A,B ∈
B(H ) and ρ ∈ (0,2] . The following conditions are equivalent:

(i) A ‖wρ B,

(ii) there exists a vector

[
x
y

]
∈ SH ⊕H such that

∣∣∣∣∣
〈

Ay,

√
8−4ρ

ρ
x+

2−2ρ
ρ

y

〉〈
By,

√
8−4ρ

ρ
x+

2−2ρ
ρ

y

〉∣∣∣∣∣= wρ(A)wρ (B).

Proof. The proof is similar to the proof of Corollary 1, only we use Theorem 2
instead of Theorem 1. We omit the details. �

The next result that was proved in [14, Theorem 2.2] (see also [1, Proposition 3.6])
follows immediately from Theorem 2 for ρ = 2.

COROLLARY 5. Let A,B ∈ B(H ) . The following conditions are equivalent:

(i) A ‖w B,

(ii) there exists a sequence {yn} in SH such that

lim
n→∞

|〈Ayn,yn〉 〈Byn,yn〉| = w(A)w(B).

We close this paper with the following result.

COROLLARY 6. Let A,B ∈ B(H ) . The following conditions are mutually equiv-
alent:

(i) A ‖ B,

(ii) there exists a sequence

{[
xn

yn

]}
in SH ⊕H such that lim

n→∞
|〈Ayn,xn〉〈Byn,xn〉| =

1
4
‖A‖‖B‖ ,

(iii) there exists a sequence {zn} in SH such that lim
n→∞

|〈Azn,Bzn〉| = ‖A‖‖B‖ .
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Proof. (i)⇒(ii) This implication follows immediately from Theorem 2 for ρ = 1.
(ii)⇒(iii) Suppose (ii) holds. Put zn := 2‖xn‖yn . Then, by the arithmetic-geometric

mean inequality, we have ‖zn‖ = 2‖xn‖‖yn‖ � ‖xn‖2 + ‖yn‖2 � 1. Thus, zn ∈ SH .
Also, for xn �= 0, by the Buzano inequality we have

4 |〈Ayn,xn〉〈Byn,xn〉| =
∣∣∣∣
〈

A(2‖xn‖yn),
xn

‖xn‖
〉〈

xn

‖xn‖ ,B(2‖xn‖yn)
〉∣∣∣∣

� ‖Azn‖‖Bzn‖+ |〈Azn,Bzn〉|
2

� ‖A‖‖B‖+ |〈Azn,Bzn〉|
2

� ‖A‖‖B‖+‖Azn‖‖Bzn‖
2

� ‖A‖‖B‖,

and so

4 |〈Ayn,xn〉〈Byn,xn〉| � ‖A‖‖B‖+ |〈Azn,Bzn〉|
2

� ‖A‖‖B‖. (14)

Clearly, (14) holds also when xn = 0. Now, by letting n → ∞ in (14), we obtain
lim
n→∞

|〈Azn,Bzn〉| = ‖A‖‖B‖ .

(iii)⇒(i) The proof is straightforward and is omitted. �

REMARK 3. The equivalence (i)⇔(iii) of Corollary 6 already stated in [24, The-
orem 3.3].

Acknowledgement. The authors are thankful to the referees for the useful com-
ments and suggestions.

RE F ER EN C ES

[1] A. ABU-OMAR AND F. KITTANEH, Notes on some spectral radius and numerical radius inequalities,
Studia Math. 227 (2015), no. 2, 97–109.

[2] T. ANDO AND C. K. LI, Operator radii and unitary operators, Oper. Matrices 4 (2) (2010), 273–281.
[3] M. BARRAA AND M. BOUMAZGOUR, Inner derivations and norm equality, Proc. Amer. Math. Soc.

130 (2002), no. 2, 471–476.
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